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Necessary density conditions for
d-approximate interpolation sequences in
the Bargmann-Fock space

Haodong Li and Mishko Mitkovski'

ABSTRACT. Inspired by Olevskii and Ulanovskii [12], we introduce the con-
cept of d-approximate interpolation in weighted Bargmann-Fock spaces as
a natural extension of the classical concept of interpolation. We then show
that d-approximate interpolation sets satisfy a density condition, similar to
the one that classical interpolation sets satisfy. More precisely, we show that
the upper Beurling density of any d-approximate interpolation set must be
bounded from above by 1/(1 — d?).
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1. Introduction

Let¢ : C" — R be a plurisubharmonic function such that for all z € C"
i0d¢ ~ idd|z|?, €Y)

in the sense of positive currents. Here, and throughout the paper, we use the
standard notation A < B to denote that there exists a constant C > 0 such
that A < CB, and A ~ B which means that A < B and B < A. The implied
constants may change from line to line.
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The weighted Bargmann-Fock space F4(C") is the space of all entire func-
tions f : C" — C satisfying the integrability condition

1913 = [ 15 e Oamz) < o,
Cn

where dm denotes the Lebesgue measure on C"* ~ R?". Equipped with the
norm ||-|| » the weighted Bargmann-Fock space 7 4(C") is a reproducing kernel
Hilbert space (RKHS) (for more information about this space see e.g. [15]). We

will denote its reproducing kernel at 1 € C" by Kf(z), and its normalized re-
producing kernel Kf(z) / ||Kf||¢ by kf(z). The classical Bargmann-Fock space
F(C™)is an important special case obtained when ¢(z) = %lzlz. We denote its
norm simply by ||-||, i.e.,

I 2= f F@ e dm(z).
Cn

In this case, explicit formulas for the reproducing kernels are known: K;(z) =

™A ki (z) = e”<z’l>_ng (see e.g. [20]).

A countable set A = {1} C C" is said to be an interpolation set for F4(C"),
if for every square summable sequence of complex numbers (c;) € [2(A) there
exists f € F4(C") such that (f, kf>¢ = ¢, for all A € A. The following equiva-
lent definition of interpolation sets is most relevant for our purposes. Namely,
A is an interpolation set if and only if the following two conditions hold [19]:

(i) for every 1 € A there exists f; € F4(C") such that < f A,kf >¢ = §,, for

allv € A, and (ii) {f1}1ea is a Bessel sequence for F4(C"), i.e., there exists a
constant C > 0 such that

X 1 g 1P < CUIFIL

AEA
for every f € F4(C"). Here, and throughout the paper, we use the standard
notation §,, = 1 for v = 1 and 0 otherwise.

If the interpolation can be guaranteed only for the standard basis {5}, of
I2(A), with norm control of the approximants, then we say that A is a weak
interpolation set. More precisely, A = {4} C C" is a weak interpolation set for
F(C"), if the following two conditions hold: (i) for every 1 € A there exists

f1 € F4(C") such that <fl,kf>¢ = &, forall v € A, (ii) sup;, [If2ll, <

oo. Note that, A is a weak interpolation set if and only if the corresponding

sequence of normalized reproducing kernels {kf} 2ea 1S uniformly minimal in
FH(C").

It is easy to see that every interpolation set is a weak interpolation set. It was
shown by Seip and Schuster [14] that in the one-dimensional case the converse
is also true, i.e., these two classes of sets coincide. As far as we know, it is not
known whether these classes of sets coincide in the higher dimensional case.
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Another important result of Seip and Wallstén [16], [18] shows that in the
classical one-dimensional case interpolation sets can be completely character-
ized in terms of the upper Beurling density D*(A) of A defined by,

. #{A N B(a,r)}
D*(A) :=limsup sup ——=
e oet  m(B(a,r)

where B(a, r) denotes an Euclidean ball centered at a with radius . Namely, A
is an interpolation set (or equivalently weak interpolation set) for #(C) if and
only if A is uniformly discrete, and D*(A) < 1.

It was proved by Berndtsson, Ortega-Cerda and Seip in [1], [13] that in the
weighted one-dimensional case, just as in the classical case, interpolation sets
can be completely characterized by an appropriately defined weighted upper
Beurling density

) #{A N B(a,r)}
DF(A) :=limsup sup ————=,
¢ r—oo aeC m¢(B(a’ I"))

where dmy(z) = ||Kf||;e_2¢(z)dm(z). These results have been extended in di-
mension one for an even more general class of weights [8], and the necessity
of this density condition was also proved in higher dimensions [7], [3]. The
corresponding necessary density condition for weak interpolation sets in the
weighted case was proved very recently in [10].

