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Regularity and continuity of commutators
of multilinear maximal operators

Feng Liu, Qingying Xue and Pu Zhang

Abstract. This work is devoted to investigating the regularity and continu-
ity properties for the commutators of multilinear maximal operators. More
precisely, let [b⃗,M] and Mb⃗ be the commutators and maximal commuta-
tors of the multilinear maximal operatorM with b⃗, respectively, where b⃗ =
(b1, … , bm) with each bi being a locally integrable function. It is proved that
for 0 < s < 1, 1 < p1, … , pm+1, p, q < ∞, 1∕p = 1∕p1 + ⋯ + 1∕pm+1, the
operator [b⃗,M] is bounded and continuous fromW1,p1 (ℝn)×⋯×W1,pm (ℝn)
to W1,p(ℝn) if each bi ∈ W1,pm+1 (ℝn), from Ws,p1 (ℝn) × ⋯ × Ws,pm (ℝn) to
Ws,p(ℝn) if each bi ∈ Ws,pm+1 (ℝn), fromFp1 ,qs (ℝn)×⋯×Fpm ,qs (ℝn) toFp,qs (ℝn)
if each bi ∈ Fpm+1 ,qs (ℝn) and fromBp1 ,qs (ℝn)×⋯×Bpm ,qs (ℝn) toBp,qs (ℝn) if each
bi ∈ Bpm+1 ,qs (ℝn). The corresponding results forMb⃗ are also considered.
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1. Introduction and main results

The regularity theory of maximal operators has been the subject of many re-
cent articles in harmonic analysis. The boundedness of multilinear operators
is also always an active topic of current research. Based on the above topics, a
natural question is that whether themultilinear maximal operator and its com-
mutators have somewhat regularity properties. This is the main motivation of
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this work. To be more precise, we shall establish the boundedness and conti-
nuity for the above operators on the Sobolev spaces, fractional Sobolev spaces,
Triebel–Lizorkin spaces and Besov spaces.

Let us start with a brief recollection of some recent developments on the reg-
ularity theory of maximal operators.

1.1. Regularity properties for maximal operators

For f ∈ L1loc(ℝ
n) with n ≥ 1, the centered Hardy–Littlewood maximal oper-

atorM is de�ned by

Mf(x) = sup
r>0

1
|B(x, r)|

∫
B(x,r)

|f(y)|dy,

where B(x, r) is the open ball in ℝn centered at x with radius r, and |B(x, r)|
denotes the volume of B(x, r). Analogously, the uncentered maximal function
M̃f at a point x is de�ned by taking the supremum of averages over open balls
that contain the point. One famous result of harmonic analysis is the celebrated
theorem of Hardy–Littlewood–Wiener that asserts thatM ∶ Lp(ℝn) → Lp(ℝn)
is bounded for 1 < p ≤ ∞. For p = 1 we have M ∶ L1(ℝn) → L1,∞(ℝn)
bounded. The same bounds hold for M̃.

Regularity properties of maximal operators have been studied extensively.
The �rst work related to Sobolev regularity was due to Kinnunen [18] who es-
tablished the boundedness of M ∶ W1,p(ℝn) → W1,p(ℝn) for 1 < p ≤ ∞,
whereW1,p(ℝn) is the �rst order Sobolev space, i.e.

W1,p(ℝn) ∶= {f ∶ ℝn → ℝ ∶ ‖f‖W1,p(ℝn) = ‖f‖Lp(ℝn) + ‖∇f‖Lp(ℝn) < ∞},

where ∇f = (D1f,… , Dnf) is the weak gradient of f. The same conclusion
also holds for M̃ by a simple modi�cation of Kinnunen’s arguments or [17,
Theorem 1]. Since then, more and more works were devoted to extending
the main result of [18] to various variants. For example, see [19] for the lo-
cal case, [20] for the fractional case and [6, 25] for the multilinear case. Due
to the lack of the sublinearity for the derivative of the maximal function, the
continuity of M ∶ W1,p(ℝn) → W1,p(ℝn) for 1 < p < ∞ is certainly a non-
trivial issue. This question was addressed in the a�rmative by Luiro [29] and
was later extended to a local version in [30] and a multilinear version in [6, 24].
Another way to extend the regularity theory of maximal operators is to study
its behaviour on di�erent smooth function spaces. Korry [22] �rstly showed
that M is bounded on the fractional Sobolev spaces Ws,p(ℝn) de�ned by the
Bessel potentials for 0 < s < 1 and 1 < p < ∞. The above result was ex-
tended by Korry [21] who proved that M is bounded on the inhomogeneous
Triebel–Lizorkin spaces Fp,qs (ℝn) and inhomogeneous Besov spaces Bp,qs (ℝn)
for 0 < s < 1 and 1 < p, q < ∞. Later on, Luiro [30] established the continuity
of M ∶ Fp,qs (ℝn) → Fp,qs (ℝn) for 0 < s < 1 and 1 < p, q < ∞. Recently,
Liu and Wu [26] extended the above results to the maximal operators associ-
ated with polynomial mappings. In addition, the above authors established the
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continuity ofM ∶ Bp,qs (ℝn) → Bp,qs (ℝn) for 0 < s < 1 and 1 < p, q < ∞. Other
interesting works related to this topic are [1, 4, 5, 7, 16].

The study of multilinear operators has also been an active topic of current
research, which originated in the works of Coifman and Meyer in the 70’s (see
[8, 9] for the background) and was later studied by many authors (see [15, 23]
etc.). It is not motivated by a mere quest to generalize the theory of linear op-
erators but rather by their natural appearance in analysis. It is well known that
the multilinear maximal operator introduced originally by Lerner et al. [23]
plays a key role in the theory of multilinear Calderón–Zygmund operator. In
2015, Liu and Wu [25] studied the Sobolev regularity for the multilinear maxi-
mal operator associated to balls

M(f⃗)(x) = sup
B∋x

m∏

j=1

1
|B|

∫
B
|fj(yj)|dyj, x ∈ ℝn,

where m ≥ 1 and f⃗ = (f1, … , fm) with each fj ∈ L1loc(ℝ
n). The above supre-

mum is taken over all the open balls B containing x. Liu and Wu [25] proved
that for 1 < p1, … , pm < ∞, 1 ≤ p < ∞ and 1∕p = 1∕p1 +⋯+ 1∕pm,

M ∶ W1,p1(ℝn) ×⋯ ×W1,pm(ℝn) → W1,p(ℝn) is bounded.

Moreover, if f⃗ = (f1, … , fm) with each fj ∈ W1,pj (ℝn), then

‖M(f⃗)‖W1,p(ℝn) ≤ C
m∏

j=1
‖fj‖W1,pj (ℝn). (1.1)

The above results are based on the following bounds

‖M(f⃗)‖Lp(ℝn) ≤ C
m∏

j=1
‖fj‖Lpj (ℝn), (1.2)

where 1 < p1, … , pm ≤ ∞, 1 ≤ p < ∞ and 1∕p = 1∕p1 +⋯+ 1∕pm. One can
easily check that

M ∶ Lp1(ℝn) ×⋯ × Lpm(ℝn) → Lp(ℝn) is continuous. (1.3)

Motivated by (1.1) and (1.3), Liu [24] showed that, among other things,

M ∶ W1,p1(ℝn) ×⋯ ×W1,pm(ℝn) → W1,p(ℝn) is continuous, (1.4)

where 1 < p1, … , pm < ∞, 1 ≤ p < ∞ and 1∕p = 1∕p1 +⋯+ 1∕pm.
Based on the above, it is natural to ask that whether the multilinear maxi-

mal operator M is bounded and continuous on the fractional Sobolev spaces,
Triebel–Lizorkin spaces or Besov spaces. Thanks to the work in [27] in which
the �rst two authors and Yabuta established the boundedness and continuity
for the multilinear strong maximal operators on the Sobolev spaces, Triebel–
Lizorkin spaces and Besov spaces, we have a good opportunity to obtain the
following results by using similarmethods. Herewe only list these results with-
out proofs, which are useful for our aim.



COMMUTATORS OF MULTILINEAR MAXIMAL OPERATORS 1527

Theorem A. Let 1 < p1, … , pm, p, q < ∞, 0 < s < 1 and 1∕p = 1∕p1 +⋯ +
1∕pm.
(i) The map M ∶ Fp1,qs (ℝn) × ⋯ × Fpm ,qs (ℝn) → Fp,qs (ℝn) is bounded and

continuous. Moreover, if f⃗ = (f1, … , fm) with each fi ∈ Fpi ,qs (ℝn), then

‖M(f⃗)‖Fp,qs (ℝn) ≤ C
m∏

j=1
‖fj‖Fpj ,qs (ℝn).

(ii) The map M ∶ Bp1,qs (ℝn) × ⋯ × Bpm ,qs (ℝn) → Bp,qs (ℝn) is bounded and
continuous. Moreover, if f⃗ = (f1, … , fm) with each fi ∈ Bpi ,qs (ℝn), then

‖M(f⃗)‖Bp,qs (ℝn) ≤ C
m∏

j=1
‖fj‖Bpj ,qs (ℝn).