Analogous density results for interpolation and weak interpolation sets have
been proved in the Paley-Wiener space [5], [4], [11], in the Bergman space [17],
and in de Branges space [9].

The goal of this paper is to provide a similar type necessary density condition
for an even larger class of “interpolation sets”. This type of sets (to be defined
momentarily) were relatively recently introduced by Olevskii and Ulanovskii [12]
in the Paley-Wiener setting, where it was shown that all such sets must satisfy a
Beurling density condition similar to the one for usual interpolation sets. Our
result can be viewed as a Bargmann-Fock space counterpart of their result.

We now precisely define the above mentioned larger classes of “interpolation
sets”.

Definition 1.1. Foragiven 0 < d < 1 we will say that a countable set A = {1} C
C" is d-approximate interpolation set for F 4(C") if the following two conditions
hold:

(i) Forevery A € A there exists h; € F4(C") such that

2

veEA

2
<d?

(nikS), = 82

i.e., the I>(A) distance between the sequences (<h R kf >¢) and (6,,) is no

greater than d.
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(i) {hi}ien from (D) is a Bessel sequence in F4,(C"), i.e., there exists a constant
C > O such that

2
> s P <ClIfll
AEA
forany f € F4(C").
Note that 0-approximate interpolation sets coincide with interpolation sets
in F4(C").
Definition 1.2. For a given 0 < d < 1 we will say that a countable set A =

{4} C C" is d-approximate weak interpolation set for F 4(C") if the following two
conditions hold:

(i) Forevery A € A there exists f; € F4(C") such that

2

veEA

<flakf>¢_5)w2 <d?

i.e., the I>(A) distance between the sequences (< fi kf >¢) and (6,,) is no

greater than d.
(11) Sup/le/\ ||f/1||¢ < oo.

Again, 0-approximate weak interpolation sets coincide with weak interpola-
tion sets in F4(C"). Note that the two classes of approximately interpolating
sets differ only in the second condition. As the terminology suggests every d-
approximate interpolation set is a d-approximate weak interpolation set. We
don’t know if the converse is true even in the classical one-dimensional setting.

Our first result is the following, which gives a necessary upper density condi-
tion on d-approximate weak interpolation sets in the classical Bargmann-Fock
space F(C").

Theorem 1.3. Let0 < d < 1. Suppose A C C" is a uniformly discrete set that is
a d-approximate weak interpolation set for F(C™"). Then

D*(A) <

1
1—d?
This result can be easily extended to all classical weights of the form ¢(z) =
o 2 n V9 .
;|Z| + 3 log =,a > 0. In the general weighted case, we can only prove the
[e4
corresponding result for d-approximate interpolation sets.

Theorem 1.4. Let 0 < d < 1. Suppose A C C" is a uniformly discrete set that is
a d-approximate interpolation set for ¥ 4(C"). Then

1
+ —
D p A) < T
2. Preliminaries

In this section, we collect some preliminary results that will play an impor-
tant role in the proofs of our main results.
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2.1. Reproducing kernels. In the classical case, due to the explicit formulas

g 2
for the reproducing kernel, it is easy to see that ||K,|| = ez forallz € cn,
~Z|z—

and |(k,, k)| =e 2 wf? for all z,w € C", i.e., each normalized reproducing
kernel k, € #(C")issharply concentrated around its indexing point z € C". In
the weighted case, we still have the following similar estimates proved in [15]
and [2] respectively:

HKf‘Lb ~ o$(@), )

|<kf,k:ii> ¢‘ < Cemclzul, 3)

forevery z, w € C", and some constants which only depend on the implied con-
stants in (1). These estimates will be of crucial importance in all our proofs. As
asimple consequence of (2) we have dmy ~ dm, and therefore D*(A) ~ D; (AN).
Also, since the Lebesgue measure m satisfies the annular decay property so does
the measure my, ie., for any p > 0,

lim sup sup my(Bla.r + p) =
r-oco aeCn m;b(B(aa r)