(iii) The mapM ∶ Ws,p1(ℝn) × ⋯ × Ws,pm(ℝn) → Ws,p(ℝn) is bounded and
continuous. Moreover, if f⃗ = (f1, … , fm) with each fi ∈ Ws,pi (ℝn), then

‖M(f⃗)‖Ws,p(ℝn) ≤ C
m∏

j=1
‖fj‖Ws,pj (ℝn).

1.2. Properties for commutators of maximal operators

It is well known that the commutator

[b, T](f)(x) = bTf(x) − T(bf)(x)

with suitable operator T and function b was initialized by Coifman et al. [10]
whoproved that the commutator [b, T]withT beingRiesz transform is bounded
on Lp(ℝn) for 1 < p < ∞ under the condition that b ∈ BMO(ℝn). Later on,
the study on commutator [b, T]with various of operators T on a variety of func-
tion spaces have been studied by many authors. The commutator of Hardy–
Littlewood maximal operator was �rst studied by Milman and Schonbek [31]
who established the Lp (1 < p < ∞) bounds for [b, M̃] if b ∈ BMO(ℝn) and
b ≥ 0. The above result was later improved by Bastero et al. [2] who stated that
the operator [b, M̃] is of type (p, p) for 1 < p < ∞ if b ∈ BMO(ℝn). In [3]
Bonami et al. used [b, M̃] to study the product of a function in H1(ℝn) and a
function in BMO(ℝn). Recall that the maximal commutator with b is de�ned
by

M̃bf(x) = sup
B∋x

1
|B|

∫
B
|b(x) − b(y)||f(y)|dy,

where the supremum is taken over all the open balls B containing x. In 1991,
García-Cuerva et al. [12] �rst proved that M̃b is bounded on Lp(ℝn) for 1 < p <
∞ if and only if b ∈ BMO(ℝn). One can consult [12, 35] for the boundedness
of M̃b.

Recently, Liu et al. [28] studied the regularity properties of [b, M̃] and M̃b.
The main results of [28] can be listed as follows:
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Theorem B ([28]). Let 1 < p1, p2, p, q < ∞ and 1∕p = 1∕p1 + 1∕p2.
(i) If b ∈ Ws,p2(ℝn) for some s ∈ [0, 1], then the map [b, M̃] ∶ Ws,p1(ℝn) →

Ws,p(ℝn) is boundedand continuous. Moreover, themap M̃b ∶ Ws,p1(ℝn) →
Ws,p(ℝn) is bounded.

(ii) If b ∈ Fp2,qs (ℝn) for some s ∈ (0, 1), then the map [b, M̃] ∶ Fp1,qs (ℝn) →
Fp,qs (ℝn) is bounded and continuous. The same result holds for M̃b.

(iii) If b ∈ Bp2,qs (ℝn) for some s ∈ (0, 1), then the map [b, M̃] ∶ Bp1,qs (ℝn) →
Bp,qs (ℝn) is bounded and continuous. The same result holds for M̃b.

1.3. Commutators of multilinear maximal operators

The primary aim of this work is to establish the bounds and continuity for
commutators of multilinear maximal operators on the Sobolev spaces, Triebel–
Lizorkin spaces and Besov spaces. We now introduce the following objectives
of research.

De�nition 1.1. (Commutators of multilinear maximal operator). Let m ≥ 1
and f⃗ = (f1, … , fm) and b⃗ = (b1, … , bm) with each fj ∈ L1loc(ℝ

n) and bj ∈
L1loc(ℝ

n). We de�ne the commutator ofM and b⃗ by the formula

[b⃗,M](f⃗)(x) =
m∑

i=1
[b⃗,M]i(f⃗)(x), x ∈ ℝn,

where

[b⃗,M]i(f⃗)(x) = bi(x)M(f⃗)(x) −M(f1, … , fi−1, bifi, fi+1, … , fm)(x).

The multilinear maximal commutator with b⃗ is de�ned by

Mb⃗(f⃗)(x) =
m∑

i=1
Mi

b⃗
(f⃗)(x),

where

Mi
b⃗
(f⃗)(x) = sup

B∋x

1
|B|m

∫
Bm

|bi(x) − bi(yi)|
m∏

j=1
|fj(yj)|dy⃗,

where the supremum is taken over all the open balls B containing x. Here

Bm =
⏞⎴⎴⎴⏞⎴⎴⎴⏞
B × B ×⋯ × B and dy⃗ = dy1dy2⋯dym. When m = 1, the operator

[b⃗,M] reduces to [b, M̃]. Respectively, the operatorMb⃗ reduces to M̃b.

The commutator in the multilinear setting was �rst studied by Pérez and
Torres in [32] and was later developed by many authors (see [23] et al.). The
commutators of multilinear maximal operators associated to cubes was �rst
introduced by Zhang [36] who investigated the multiple weighted estimates for
these commutators.



COMMUTATORS OF MULTILINEAR MAXIMAL OPERATORS 1529

Before presenting our main results, let us point out the following comments,
which are useful for our proofs of main results.

Remark 1.2. (i) For any �xed 1 ≤ i ≤ m, the operator [b⃗,M]i is neither posi-
tive nor sublinear. However, the operatorMi

b⃗
is positive and sublinear.

(ii) Let 1 < p1, … , pm+1, p ≤ ∞ and 1∕p = 1∕p1 + ⋯ + 1∕pm+1. Let f⃗ =
(f1, … , fm) with each fj ∈ Lpj (ℝn) and b⃗ = (b1, … , bm) with each bj ∈
Lpm+1(ℝ). For any �xed i ∈ {1, … ,m}, we get by (1.2) andHölder’s inequal-
ity that

‖[b⃗,M]i(f⃗)‖Lp(ℝn) ≤ C‖bi‖Lpm+1 (ℝn)

m∏

j=1
‖f‖Lpj (ℝn). (1.5)

Combining (1.5) with (1.3) and Hölder’s inequality implies that

[b⃗,M]i ∶ Lp1(ℝn) ×⋯ × Lpm(ℝn) → Lp(ℝn) is continuous. (1.6)

On the other hand, one can easily check that

Mi
b⃗
(f⃗)(x) ≤ |bi(x)|M(f⃗)(x) +M(f1, … , fi−1, bifi, fi+1, … , fm)(x). (1.7)

By (1.2), (1.7) and Hölder’s inequality, we obtain

‖Mi
b⃗
(f⃗)‖Lp(ℝn) ≤ C‖bi‖Lpm+1 (ℝn)

m∏

j=1
‖f‖Lpj (ℝn). (1.8)

It is not di�cult to see that

|Mi
b⃗
(f⃗j) −Mi

b⃗
(f⃗)| ≤

m∑

l=1
Mi

b⃗
(F⃗l),

where f⃗j = (f1,j, … , fm,j) and F⃗l = (f1, … , fl−1, fl,j − fl, fl+1,j, … , fm,j).
This together with (1.8) implies that

Mi
b⃗
∶ Lp1(ℝn) ×⋯ × Lpm(ℝn) → Lp(ℝn) is continuous. (1.9)

(iii) For y ∈ ℝn, we de�ne fy(x) = f(x − y). Let f⃗ = (f1, … , fm), f⃗y =
((f1)y, … , (fm)y), b⃗ = (b1, … , bm) and b⃗y = ((b1)y, … , (bm)y). Clearly,
(M(f⃗))y = M(f⃗y) and (Mi

b⃗
(f⃗))y = Mi

b⃗y
(f⃗y) for all i = 1, … ,m.

Based on the above, some questions naturally arise as follows.

Question 1.3. Are the commutators of multilinear maximal operators bounded
and continuous on the Sobolev spaces, fractional Sobolev spaces, Triebel–Lizorkin
spaces or Besov spaces?
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This is the main motivation of this work. We shall give a a�rmative answer
to Question 1.3 by the following results.

Theorem 1.4. Let 1 < p1, … , pm+1, p < ∞ and 1∕p = 1∕p1+⋯+1∕pm+1. Let
b⃗ = (b1, … , bm) with each bi ∈ W1,pm+1(ℝn). Then

[b⃗,M] ∶ W1,p1(ℝn) ×⋯ ×W1,pm(ℝn) → W1,p(ℝn)

is boundedand continuous. Moreover, if f⃗ = (f1, … , fm)with eachfi ∈ W1,pi (ℝn),
we have

‖[b⃗,M](f⃗)‖W1,p(ℝn) ≤ C
( m∑

i=1
‖bi‖W1,pm+1 (ℝn)

) m∏

j=1
‖fj‖W1,pj (ℝn). (1.10)

The above boundedness result holds forMb⃗.

Theorem 1.5. Let 1 < p1, … , pm+1, p, q < ∞, 0 < s < 1 and 1∕p = 1∕p1+⋯+
1∕pm+1. Let b⃗ = (b1, … , bm) with each bi ∈ Fpm+1,qs (ℝn). Then

[b⃗,M] ∶ Fp1,qs (ℝn) ×⋯ × Fpm ,qs (ℝn) → Fp,qs (ℝn)

is boundedand continuous. Moreover, if f⃗ = (f1, … , fm)with eachfi ∈ Fpi ,qs (ℝn),
we have

‖[b⃗,M](f⃗)‖Fp,qs (ℝn) ≤ C
( m∑

i=1
‖bi‖Fpm+1,qs (ℝn)

) m∏

j=1
‖fj‖Fpj ,qs (ℝn). (1.11)

The same result holds forMb⃗.