2.2. Uniform discreteness and its consequences. Recall thataset A C C"
is said to be uniformly discrete it § := inf{|A —v| : 1 # v € A} > 0. The
constant § > 0is called the separation constant of A. We will need the following
two, well-known, simple properties of uniformly discrete sets. First, as simple
counting argument shows, for any Euclidean ball B(a, r) C C" with radius r >
1we have #{AnB(a,r)} < (1+2/8)*"r*",where § > 0is the separation constant
of A. In particular, #{A N B(a,r)} is finite, and the upper Beurling density of
A satisfies D;(A) ~ DT(A) < :—i(l + %)2” < o0. Our main goal is to show
that under additional interpolation assumptions on A this trivial density upper
bound can be significantly improved (especially when & > 0 is very small).
The second consequence of the uniform discreteness of A, that will be used in

our proofs, is that any uniformly discrete A C C" generates a Bessel sequence of
normalized reproducing kernels {k;f} 1en In Fp(C"), i.e., there exists a constant
Cs > O such that

> kD1 < CslIf I

AEA
for all f € F4(C") (see [6], Proposition 3.2.5). This is a simple consequence of
the mean value inequality.

2.3. Concentration operators. The following class of operators, usually called
concentration operators (or sometimes Toeplitz operators), will play an impor-
tant role in our proofs. For any Borel set B C C" with finite Lebesgue measure,
define a concentration operator Ty : F4(C") — F4(C") by

10f = [ (7.12), Kmyca)
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where the right-hand side is defined in the weak sense, i.e., as the unique ele-
ment in F¢(C") such that

Taf 8y = [ (1), (i2.8), dmyca)

for all g € F4(C").
The following well-known result contains all the basic properties of concen-
tration operators that we will need. For proof see Corollary 2.3.7 in [6].

Proposition 2.1. For any Borel set B C C" with finite Lebesgue measure, the cor-
responding concentration operator Ty : F4(C") — F4(C") is a positive compact
self-adjoint operator of trace class. Moreover, its trace and Hilbert-Schmidt norm
satisfy the following identities:

T8Iz = Tr(Tg) = my(B) = f /
cn JB

2
ITalfys = [ [ [0tk dmocermy )
B YB

2.4. Two lemmas. To prove our Theorem 1.3, we will adopt the proof strat-
egy of Olevskii and Ulanovskii [12]. The argument has two crucial ingredients.
The first one (essentially going back to Landau [5]) says that any subspace of
F4(C") consisting entirely of elements that are concentrated on a finite mea-
sure set cannot have arbitrarily large dimension. The precise formulation of
this statement is as follows. Given a number 0 < ¢ < 1, we say that a subspace
G of the weighted Bargmann-Fock space F4(C") is c-concentrated on the set

BcCChif
2
el < [ [(r.2),] dmyc@ = cxar. .
B ¢

for every f € G, where T}y is the concentration operator.

2
<k‘f,k$>¢‘ dmy(z)dmgy(w)  (4)

Lemma 2.2. Suppose B C C" is a Borel set in C" with finite Lebesgue measure
and 0 < ¢ < 1. If G is a subspace of the weighted Bargmann-Fock space F 4(C")
which is c-concentrated on B, then

B
dimg < m¢c( ).

Proof. Let Ty be the concentration operator over B. By Proposition 2.1, Ty is
a positive compact self-adjoint operator, so we can denote all its eigenvalues in
the decreasing order by [, > --- > [, > ---, where entries are repeated with
multiplicity. Let G’ be an arbitrary finite-dimensional subspace of G and k =
dimg'. By the min-max principle,

l, = max min  (Tf, > min (Tgf, > c.
o= max, min (Tof.f)y>  min | (Tof.f



1586 HAODONG LI AND MISHKO MITKOVSKI

Then using Tr(Tg)/k > ;. > c and (4), we obtain

my(B)
dimG < ¢c .

Since G’ was an arbitrary finite-dimensional subspace of G, we obtain that G is
finite-dimensional and the same estimate holds for G. O

The following lemma is the second important ingredient in our proofs. It
allows us to generate a subspace of fairly high-dimension which is concentrated
so that we can apply Lemma 2.2. This second result is a finite-dimensional
result which can be applied in our proofs only when we restrict the set A to a
ball.

Lemma 2.3 ([12], Lemma 2). Let {u;}<j<y be an orthonormal basis in an N-
dimensional complex Euclidean space U. Given0 < d < 1, suppose that{v i} <j<n
is a set of vectors in U satisfying

Then for any b with 1 < b < 1/d, there is a subspace X of CN, such that
(i) (1 = b%d*>)N —1 < dimX;
(ii) the estimate

LN N
1- 5)22 lej12 <11 D) eivillA,
j=1

j=1

holds for any vector ¢ = (cq, ¢3, ...,Cn) € X.