Theorem 1.6. Let 1 < p1, … , pm+1, p, q < ∞, 0 < s < 1 and 1∕p = 1∕p1+⋯+
1∕pm+1. Let b⃗ = (b1, … , bm)with each bi ∈ Bpm+1,qs (ℝn). Then

[b⃗,M] ∶ Bp1,qs (ℝn) ×⋯ × Bpm ,qs (ℝn) → Bp,qs (ℝn)

is boundedand continuous. Moreover, if f⃗ = (f1, … , fm)with eachfi ∈ Bpi ,qs (ℝn),
we have

‖[b⃗,M](f⃗)‖Bp,qs (ℝn) ≤ C
( m∑

i=1
‖bi‖Bpm+1,qs (ℝn)

) m∏

j=1
‖fj‖Bpj ,qs (ℝn). (1.12)

The same result holds forMb⃗.

By the facts W0,p(ℝn) = Lp(ℝn) and Ws,p(ℝn) = Fp,2s (ℝn) for any s > 0
and 1 < p < ∞ and Theorems 1.4 and 1.5, we can get the following result
immediately.
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Corollary 1.7. Let 1 < p1, … , pm+1, p < ∞, 0 ≤ s ≤ 1 and 1∕p = 1∕p1 +⋯+
1∕pm+1. Let b⃗ = (b1, … , bm) with each bi ∈ Ws,pm+1(ℝn), then

[b⃗,M] ∶ Ws,p1(ℝn) ×⋯ ×Ws,pm(ℝn) → Ws,p(ℝn)

is boundedand continuous. Moreover, if f⃗ = (f1, … , fm)with eachfi ∈ Ws,pi (ℝn),
then

‖[b⃗,M](f⃗)‖Ws,p(ℝn) ≤ C
( m∑

i=1
‖bi‖Ws,pm+1 (ℝn)

) m∏

j=1
‖fj‖Ws,pj (ℝn).

The same result holds forMb⃗.

Remark 1.8. Theorems 1.4-1.6 and Corollary 1.7 extend Theorem B to the mul-
tilinear version, which are of interest in their own right. On the other hand,
the continuity of Mb⃗ ∶ W1,p1(ℝn) × ⋯ × W1,pm(ℝn) → W1,p(ℝn) under the
conditions in Theorem 1.4 is certainly an interesting issue, even in the special
casem = 1.

Remark 1.9. There are some remarks on the proofs of Theorems 1.4-1.6:
(1) Theorem 1.4 for [b⃗,M] follows easily from the known Sobolev bounds and

continuity for M (see (1.1) and (1.4)) and a characterization of product
functions on Sobolev spaces (see Lemma 2.1). The main ingredients in the
proof of the boundedness for Mb⃗ are some properties on Sobolev spaces
(see (2.1) and (2.2)).

(2) Theorem 1.5 for [b⃗,M] follows easily from Theorem A (i) and a character-
ization of product functions on Triebel-Lizorkin spaces (see Lemma 2.2).
The main ingredients in the proof of Theorem 1.5 for Mb⃗ are the mixed
vector-valued inequality for M̃ (see Lemma 4.1) and some properties for
Triebel–Lizorkin spaces (see (2.3)-(2.6)).

(3) Theorem 1.6 for [b⃗,M] follows easily from TheoremA (ii) and a characteri-
zation of product functions on Besov spaces (see Lemma 2.3). Themain in-
gredients in the proof of Theorem 1.6 forMb⃗ are some properties for Besov
spaces (see (2.10)-(2.13)).

(4) Ourmethods apply to themultilinearmaximal operators associated to cubes
and their commutators aswell as the commutators of themultilinear strong
maximal operators.

This paper will be organized as follows. Section 2 will be devoted to pre-
senting some properties for Sobolev spaces, Triebel–Lizorkin spaces and Besov
spaces, which are the main ingredients in the proofs of main theorems. Section
3 is devoted to proving Theorem 1.4. In Section 4, we shall prove Theorem 1.5.
The proof of Theorem 1.6 will be given in Section 5. We would like to remark
that the main ideas in the proofs of Theorems are motivated by [26, 27, 34].
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Throughout this paper, the letterC will stand for positive constants,, not nec-
essarily the same one at each occurrence, but is independent of the essential
variables. In what follows, letℜn = {� ∈ ℝn; 1∕2 < |�| ≤ 1} and we denote by
∆�(f) the di�erence of f for an arbitrary function f de�ned onℝn and � ∈ ℜn,
i.e., ∆�f(x) = f(x + �) − f(x).

2. Properties for Sobolev spaces, Triebel–Lizorkin spaces and
Besov spaces
In this sectionwe shall present some properties on Sobolev spaces, Triebel–

Lizorkin spaces and Besov spaces, which are very useful in our proofs.

2.1. Properties on Besov spaces

Let el = (0, … , 0, 1, 0, … , 0) be the canonical l-th base vector in ℝn for l =
1, 2, … , n. For a �xed f ∈ Lp(ℝn) with p > 1, all ℎ ∈ ℝ with |ℎ| > 0, y ∈ ℝn

and i = 1, 2, … , n, we de�ne the functions fiℎ and fy by setting

fiℎ(x) =
f(x + ℎei) − f(x)

|ℎ|
and fy(x) = f(x − y).

It is well known that
‖fiℎ − Dif‖Lp(ℝn) → 0 as ℎ → 0 (2.1)

if f ∈ W1,p(ℝn) for some p > 1. For convenience, we set

G(f; p) = lim sup
|ℎ|→0

‖fℎ − f‖Lp(ℝn)

|ℎ|
.

According to [13, Section 7.11], we have
u ∈ W1,q(ℝn), 1 < q < ∞⟺ u ∈ Lq(ℝn) and G(u; q) < ∞. (2.2)

We now present the characterization of product functions on the Sobolev
spaces, which followed from [28].

Lemma 2.1. ([28]). Let 1 < p1, p2, p < ∞ and 1∕p = 1∕p1 + 1∕p2. If f ∈
W1,p1(ℝn) and g ∈ W1,p2(ℝn), then fg ∈ W1,p(ℝn). Moreover,

∇(fg) = g∇f + f∇g,
almost everywhere inℝn. In particular,

‖fg‖W1,p(ℝn) ≤ ‖f‖W1,p1 (ℝn)‖g‖W1,p2 (ℝn).

2.2. Properties on Triebel–Lizorkin spaces

Denote by Ḟp,qs (ℝn) the homogeneous Triebel–Lizorkin spaces. Let s > 0
and 1 < p < ∞, 1 < q ≤ ∞, 1 ≤ r < ∞. We denote by Esp,q,r the mixed norm of
three variable functions g(x, k, �) by

‖g‖Esp,q,r ∶=
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|g(x, k, �)|rd�
)q∕r)1∕q‖‖‖‖‖Lp(ℝn)

.
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It was shown by Yabuta [34] that

‖f‖Ḟp,qs (ℝn) ∼ ‖∆2−k�f‖Esp,q,r (2.3)

for 0 < s < 1, 1 < p < ∞, 1 < q ≤ ∞ and 1 ≤ r < min{p, q}. Moreover, it was
pointed out in [11, 14, 33] that

‖f‖Fp,qs (ℝn) ∼ ‖f‖Ḟp,qs (ℝn) + ‖f‖Lp(ℝn), for s > 0, 1 < p, q < ∞, (2.4)

‖f‖Fp,qs1 (ℝ
n) ≤ ‖f‖Fp,qs2 (ℝ

n), for s1 ≤ s2, 1 < p, q < ∞, (2.5)

‖f‖Fp,q2s (ℝn) ≤ ‖f‖Fp,q1s (ℝn), for s ∈ ℝ, 1 < p < ∞, 1 < q1 ≤ q2 < ∞. (2.6)

The following presents a characterization of product functions on theTriebel–
Lizorkin spaces.

Lemma 2.2. Let 1 < p1, p2, p < ∞, 1∕p = 1∕p1 + 1∕p2 and 0 < s < 1. If
f ∈ Fp1,qs (ℝn) and g ∈ Fp2,qs (ℝn), then fg ∈ Fp,qs (ℝn). Moreover,

‖fg‖Fp,qs (ℝn) ≤ C‖f‖Fp1,qs (ℝn)‖g‖Fp2,qs (ℝn). (2.7)

Proof. It is clear that

∆2−k�(fg)(x) = ∆2−k�f(x)∆2−k�g(x) + f(x)∆2−k�g(x) + g(x)∆2−k�f(x), (2.8)

for all x ∈ ℝn, � ∈ ℜn and k ∈ ℤ. In light of (2.3) and (2.8), we have

‖fg‖Ḟp,qs (ℝn) ≤ C
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|∆2−k�f∆2−k�g|d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

+C
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|f∆2−k�g|d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

+C
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|g∆2−k�f|d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

.