3. Proof of Theorem 1.3

We now prove Theorem 1.3. Throughout this proof, we will use the follow-
ing notation. For & > 0 we will denote by F#,(C") the weighted Bargmann-
Fock space associated with ¢(z) = %lzl2 + %log Z. We will also denote by
|I-ll, » K7, and k7 the norm, the reproducing kernel,aand the normalized repro-

a2
ducing kernel (at z) of this space. Then |[KZ||, = e> 2%, Finally, we denote

by m, the measure corresponding to my for this particular choice of ¢, i.e.,

dm, = a—ndm. Recall that in the classical case @« = 7, by convention, we drop

the sub(guper)scripts in the above notation.
Notice if we could prove Theorem 1.3 for 0 < d < 1, trivially, the theorem
will hold for d = 0.

Proof. By A = {1} C C" is a d-approximate weak interpolation set for F(C"),
there exists a bounded sequence {f;},cA such that

S [(faky) =6 <d? VieA

veEA
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Lete > 0. Forany 4 € A define g;(z) := f3(2)k}(2). Clearly, g; : C" — Cis

entire as a product of two entire functions. Also, since |kf1(z)|2 < el?” for all
z,A € C", we have

f |g2(2)|2e "l dm(z) < f If 222 ™7 dm(z) < co.
Ccn Cn

Therefore, g; € F,,.(C") for all 1 € A. Moreover,

-1

2
D R LA o B
_ 2
= 2 [(n KL KS), [
2

= ZA (frk) (kS K5), = 62

ve
<Y k) =60 < d2,

vEA

for any 4 € A. Note that in this simple computation we used that ”K,’f *'E”H‘€ =

IK, || lIK5].. The analog of this identity doesn’t hold for more general weights
which forces us to use a somewhat different strategy in the proof of Theorem 1.4.

Let B(a,r) be an arbitrary open ball in C". Since A is uniformly discrete,
A N B(a,r) is finite set. Suppose A N B(a,r) is not an empty set and let A N
B(a,r) = {41, 4;, ..., Ay }. Consider the following vectors in CcN

. T+e T+e .
V] L (<gﬂj’ kll >7‘[+£ LA <g/1], kAN >7‘[+£)’ 1 S J S N7
and the standard basisu; :=(63,3,,--»02,2,): 1 < j < N.

By the above inequality we have

Iv; —wl? < D (8- k5 )

veEA

2
— 81| <d’ 1<j<N.

T+e

By Lemma 2.3, for any 1 < b < 1/d, there exists a subspace X of CV, such that
@

(1 =b%d*>)N -1 < dimX; (6)
(ii) the inequality
1 N N
A-gr ulal <2 evlP 7
J= J=

holds for any vector ¢ = (¢, ...,cy) € X.
N .
LetG := {ijl ¢jgle = (c1,....cn) € X} € F . Since

N 1 N
125 evilP 2 (=37 2 ey,
j=1 j=1
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holds for any vector ¢ = (¢, ...,cy) € X, we have
dimX < dimg. (8)

Letg = Z]J.Vzl cjgx, € G forsome (cy,...,cy) € X. Using that kKT }en is a
Bessel sequence (due to the uniform discreteness of A) and (7), we have

2

5 N N
ZCZ <2ng/1j,k/7lfi+€>
i=1| j=1

w+e

—C||Zc,vj||2>c<1—1/b>22|cj|2 clz|c, : (9)

lgllye = C 2 (g k5
AEA

7Z'+E'

for any g € G, where C only depends on € and the separation constant § of A.
Therefore, C; := C(1 — 1/b)? is independent of a and r as well (this will be
used below).

Fix a small o > 0. A simple application of the Cauchy-Schwarz inequality
KZ*|,.. = K]l IKEI yields

2 .4
j |g(z)|2 s L
(a,r+or)c

Zf 8@ e N dm,, (2)
B(a,r+or)¢
N

2 ¢if2, @)k (2)

2
- -/B‘(a,r+crr)c j=1
(Fagoke) (K5 K,

eI dm,, (2)

N N

N D)
j=1 B(a,r+or)° j=1

We now estimate the integral term from the line above. Applyingsup,, ||/l <

oo and doing a simple change of variables, we obtain

N
—/B‘(a,r+o'r)C j=1

N
<cy f
j=1YB(;,0r)

=CN /
B(0,0r)¢

Again, using the uniform discreteness of A in the form N = #{A n B(a,r)} <
(1 +2/8)*"r?", we obtain that the last expression is bounded by

2
dm, . (2).