By Minkowski’s inequaltiy and Hölder’s inequality, we get from (2.3)-(2.6) that

‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|∆2−k�f∆2−k�g|d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

≤
‖‖‖‖‖
( ∑

k∈ℤ
(2ksp∕p1‖∆2−k�f‖Lp1∕p(ℜn))

p1q∕p
)p∕(p1q)‖‖‖‖‖Lp1 (ℝn)

×
‖‖‖‖‖
( ∑

k∈ℤ
(2ksp∕p2‖∆2−k�g‖Lp2∕p(ℜn))

p2q∕p
)p∕(p2q)‖‖‖‖‖Lp2 (ℝn)

≤ C‖f‖Ḟp1q∕p,p1sp∕p1
(ℝn)‖g‖Ḟp2q∕p,p2sp∕p2

(ℝn)

≤ C‖f‖Fp1,qs (ℝn)‖g‖Fp2,qs (ℝn),
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‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|f∆2−k�g|d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

≤ ‖f‖Lp1 (ℝn)
‖‖‖‖‖
( ∑

k∈ℤ
(2ks‖∆2−k�g‖L1(ℜn))

q
)1∕q‖‖‖‖‖Lp2 (ℝn)

≤ C‖f‖Lp1 (ℝn)‖g‖Ḟp2q∕p,p2sp∕p2
(ℝn)

≤ C‖f‖Fp1,qs (ℝn)‖g‖Fp2,qs (ℝn).

Similarly,

‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|g∆2−k�f|d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

≤ C‖f‖Fp1,qs (ℝn)‖g‖Fp2,qs (ℝn).

These estimates together with the estimate ‖fg‖Lp(ℝn) ≤ ‖f‖Lp1 (ℝn)‖g‖Lp2 (ℝn)
and (2.4) give (2.7) and completes the proof. �

2.3. Properties on Besov spaces

We denote by Ḃp,qs (ℝn) the homogeneous Besov spaces. It was proved by
Yabuta [34] that if 0 < s < 1, 1 ≤ p < ∞, 1 ≤ q ≤ ∞ and 1 ≤ r ≤ p, then

‖f‖Ḃp,qs (ℝn) ∼
( ∑

k∈ℤ
2ksq

‖‖‖‖‖
(
∫
ℜn

|∆2−k�(f)|rd�
)1∕r‖‖‖‖‖

q

Lp(ℝn)

)1∕q
. (2.9)

For a measurable function g ∶ ℝn × ℤ ×ℜn → ℝ, we de�ne

‖g‖p,q,s ∶=
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

|g(x, k, �)|pdxd�
)q∕p)1∕q

.

Then, by (2.7) and Fubini’s theorem, we have

‖f‖Ḃp,qs (ℝn) ∼ ‖∆2−k�f‖p,q,s. (2.10)

It is well known that (see [11, 14, 33])

‖f‖Bp,qs (ℝn) ∼ ‖f‖Ḃp,qs (ℝn) + ‖f‖Lp(ℝn), for s > 0, 1 < p, q < ∞, (2.11)

‖f‖Bp,qs1 (ℝn) ≤ ‖f‖Bp,qs2 (ℝn), for s1 ≤ s2, 1 < p, q < ∞, (2.12)

‖f‖Bp,q2s (ℝn) ≤ ‖f‖Bp,q1s (ℝn), for s ∈ ℝ, 1 < p < ∞, 1 < q1 ≤ q2 < ∞. (2.13)

The following presents a characterization of product functions on the Besov
spaces.

Lemma 2.3. Let 1 < p1, p2, p < ∞, 1∕p = 1∕p1 + 1∕p2 and 0 < s < 1. If
f ∈ Bp1,qs (ℝn) and g ∈ Bp2,qs (ℝn), then fg ∈ Bp,qs (ℝn). Moreover,

‖fg‖Bp,qs (ℝn) ≤ C‖f‖Bp1,qs (ℝn)‖g‖Bp2,qs (ℝn). (2.14)
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Proof. By (2.11) and the trivial estimate ‖fg‖Lp(ℝn) ≤ ‖f‖Lp1 (ℝn)‖g‖Lp2 (ℝn), to
prove (2.14), it su�ces to show that

‖fg‖Ḃp,qs (ℝn) ≤ C‖f‖Bp1,qs (ℝn)‖g‖Bp2,qs (ℝn). (2.15)

By (2.10), (2.12) and Minkowski’s inequality, we have

‖fg‖Ḃp,qs (ℝn) ≤ C
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

|∆2−k�f(x)∆2−k�g(x)|pdxd�
)q∕p)1∕q

+C
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

|f(x)∆2−k�g(x)|pdxd�
)q∕p)1∕q

+C
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

|g(x)∆2−k�f(x)|pdxd�
)q∕p)1∕q

.

By (2.10)-(2.13) and Hölder’s inequality, we conclude that
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

|∆2−k�f(x)∆2−k�g(x)|pdxd�
)q∕p)1∕q

≤
( ∑

k∈ℤ
(2ksp∕p1‖∆2−k�f‖Lp1 (ℝn×ℜn))

qp1∕p
)p∕(qp1)

×
( ∑

k∈ℤ
(2ksp∕p2‖∆2−k�g‖Lp2 (ℝn×ℜn))

qp2∕p
)p∕(qp2)

≤ C‖f‖Ḃp1,qp1∕psp∕p1
(ℝn)‖g‖Ḃp2,qp2∕psp∕p2

(ℝn)

≤ C‖f‖Bp1,qs (ℝn)‖g‖Bp2,qs (ℝn),
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

|f(x)∆2−k�g(x)|pdxd�
)q∕p)1∕q

≤ C‖f‖Lp1 (ℝn)

( ∑

k∈ℤ
(2ks‖∆2−k�g‖Lp2 (ℝn×ℜn))

q
)1∕q

≤ C‖f‖Lp1 (ℝn)‖g‖Ḃp2,qs (ℝn)
≤ C‖f‖Bp1,qs (ℝn)‖g‖Bp2,qs (ℝn).

Similarly one has
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

|g(x)∆2−k�f(x)|pdxd�
)q∕p)1∕q

≤ C‖f‖Bp1,qs (ℝn)‖g‖Bp2,qs (ℝn).

Then (2.15) follows from the above estimates. �

3. Proof of Theorem 1.4

Throughout this section, let us �x 1 < p1, … , pm+1, p < ∞ and 1∕p = 1∕p1+
⋯+ 1∕pm+1. Let f⃗ = (f1, … , fm) with each fi ∈ W1,pi (ℝn). For convenience,
let s, t be such that 1∕s = 1∕p1 + ⋯ + 1∕pm and 1∕t = 1∕p1 + 1∕pm+1. It is
clear that p < s < p1, p < t < p1, 1∕p = 1∕pm+1+1∕s and 1∕p = 1∕t+1∕p2+
⋯+ 1∕pm.
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3.1. Proof of Theorem 1.4 for [b⃗,M]

To prove (1.10), it su�ces to show that

‖[b⃗,M]i(f⃗)‖W1,p(ℝn) ≤ C‖bi‖W1,pm+1 (ℝn)

m∏

j=1
‖fj‖W1,pj (ℝn) (3.1)

for each i = 1, … ,m. By (1.5), inequality (3.1) reduces to the following

‖∇[b⃗,M]i(f⃗)‖Lp(ℝn) ≤ C‖bi‖W1,pm+1 (ℝn)

m∏

j=1
‖fj‖W1,pj (ℝn) (3.2)

for each i = 1, … ,m.
We now work with (3.2) for i = 1 and other cases are analogous. By (1.1)

and Lemma 2.1, we have

‖b1M(f⃗)‖W1,p(ℝn) ≤ ‖b1‖W1,pm+1 (ℝn)‖M(f⃗)‖W1,s(ℝn)

≤ C‖b1‖W1,pm+1 (ℝn)

m∏

j=1
‖fj‖W1,pj (ℝn).

(3.3)

For convenience, we set f⃗1,b1 = (b1f1, f2, … , fm). Invoking Lemma 2.1,

‖b1f1‖W1,t(ℝn) ≤ C‖b1‖W1,pm+1 (ℝn)‖f1‖W1,p1 (ℝn),

which combine with (1.1) leads to

‖M(f⃗1,b1)‖W1,p(ℝn) ≤ C‖b1‖W1,pm+1 (ℝn)

m∏

j=1
‖fj‖W1,pj (ℝn). (3.4)

Then (3.2) with i = 1 follows from (3.3) and (3.4).
Next we prove the continuity result. Let f⃗j = (f1,j, … , fm,j) with fi,j → fi

inW1,pi (ℝn) as j → ∞ for all i = 1, … ,m. We want to show that

‖[b⃗,M]i(f⃗j) − [b⃗,M]i(f⃗)‖W1,p(ℝn) → 0 as j → ∞ (3.5)

for all i = 1, … ,m. Without loss of generality we only work with the case i = 1
and other cases are analogous. By Lemma 2.1, we have that, b1f1 ∈ W1,t(ℝn),
b1f1,j ∈ W1,t(ℝn) and

‖b1f1,j − b1f1‖W1,t(ℝn)
= ‖b1(f1,j − f1)‖W1,t(ℝn)
≤ ‖b1‖W1,pm+1 (ℝn)‖f1,j − f1‖W1,p1 (ℝn) → 0 as j → ∞,

which together with (1.4) implies

‖M(b1f1,j, f2,j, … , fm,j) −M(b1f1, f2, … , fm)‖W1,p(ℝn) → 0 as j → ∞. (3.6)

Observe from (1.1) thatM(f⃗j) ∈ W1,s(ℝn) andM(f⃗) ∈ W1,s(ℝn). By (1.4) and
Lemma 2.1, we have

‖b1M(f⃗j) − b1M(f⃗)‖W1,p(ℝn)
≤ ‖b1‖W1,pm+1 (ℝn)‖M(f⃗j) −M(f⃗)‖W1,s(ℝn) → 0 asj → ∞.
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This together with (3.6) yields (3.5) for i = 1.

3.2. Proof of Theorem 1.4 forMb⃗

We want to show that

‖Mi
b⃗
(f⃗)‖W1,p(ℝn) ≤ C‖bi‖W1,pm+1 (ℝn)

m∏

j=1
‖fj‖W1,pj (ℝn) (3.7)

for each i = 1, … ,m. By Remark 1.2 (ii), to prove (3.7), it su�ces to show that

‖∇Mi
b⃗
(f⃗)‖Lp(ℝn) ≤ C‖bi‖W1,pm+1 (ℝn)

m∏

j=1
‖fj‖W1,pj (ℝn) (3.8)

for each i = 1, … ,m. We only prove (3.8) for i = 1 and other cases are analo-
gous. Fix y ∈ ℝn, we get by Remark 1.2 (iii) that

|(M1
b⃗
(f⃗))y(x) −M1

b⃗
(f⃗)(x)|

= |M1
b⃗y
(f⃗y)(x) −M1

b⃗
(f⃗)(x)|

≤ sup
B∋x

1
|B|m

∫
Bm

||||||(b1)y(x) − (b1)y(z1)|
|||||

m∏

j=1
(fj)y(zj)

|||||

−|b1(x) − b1(z1)|
|||||

m∏

j=1
fj(zj)

|||||
|||||dz1dz2⋯dzm

≤ sup
B∋x

1
|B|m

∫
Bm

|(b1)y(x) − (b1)y(z1) − b1(x) + b1(z1)|

×
|||||

m∏

j=1
(fj)y(zj)

|||||dz1dz2⋯dzm

+sup
B∋x

1
|B|m

∫
Bm

|b1(x) − b1(z1)|

×
|||||

m∏

j=1
(fj)y(zj) −

m∏

j=1
fj(zj)

|||||dz1dz2⋯dzm.

(3.9)

Noting that
m∏

j=1
(fj)y(zj)−

m∏

j=1
fj(zj) =

m∑

l=1
((fl)y(zl)−fl(zl))

( l−1∏

�=1
f�(z�)

)( m∏

�=l+1
(f�)y(z�)

)
,

which together with (3.9) implies that

|(M1
b⃗
(f⃗))y(x) −M1

b⃗
(f⃗)(x)|

≤ |(b1)y(x) − b1(x)|M(f⃗)(x) +M(f⃗1,b1,y)(x) +
m∑

l=1
M1

b⃗
(F⃗l,y)(x),

(3.10)
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where

f⃗1,b1,y = (((b1)y − b1)f1, f2, … , fm),

F⃗l,y = (f1, … , fl−1, (fl)y − fl, (fl+1)y, … , (fm)y).

By Hölder’s inequality andMinkowski’s inequality, we get from (1.2), (1.8) and
(3.10) that

‖(M1
b⃗
(f⃗))y −M1

b⃗
(f⃗)‖Lp(ℝn)

≤ ‖((b1)y − b1)M(f⃗)‖Lp(ℝn) + ‖M(f⃗1,b1,y)‖Lp(ℝn)

+
m∑

l=1
‖M1

b⃗
(F⃗l,y)‖Lp(ℝn)

≤ C‖(b1)y − b1‖Lpm+1 (ℝn)

m∏

j=1
‖fj‖Lpj (ℝn)

+C
m∑

l=1
‖b1‖Lpm+1 (ℝn)‖(fl)y − fl‖Lpl (ℝn)

×
l−1∏

�=1
‖f�‖Lp� (ℝn)

m∏

�=l+1
‖(f�)y‖Lp� (ℝn).

(3.11)

Wenote that ‖(fj)y‖Lpj (ℝn) ≤ ‖(fj)y−fj‖Lpj (ℝn)+‖fj‖Lpj (ℝn) andG(b1, pm+1) <
∞, G(fj, pj) < ∞. These facts, together with (3.11), imply

G(M1
b⃗
(f⃗); p) < ∞. (3.12)

Combining (3.12) with (2.2) and (1.8) impliesM1
b⃗
(f⃗) ∈ W1,p(ℝn). Fix 1 ≤ i ≤

n. Given l ∈ {1, … ,m}, we get from (2.1) that (fl)iℎ → Difl in Lpl (ℝn) and
(b1)iℎ → Dib1 in Lpm+1(ℝn) when ℎ → 0. Moreover, (M1

b⃗
(f⃗))iℎ → DiM1

b⃗
(f⃗) in

Lp(ℝn) as ℎ → 0. We also know that (fl)−ℎei → fl in Lpl (ℝn) and (b1)−ℎei → b1
in Lpm+1(ℝn) when |y| → 0. Therefore, we can �nd a sequence of numbers
{ℎk}k≥1 with limk→∞ ℎk = 0 and ameasurable set E with |ℝn ⧵E| = 0 such that

(i) (fl)ℎkei (x) → fl(x), (b1)ℎkei (x) → b1(x), (fl)iℎk (x) → Difl(x), (b1)iℎk →
Dib1(x) as k → ∞ for all x ∈ E;

(ii) (M1
b⃗
(f⃗))iℎk (x) → DiM1

b⃗
(f⃗)(x) as k → ∞ for all x ∈ E.
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By (3.11) and Fatou’s lemma, we have

‖DiM1
b⃗
(f⃗)‖Lp(ℝn)

≤
‖‖‖‖‖ lim inf

k→∞
(M1

b⃗
(f⃗))iℎk

‖‖‖‖‖Lp(ℝn)

≤ C
‖‖‖‖‖ lim inf

k→∞
(b1)iℎk

‖‖‖‖‖Lpm+1 (ℝn)

m∏

j=1
‖fj‖Lpj (ℝn)

+C
m∑

l=1
‖b1‖Lpm+1 (ℝn)

‖‖‖‖‖ lim inf
k→∞

(fl)iℎk
‖‖‖‖‖Lpl (ℝn)

l−1∏

�=1
‖f�‖Lp� (ℝn)

×
m∏

�=l+1

‖‖‖‖‖ lim inf
k→∞

(f�)−ℎkei
‖‖‖‖‖Lp� (ℝn)

≤ C
‖‖‖‖‖Dib1‖Lpm+1 (ℝn)

m∏

j=1
‖fj‖Lpj (ℝn)

+C
m∑

l=1
‖b1‖Lpm+1 (ℝn)‖Difl‖Lpl (ℝn)

∏

1≤j≤m
j≠l

‖fj‖Lpj (ℝn)

≤ C‖b1‖W1,pm+1 (ℝn)

m∏

j=1
‖fj‖W1,pj (ℝn).

This gives (3.8) for i = 1 and completes the proof of Theorem 1.4. □

4. Proof of Theorem 1.5

In order to prove Theorem 1.5, we need the following lemma.

Lemma 4.1. ([34]) For any 1 < p, q, r < ∞, it holds that
‖‖‖‖‖
( ∑

k∈ℤ
‖M̃fk,�‖

q
Lr(ℜn)

)1∕q‖‖‖‖‖Lp(ℝn)
≤ Cp,q,r

‖‖‖‖‖
( ∑

k∈ℤ
‖fk,�‖

q
Lr(ℜn)

)1∕q‖‖‖‖‖Lp(ℝn)
.

We now turn to the proof of Theorem 1.5. Throughout this section we �x
1 < p1, … , pm+1, p, q < ∞, 0 < s < 1 and 1∕p = 1∕p1 + ⋯ + 1∕pm+1. Let
f⃗ = (f1, … , fm) with each fj ∈ F

pj ,q
s (ℝn). Let �, �m be such that 1∕� =

1∕p1 + ⋯ + 1∕pm and 1∕�m = 1∕p1 + 1∕pm+1. Clearly, p < �, �m < p1
and 1∕p = 1∕� + 1∕pm+1. The proof of Theorem 1.5 will be divided into two
subsections:

4.1. Proof of Theorem 1.5 for [b⃗,M]

By Minkowski’s inequality, inequality (1.11) reduces to the following

‖[b⃗,M]i(f⃗)‖Fp,qs (ℝn) ≤ C‖bi‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn) (4.1)
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for each i = 1, … ,m. We only work with (4.1) for the case i = 1 and other cases
are analogous. By Theorem A (i) and invoking Lemma 2.2, we have

‖b1M(f⃗)‖Fp,qs (ℝn) ≤ C‖b1‖Fpm+1,qs (ℝn)‖M(f⃗)‖F�,qs (ℝn)

≤ C‖b1‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn),

(4.2)

‖M(b1f1, f2, … , fm)‖Fp,qs (ℝn) ≤ C‖b1f1‖F�m,q
s (ℝn)

m∏

j=2
‖fj‖Fpj ,qs (ℝn)

≤ C‖b1‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn).