2
<flj’ kz> <k;,’ k§> ‘ dmy ()
J €

(15)
J €

(kS kS) | dm,,, ().

2
dmy ()
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c(1+ %)Zn},an e—€|Z|2dm7r+E(Z) — C/,,.an e—£t2t2n—1dt,

B(0,0r)° or

where C’ depends only on n and &, and not on a and r. Denote the last expres-

unif.
sion by C, = C,(r). Observe that C, — 0 for any a € C" asr — oo(to be used
in a moment). Using the last derivations, we obtain

N
— 2_ L 2
/ |g(Z)|2 e (m+e)|z| nlog(”ﬂ)dm(z) < C2 Z |C]1 , (10)
B(a,r+or)¢ j=1

foreveryg € G.
Let Tg(qr+0r) be the concentration operator over the ball B(a,r + or). Com-
bining (9) and (10), we obtain

C 2 2 - 2_plog( X
(1—C—2)||g||7,+5 Sf |g(z)| e (m+e)|z| nog(”ﬂ)dm(z)
1

B(a,r+or)
L(a,r+ar)

for every g € G.

2
<g’ k§+€>ﬂ+g dm7T+E(Z) = <TB(a,r+ar)g’ g>ﬂ+£ s

if.
Let 0 < n < 1. Since C; doesn’t depend on a and r, and C, 2% 0 for any

a € C"asr — o©o. We clearly have C,/C; 1{ Oforanya € C"asr — .
So there exists R > 0 such that (1 —7) ||g||72r+€ < (Thar+on88),,, for every
g € Gwhenever r > R. In other words, the subspace G is (1 — n)-concentrated
on B(a,r + or) whenever r > R.

By Lemma 2.2, we obtain dim§G < m,,.(B(a,r+or))/(1—n). Combining (6)
and (8), we obtain
M,(B(a,r + or))

I-7

(1 -b2d)#{ANB(a,r)}—1<

bl

foranya € C* whenr > R.
Notice the above inequality still holds when A N B(a,r) is an empty set.
Therefore,

FOAN T #{A N B(a,r)}
D) =Timsup S0p = B@.n)
< limsup sup My e(Ba,r +or)) + L
" roe aecr (1=70)A —b2d>)m(B(a,r)) (1 —b2d*)m(B(a,r))
_ (m+ "1 +o0)™"
T Q- - b2’
Thus, since € > 0,0 > 0,5 > 0,b > 1 are arbitrary,
1

DT(A) < ——.
W< E
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4. Proof of Theorem 1.4

Let Tpary = Fp(C") = F4(C") be the concentration operator over the ball
B(a,r) defined, as above, by

TB(a,r)f=f <f,kf> kfdm¢(z)
B(a,r) ¢

Again, we will denote all its eigenvalues in the decreasing order by
12 ll(TB(a,r)) 22 li(TB(a,r)) 2,
where entries are repeated with multiplicity.

Lemma 4.1. For any € > 0, there exists R > 0 such that

1 - ) D i(Toap) < 2 L(Taan)s
i=1 i=1

foranya € C"andallr > R.

Proof. Since 221 li(Tp(a,)) = Tr(Tp(a,r) = my(B(a,r)), it’s sufficient to show

[eo]

. 1 —
lim sup sup D) (Z (Tan) = 2, li(TB(a,r))z) =0.
’ i=1

r—co aeCn My i=1

By Proposition 2.1 we have

D i Taar) = 2 h(Tpan)® = f f (
i=1 i=1 B(a,r) YB(ar)

Then by (3)

2
dmy(w)dmy(2).