(4.3)

Combining (4.3) with (4.2) leads to (4.1) for the case i = 1.
Let f⃗j = (f1,j, … , fm,j) with each fi,j → fi in F

pi ,q
s (ℝn) as j → ∞ for all

i ∈ {1, … ,m}. It su�ces to show that

‖[b⃗,M]i(f⃗j) − [b⃗,M]i(f⃗)‖Fp,qs (ℝn) → 0 as j → ∞ (4.4)

for all i = 1, … ,m. We only prove (4.4) for i = 1 since other cases can be proved
similarly. Invoking Lemma 2.2, one has

‖b1f1,j − b1f1‖F�m,q
s (ℝn) ≤ C‖b1‖Fpm+1,qs (ℝn)‖f1,j − f1‖Fp1,qs (ℝn),

which together with the continuity result in Theorem A (i) yields that

‖M(b1f1,j, f2,j, … , fm,j) −M(b1f1, f2, … , fm)‖Fp,qs (ℝn) → 0 as j → ∞. (4.5)

On the other hand, by invoking Lemma 2.2 and Theorem A (i) again,

‖b1M(f⃗j) − b1M(f⃗)‖Fp,qs (ℝn) → 0 as j → ∞,

which together with (4.5) leads to (4.4) with i = 1.

4.2. Proof of Theorem 1.5 forMb⃗

We want to show that

‖Mb⃗(f⃗)‖Fp,qs (ℝn) ≤ C
( m∑

i=1
‖bi‖Fpm+1,qs (ℝn)

) m∏

j=1
‖fj‖Fpj ,qs (ℝn). (4.6)

To prove (4.6), it su�ces to show that

‖Mi
b⃗
(f⃗)‖Fp,qs (ℝn) ≤ C‖bi‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn) (4.7)

for each i = 1, … ,m. Without loss of generality, we only work with (4.7) for the
case i = 1 and other cases are analogous. By (3.10) and (1.7), we have that, for
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any (x, k, �) ∈ ℝn × ℤ ×ℜn,

|∆2−k�(M1
b⃗
(f⃗))(x)|

≤ |∆2−k�b1(x)|M(f⃗)(x) +M(f⃗1,b1,−2−k�)(x)

+|b1(x)|
m∑

l=1
M(G⃗l,−2−k�)(x) +

m∑

l=1
M(G⃗b1,l,−2−k�)(x)

=∶ Γ(x, k, �),

(4.8)

where

f⃗1,b1,−2−k� = (∆2−k�b1f1, f2, … , fm),

G⃗b1,1,−2−k� = (b1∆2−k�f1, (f2)−2−k� , … , (fm)−2−k�),

G⃗l,−2−k� = (f1, … , fl−1, ∆2−k�fl, (fl+1)−2−k� , … , (fm)−2−k�),

and for l = 2, … ,m,

G⃗b1,l,−2−k� = (b1f1, f2, … , fl−1, ∆2−k�fl, (fl+1)−2−k� , … , (fm)−2−k�).

In light of (4.8) and (2.3), we have

‖M1
b⃗
(f⃗)‖Ḟp,qs (ℝn)

≤ C
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|∆2−k�b1|M(f⃗)d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

+C
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

M(f⃗1,b1,−2−k�)d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

+C
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

m∑

l=1
|b1|M(G⃗l,−2−k�)d�

)q)1∕q‖‖‖‖‖Lp(ℝn)

+C
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

m∑

l=1
M(G⃗b1,l,−2−k�)d�

)q)1∕q‖‖‖‖‖Lp(ℝn)

=∶ A1 + A2 + A3 + A4.

(4.9)

By Hölder’s inequality, (1.2), (2.3) and (2.4), we have

A1 ≤ C‖M(f⃗)‖L�(ℝn)
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|∆2−k�b1|d�
)q)1∕q‖‖‖‖‖Lpm+1 (ℝn)

≤ C‖b1‖Ḟpm+1,qs (ℝn)

m∏

j=1
‖fj‖Lpj (ℝn)

≤ C‖b1‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn).

(4.10)
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Fix r ∈ (1,min{q, pm+1}), by Hölder’s inequality, the bounds for M̃, Lemma 4.1,
(2.3) and (2.4), we have

A2 ≤
‖‖‖‖‖

m∏

j=2
M̃fj

( ∑

k∈ℤ
2ksq

(
∫
ℜn

M̃(∆2−k�b1f1)d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

≤ C
m∏

j=2
‖M̃fj‖Lpj (ℝn)

×
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

M̃(∆2−k�b1f1)d�
)q)1∕q‖‖‖‖‖L�m (ℝn)

≤ C
m∏

j=2
‖fj‖Lpj (ℝn)

×
‖‖‖‖‖
( ∑

k∈ℤ
2ksq‖M̃(∆2−k�b1f1)‖

q
Lr(ℜn)

)1∕q‖‖‖‖‖L�m (ℝn)

≤ C
m∏

j=2
‖fj‖Lpj (ℝn)

‖‖‖‖‖
( ∑

k∈ℤ
2ksq‖∆2−k�b1f1‖

q
Lr(ℜn)

)1∕q‖‖‖‖‖L�m (ℝn)

≤ C
m∏

j=1
‖fj‖Lpj (ℝn)

‖‖‖‖‖
( ∑

k∈ℤ
2ksq‖∆2−k�b1‖

q
Lr(ℜn)

)1∕q‖‖‖‖‖Lpm+1 (ℝn)

≤ C
m∏

j=1
‖fj‖Lpj (ℝn)‖b1‖Ḟpm+1,qs (ℝn)

≤ C‖b1‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn).

(4.11)

For A3, by Hölder’s inequality and Minkowski’s inequality

A3 ≤ C
m∑

l=1
‖b1‖Lpm+1 (ℝn)

×
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

M(G⃗l,−2−k�)d�
)q)1∕q‖‖‖‖‖L�(ℝn)

.
(4.12)

Let us �x l ∈ {1, … ,m}. Noting that

M(G⃗l,−2−k�) ≤
∑

�⊂El

∏

�∈�∪{l}
M̃(∆2−k�f�)

∏

�∈�′
M̃f�, (4.13)

where El = {l + 1,… ,m} and �′ = {1, … ,m} ⧵ (� ∪ {l}). Let �� be such that
1∕�� =

∑

l∈�
1∕pl+1∕pl. It is clear that p < �� < pl and 1∕p = 1∕��+

∑

�∈�′
1∕p�.

By (4.13),Minkowski’s inequality, Hölder’s inequality and the bounds for M̃, we
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have

‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

M(G⃗l,−2−k�)d�
)q)1∕q‖‖‖‖‖L�(ℝn)

≤
∑

�⊂Em

‖‖‖‖‖
∏

�∈�′
M̃f�

×
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∏

�∈�∪{l}
M̃(∆2−k�f�)d�

)q)1∕q‖‖‖‖‖Lp(ℝn)

≤ C
∑

�⊂Em

∏

�∈�′
‖M̃f�‖Lp� (ℝn)

×
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∏

�∈�∪{l}
M̃(∆2−k�f�)d�

)q)1∕q‖‖‖‖‖L�� (ℝn)

≤ C
∑

�⊂Em

∏

�∈�′
‖f�‖Lp� (ℝn)

×
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∏

�∈�∪{l}
M̃(∆2−k�f�)d�

)q)1∕q‖‖‖‖‖L�� (ℝn)
.

(4.14)

Given � ∈ Em. By Hölder’s inequality and Lemma 4.1, one has

‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∏

�∈�∪{l}
M̃(∆2−k�f�)d�

)q)1∕q‖‖‖‖‖L�� (ℝn)

≤
‖‖‖‖‖
( ∑

k∈ℤ
2ksq

∏

�∈�∪{l}
‖M̃(∆2−k�f�)‖

q
Lp�∕�� (ℜn)

)1∕q‖‖‖‖‖L�� (ℝn)

≤
‖‖‖‖‖

∏

�∈�∪{l}

( ∑

k∈ℤ

(
2ks��∕p�‖M̃(∆2−k�f�)‖Lp�∕�� (ℜn)

)p�q∕��
)��∕(qp�)‖‖‖‖‖L�� (ℝn)

≤
∏

�∈�∪{l}

‖‖‖‖‖
( ∑

k∈ℤ

(
2ks��∕p�‖M̃(∆2−k�f�)‖Lp�∕�� (ℜn)

)p�q∕��
)��∕(qp�)‖‖‖‖‖Lp� (ℝn)

≤ C
∏

�∈�∪{l}

‖‖‖‖‖
( ∑

k∈ℤ

(
2ks��∕p�‖∆2−k�f�‖Lp�∕�� (ℜn)

)p�q∕��
)��∕(qp�)‖‖‖‖‖Lp� (ℝn)

.

This together with (2.3)-(2.6) leads to

‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∏

�∈�∪{l}
M̃(∆2−k�f�)d�

)q)1∕q‖‖‖‖‖L�� (ℝn)

≤ C
∏

�∈�∪{l}
‖f�‖Ḟp�,p�q∕����s∕p�

(ℝn)

≤ C
∏

�∈�∪{l}
‖f�‖Fp�,p�q∕����s∕p�

(ℝn)

≤ C
∏

�∈�∪{l}
‖f�‖Fp�,qs (ℝn).

(4.15)
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It follows from (4.14), (4.15) and (2.4) that

‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

M(G⃗l,−2−k�)d�
)q)1∕q‖‖‖‖‖L�(ℝn)

≤ C
m∏

j=1
‖fj‖Fpj ,qs (ℝn). (4.16)

Combining (4.16) with (4.12) and (2.4) yields

A3 ≤ C‖b1‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn). (4.17)

Similar arguments to those used to derive (4.16) may give that

‖‖‖‖‖
( ∑

k∈ℤ
2ksq

(
∫
ℜn

M(G⃗b1,l,−2−k�)d�
)q)1∕q‖‖‖‖‖Lp(ℝn)

≤ C‖b1‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn),

for each l = 1, … ,m, which together with Minkowski’s inequality implies

A4 ≤ C‖b1‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn). (4.18)

Then (4.7) with i = 1 follows from (4.9)-(4.11), (4.17) and (4.18).
It remains to prove the continuity result forMb⃗. Let f⃗j = (f1,j, … , fm,j)with

each fi,j → fi in F
pi ,q
s (ℝn) as j → ∞ for all i ∈ {1, … ,m}. It su�ces to show

that
‖Mi

b⃗
(f⃗j) −Mi

b⃗
(f⃗)‖Fp,qs (ℝn) → 0 as j → ∞ (4.19)

for all i = 1, … ,m. We only prove (4.19) for i = 1 since other cases are analo-
gous. By (2.4) we have that fi,j → fi in Ḟ

pi ,q
s (ℝn) and in Lpi (ℝn) as j → ∞ for

all i ∈ {1, … ,m}. By (1.9) and (2.4), to prove (4.19) with i = 1, it is enough to
prove that

‖M1
b⃗
(f⃗j) −M1

b⃗
(f⃗)‖Ḟp,qs (ℝn) → 0 as j → ∞. (4.20)

Now we prove (4.20) by contradiction. Assume that (4.20) doesn’t hold. We
may assume without loss of generality that there exists a constant c > 0 such
that

‖M1
b⃗
(f⃗j) −M1

b⃗
(f⃗)‖Ḟp,qs (ℝn) > c, for all j ≥ 1. (4.21)

Thanks to (1.9), we may assume, without loss of generality, by extracting a sub-
sequence thatM1

b⃗
(f⃗j)(x) −M1

b⃗
(f⃗)(x) → 0 as j → ∞ for almost every x ∈ ℝn.

Hence,
∆2−k�(M1

b⃗
(f⃗j) −M1

b⃗
(f⃗))(x) → 0 as j → ∞ (4.22)

for every (k, �) ∈ ℤ × ℜn and almost every x ∈ ℝn. From (4.8), we have that,
for (x, k, �) ∈ ℝn × ℤ ×ℜn,

|∆2−k�(M1
b⃗
(f⃗j) −M1

b⃗
(f⃗))(x)| ≤ Γj(x, k, �) + Γ(x, k, �), (4.23)
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where Γ is given as in (4.8) and

Γj(x, k, �) =
||||||∆2−k�b1(x)|M(f⃗j)(x) +M(f⃗1,j,b1,−2−k�)(x)

+|b1(x)|
m∑

l=1
M(G⃗l,j,−2−k�)(x)

+
m∑

l=1
M(G⃗b1,l,j,−2−k�)(x) − Ψ(x, k, �)

|||||

≤
4∑

i=1
'1,j(x, k, �),

(4.24)

where
'1,j(x, k, �) ∶= |∆2−k�b1(x)||M(f⃗j)(x) −M(f⃗)(x)|,

'2,j(x, k, �) ∶= |M(f⃗1,j,b1,−2−k�)(x) −M(f⃗1,b1,−2−k�)(x)|,

'3,j(x, k, �) ∶= |b1(x)|
m∑

l=1
|M(G⃗l,j,−2−k�)(x) −M(G⃗l,−2−k�)(x)|,

'4,j(x, k, �) =
m∑

l=1
|M(G⃗b1,l,j,−2−k�)(x) −M(G⃗b1,l,−2−k�)(x)|,

f⃗1,j,b1,−2−k� ∶= (∆2−k�b1f1,j, f2,j, … , fm,j),

G⃗b1,1,j,−2−k� ∶= (b1∆2−k�f1,j, (f2,j)−2−k� , … , (fm,j)−2−k�),

G⃗l,j,−2−k� ∶= (f1,j, … , fl−1,j, ∆2−k�fl,j, (fl+1,j)−2−k� , … , (fm,j)−2−k�),
and for l = 2, … ,m,

G⃗b1,l,j,−2−k� ∶= (b1f1,j, f2,j, … , fl−1,j, ∆2−k�fl,j, (fl+1,j)−2−k� , … , (fm,j)−2−k�).

Similar arguments as in deriving (4.16) may imply that

‖'i,j‖Esp,q,1

≤ C‖b1‖Fpm+1,qs (ℝn)

m∑

l=1
‖fl,j − fl‖Fpl ,qs (ℝn)

×
∏

1≤�≤m
�≠l

(‖f�,j − f�‖Fp�,qs (ℝn) + ‖f�‖Fp�,qs (ℝn)), i = 1, 2, 3, 4.
(4.25)

Combining (4.25) with (4.24) implies that

‖Γj‖Esp,q,1 ≤ C‖b1‖Fpm+1,qs (ℝn)

m∑

l=1
‖fl,j − fl‖Fpl ,qs (ℝn)

×
∏

1≤�≤m
�≠l

(‖f�,j − f�‖Fp�,qs (ℝn) + ‖f�‖Fp�,qs (ℝn)).
(4.26)
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Also, we get from (4.9)-(4.11), (4.17) and (4.18) that

‖Γ‖Esp,q,1 ≤ C‖b1‖Fpm+1,qs (ℝn)

m∏

j=1
‖fj‖Fpj ,qs (ℝn). (4.27)

By (4.26), we have that ‖Γj‖Esp,q,1 → 0 as j → ∞, which yields that, there exists
a subsequence {jl}∞l=1 ⊂ {j}∞j=1 such that

∞∑

l=1
‖Γjl‖Esp,q,1 < ∞. (4.28)

From (4.23), we see that

|∆2−k�(M1
b⃗
(f⃗jl) −M1

b⃗
(f⃗))(x)| ≤

∞∑

l=1
Γjl(x, k, �) + Γ(x, k, �) =∶ Φ(x, k, �),

(4.29)
for all (x, k, �) ∈ ℝn × ℤ ×ℜn. Combining (4.28) with (4.29) and Minkowski’s
inequality implies ‖Φ‖Esp,q,1 < ∞. It follows that ∫ℜn

Φ(x, k, �)d� < ∞ for every
k ∈ ℤ and almost every x ∈ ℝn. This, together with (4.22), (4.29) and the
dominated convergence theorem, implies

∫
ℜn

|∆2−k�(M1
b⃗
(f⃗jl) −M1

b⃗
(f⃗))(x)|d� → 0 as l → ∞ (4.30)

for every k ∈ ℤ and almost every x ∈ ℝn. Using the fact ‖Φ‖Esp,q,1 < ∞, we
deduce that

( ∑

k∈ℤ
2ksq

(
∫
ℜn

Φ(x, k, �)d�
)q)1∕q

< ∞ (4.31)

for almost every x ∈ ℝn. We get from (4.29) that

∫
ℜn

|∆2−k�(M1
b⃗
(f⃗jl) −M1

b⃗
(f⃗))(x)|d� ≤ ∫

ℜn

Φ(x, k, �)d�, (4.32)

for all (x, k, �) ∈ ℝn × ℤ × ℜn and l ≥ 1. By the dominated convergence
theorem, we get from (4.30)-(4.32) that
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|∆2−k�(M1
b⃗
(f⃗jl) −M1

b⃗
(f⃗))(x)|d�

)q)1∕q
→ 0 as l → ∞. (4.33)

By (4.29) and the fact that ‖Φ‖Esp,q,1 < ∞,

( ∑

k∈ℤ
2ksq

(
∫
ℜn

|∆2−k�(M1
b⃗
(f⃗jl) −M1

b⃗
(f⃗))(x)|d�

)q)1∕q

≤
( ∑

k∈ℤ
2ksq

(
∫
ℜn

|Φ(x, k, �)|d�
)q)1∕q

< ∞,
(4.34)
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for almost every x ∈ ℝn. It follows from (4.33), (4.34) and the dominated con-
vergence theorem that

‖∆2−k�(M1
b⃗
(f⃗jl) −M1

b⃗
(f⃗))‖Esp,q,1 → 0 as l → ∞,

which together with (2.3) leads to ‖M1
b⃗
(f⃗jl) −M1

b⃗
(f⃗)‖Ḟp,qs (ℝn) → 0 as l → ∞.

This is in contradiction with (4.21). □

5. Proof of Theorem 1.6

This section is devoted to presenting the proof of Theorem 1.6. By Lemma
2.3, Theorem A (ii) and the arguments similar to those used in deriving the
corresponding result for [b⃗,M], we obtain (1.12) and the continuity for [b⃗,M] ∶
Bp1,qs (ℝn) ×⋯ × Bpm ,qs (ℝn) → Bp,qs (ℝn).

It remains to prove Theorem 1.6 forMb⃗. In what follows, we �x 0 < s < 1,
1 < p1, … , pm+1, p, q < ∞ and 1∕p = 1∕p1 +⋯ + 1∕pm+1. Let �, �m be such
that 1∕� = 1∕p1 + ⋯ + 1∕pm and 1∕�m = 1∕p1 + 1∕pm+1. It is clear that
p < �, �m < p1 and 1∕p = 1∕� + 1∕pm+1.

We want to show that

‖Mb⃗(f⃗)‖Bp,qs (ℝn) ≤ C
( m∑

i=1
‖bi‖Bpm+1,qs (ℝn)

) m∏

j=1
‖fj‖Bpj ,qs (ℝn). (5.1)

By Minkowski’s inequality, to prove (5.1), it su�ces to show that

‖Mi
b⃗
(f⃗)‖Bp,qs (ℝn) ≤ C‖bi‖Bpm+1,qs (ℝn)

m∏

j=1
‖fj‖Bpj ,qs (ℝn) (5.2)

for each i = 1, … ,m. Without loss of generality, we only prove (5.2) for the case
i = 1 since other cases are analogous. From (2.10) and (4.8), we have

‖M1
b⃗
(f⃗)‖Ḃp,qs (ℝn)

≤ C
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn
(|∆2−k�(M1

b⃗
(f⃗))(x)|)pdxd�

)q∕p)1∕q

≤ C(B1 + B2 + B3 + B4).

(5.3)

where

B1 ∶=
( ∑

k∈ℤ
2ksq

(
∫
ℜd

∫
ℝn
(|∆2−k�b1(x)|M(f⃗)(x))pdxd�

)q∕p)1∕q
,

B2 ∶=
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn
(M(f⃗1,b1,−2−k�)(x))

pdxd�
)q∕p)1∕q

,

B3 ∶=
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

( m∑

l=1
|b1(x)|M(G⃗l,−2−k�)(x)

)p
dxd�

)q∕p)1∕q
,
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B4 ∶=
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

( m∑

l=1
M(G⃗b1,l,−2−k�)(x)

)p
dxd�

)q∕p)1∕q
.

By (1.2), (2.10), (2.11) and Hölder’s inequality, we have

B1 ≤ C
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn
(M(f⃗)(x)|∆2−k�b1(x)|)pdxd�

)q∕p)1∕q

≤ C‖M(f⃗)‖L�(ℝn×ℜn)

×
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

|∆2−k�b1(x)|pm+1dxd�
)q∕pm+1)1∕q

≤ C
m∏

j=1
‖fj‖Lpj (ℝn)‖b1‖Ḃpm+1,qs (ℝn)

≤ C‖b1‖Bpm+1,qs (ℝn)

m∏

j=1
‖fj‖Bpj ,qs (ℝn),

(5.4)

and

B2 ≤ C
( ∑

k∈ℤ
2ksq

(
‖∆2−k�b1f1‖L�m (ℝn×ℜn)

∏

j=2
‖fj‖Lpj (ℝn)

)q)1∕q

≤ C
( ∑

k∈ℤ
2ksq

(
‖∆2−k�b1‖Lpm+1 (ℝn×ℜn)

∏

j=1
‖fj‖Lpj (ℝn)

)q)1∕q

≤ C
m∏

j=1
‖fj‖Lpj (ℝn)‖b1‖Ḃpm+1,qs (ℝn)

≤ C‖b1‖Bpm+1,qs (ℝn)

m∏

j=1
‖fj‖Bpj ,qs (ℝn).

(5.5)

By Minkowski’s inequality and Hölder’s inequality, we conclude that

B3 ≤ C
m∑

l=1
‖b1‖Lpm+1 (ℝn)

×
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

(
M(G⃗l,−2−k�)(x)

)�
dxd�

)q∕�)1∕q
.

(5.6)
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Fix l ∈ {1, … ,m}. By the bounds for M̃ and (2.10)-(2.13), we have

( ∑

k∈ℤ
2ksq

‖‖‖‖‖
∏

�∈�∪{l}
M̃(∆2−k�f�)

‖‖‖‖‖
q

L�� (ℝn×ℜn)

)1∕q

≤
( ∑

k∈ℤ
2ksq

∏

�∈�∪{l}
‖M̃(∆2−k�f�)‖Lp� (ℝn×ℜn)

)q)1∕q

≤
∏

�∈�∪{l}

( ∑

k∈ℤ
(2ks��∕p�‖M̃(∆2−k�f�)‖Lp� (ℝn×ℜn))

p�q∕��
)��∕(p�q)

≤
∏

�∈�∪{l}
‖f�‖Ḃp�,p�q∕��s��∕p�

(ℝn)

≤
∏

�∈�∪{l}
‖f�‖Bp�,p�q∕��s��∕p�

(ℝn)
≤

∏

�∈�∪{l}
‖f�‖Bp�,qs (ℝn).

(5.7)

Using Minkowski’s inequality, Hölder’s inequality, (4.13) and the bounds for
M̃, one �nds that

( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn
(M(G⃗l,−2−k�)(x))pdxd�

)q∕p)1∕q

≤
∑

�⊂El

( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

( ∏

�∈�∪{l}
M̃(∆2−k�f�)

×
∏

�∈�′
M̃f�

)p
dxd�

)q∕p)1∕q

≤ C
∑

�⊂El

∏

�∈�′
‖M̃f�‖Lp� (ℝn)

×
( ∑

k∈ℤ
2ksq

‖‖‖‖‖
∏

�∈�∪{l}
M̃(∆2−k�f�)

‖‖‖‖‖
q

L�� (ℝn×ℜn)

)1∕q

≤ C
∑

�⊂El

∏

�∈�′
‖f�‖Lp� (ℝn)

×
( ∑

k∈ℤ
2ksq

‖‖‖‖‖
∏

�∈�∪{l}
M̃(∆2−k�f�)

‖‖‖‖‖
q

L�� (ℝn×ℜn)

)1∕q
.

(5.8)

If follows from (2.11), (5.7) and (5.8) that

( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn
(M(G⃗l,−2−k�)(x))pdxd�

)q∕p)1∕q

≤ C
m∏

j=1
‖fj‖Bpj ,qs (ℝn).

(5.9)

Combining (5.9) with (2.9) and (5.6) implies that

B3 ≤ C‖b1‖Bpm+1,qs (ℝn)

m∏

j=1
‖fj‖Bpj ,qs (ℝn). (5.10)
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Similar arguments to those used in deriving (5.9) may imply
( ∑

k∈ℤ
2ksq

(
∫
ℜn

∫
ℝn

(
M(G⃗b1,l,−2−k�)(x)

)p
dxd�

)q∕p)1∕q

≤ C‖b1‖Bpm+1,qs (ℝn)

m∏

j=1
‖fj‖Bpj ,qs (ℝn),

for each l = 1, … ,m, which together with Minkowski’s inequality gives that

B4 ≤ C‖b1‖Bpm+1,qs (ℝn)

m∏

j=1
‖fj‖Bpj ,qs (ℝn). (5.11)

Combining (5.11) with (5.3)-(5.5) and (5.10) implies (5.2) for i = 1.
Next we shall prove the continuity result forMb⃗. The proof is similar as in

the proof of the continuity part forMb⃗ in Theorem 1.5. Let f⃗j = (f1,j, … , fm,j)
with each fi,j → fi in B

pi ,q
s (ℝn) as j → ∞ for all i ∈ {1, … ,m}. It su�ces to

show that
‖Mi

b⃗
(f⃗j) −Mi

b⃗
(f⃗)‖Bp,qs (ℝn) → 0 as j → ∞ (5.12)

for all i = 1, … ,m. We only prove (5.12) for i = 1 since other cases are analo-
gous. By (2.11), we have that, fi,j → fi in Ḃ

pi ,q
s (ℝn) and in Lpi (ℝn) as j → ∞

for all i ∈ {1, … ,m}. By (1.9), to conclude (5.12) with i = 1, it su�ces to prove
that

‖M1
b⃗
(f⃗j) −M1

b⃗
(f⃗)‖Ḃp,qs (ℝn) → 0 as j → ∞. (5.13)

Now we prove (5.13) by contradiction. Assume that (5.13) doesn’t hold. We
may assume, without loss of generality that, there exists a constant c > 0 such
that

‖M1
b⃗
(f⃗j) −M1

b⃗
(f⃗)‖Ḃp,qs (ℝn) > c, for all j ≥ 1.

Let {'i,j}4i=1, and Γj, Γ, Ψ be given as in the proof of Theorem 1.5. Similar argu-
ments as in deriving (5.9) may give that

‖'i,j‖p,q,s ≤ C
m∑

l=1
‖fl,j − fl‖Bpl ,qs (ℝn)

×
∏

1≤�≤m
�≠l

(‖f�,j − f�‖Bp�,qs (ℝn) + ‖f�‖Bp�,qs (ℝn)), i = 1, 2, 3, 4.

It follows that

‖Γj‖p,q,s ≤ C‖b1‖Bpm+1,qs (ℝn)

m∑

l=1
‖fl,j − fl‖Bpl ,qs (ℝn)

×
∏

1≤�≤m
�≠l

(‖f�,j − f�‖Bp�,qs (ℝn) + ‖f�‖Bp�,qs (ℝn)).
(5.14)
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By Minkowski’s inequality, (4.8), (5.4), (5.5), (5.10) and (5.11), we deduce that

‖Ψ‖p,q,s ≤ C‖b1‖Bpm+1,qs (ℝn)

m∏

j=1
‖fj‖Bpj ,qs (ℝn). (5.15)

The rest of proof follows from (5.14), (5.15) and the arguments similar to the
proof of Theorem 1.5. □
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