K KD),

Z Li(Tgar) — Z L(Tp@an)? S f f e~ %170l dmy(w)dmy(z).
i=1 i=1 B(a,r) YB(a,r)

Let p > 0. We break the double integral above as follows

L3 0 .
-/E;(a,r) -/JF;(a,r+;J)C B(a,r) YB(a,r+p)\B(a,r)

and proceed to estimate each term separately. In both estimates, we will divide
by my(B(a,r)) and use my(B(a,r)) ~ m(B(a,r)) with the implied constants
independent of a € C" and r > 0.
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For the first term we have

1 f f —2c|z—w|
-+ e dmg(w)dmy(z)
mg (B(a,r)) B(a,r) YB(a,r+p)° ? i
S;f / e~2clz=wldm(w)dm(z)
My, (B(a,r)) B(a,r) YB(z,p)

-1 =260l i (w)d
my(B(a,r)) /B:(a r /B;(O o) ¢ m(w)dm(z)

m(B(a I")) f —2ctf dsd f —2ct 2n—1d
m¢(B(a r)) 5B(0.0) f= A : ‘-

So for any € > 0, we can find a positive p such that

lim sup sup —/ / e~ Xl ldmy(w)dmy(z) <e. (11)
r—co aeCn mqb(B(a r)) B(a,r) B(a,r+p)

We now estimate the second term, using the positive p > 0 from above.

1 f f —2c|z—w|
_ e dmyg(w)dmy(z)
m¢(B(a’ r) B(a,r) YB(a,r+p)\B(a,r) ¢ ¢

e~2clz=vldm(z)dm(w)

o | |
~ m¢(B(a, r)) B(a,r+p)\B(a,r) n

SR S f f el dm(z)dm(w)
m¢(B(aa r) B(a,r+p)\B(a,r) JCr

Nm(B(a, r+p)\ B(a,r))

_ZCttzn_ldt
m(B(a,r)) 0
:m(B(a, r+ p)\ B(a,r)) ilf) ’ (12)
m(B(a,r))
for any a € C" asr — oo (by the annular decay property of m).
Combining (11) and (12), we obtain
1 oo oo
lim sup sup ——— (Taiar) — Y L(Tran)? | S
me p aegl my(B(a,r) (IZ; i\ B(a,r) ; i\ B(a,r)
Since ¢ > 0 is arbitrary, we get the desired equality. O

We now proceed with the proof of Theorem 1.4. Again, we only need to prove
the theorem for 0 < d < 1.

Proof of Theorem 1.4. The beginning of the proof is very similar to the proof
of Theorem 1.3. Since A = {1} C C" is a d-approximate interpolation set for
F$(C"), there exists a Bessel sequence {h,},c5 such that

2

VEA

<hﬂ,k5>¢ — 5, 2 <d?’, VleA.
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Let B(a, r) be an arbitrary open ball in C". By A is uniformly discrete, ANB(a, r)
is finite set. Suppose A N B(a,r) is not an empty set and let A N B(a,r) =
{11, 25, ..., Ax}. Consider the following vectors in CV,

v = (<h,1j,kf1>¢,---,<h,1j,ka>¢),1 <j<N,

and the standard basis of CV, u; = (5/1,~/11’ ,5,11,,1N), 1<j<N.
Notice that

2
<h,1j,kf>¢ ~68,, <d. 1<j<N.

2
v —wa;l|* < 2;
VvEA

By Lemma 2.3, for any 1 < b < 1/d, there exists a subspace X of CV, such that

(i) (1 = b%d*>)N —1 < dimX;
(ii) the inequality

N N

1-322 lgl <1 Y vl a3
J

j=1 =1
holds for any vector ¢ = (cy, ...,cy) € X.

LetG := {Z]j\]zl cjh,lj|c = (¢y,...,Cy) € X}. Asin Theorem 1.3 we have
dimG > dimX > (1 — b*d*)N — 1. (14)

Letg = ZL cjh,lj € G for some (cy, ...,cy) € X. Using that {h;},c, is a Bessel
sequence and (13), we get
2

N 2 N N N
2<g,ki>¢| = LD i kf) | =12l
i= j=

i=1| 'j= é
1, < 1, 0~ 2
>(1- 27 Zl o1 = (1= 37C| Zlcjmjllj5 =Cy gl (15)
Jj= J=

for any g € G, where C; := (1 — 1/b)*C is independent of a and r.
Let 6 be the separation constant of A. Then B(4,6/2)NB(v,§/2) = @ for any
A # v € A. It follows from the mean value inequality that

N P 2 N P 2
;‘(g,kai%’ Sanwag)Kg,kzu dmy(z)

i=1

el |
B(a,r+5)

for any g € G, where Cj is independent of a and .

2
dmy(2), (16)

g,kf>¢
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Let Tp(q,r4+5/2) be the concentration operator over the ball B(a, r+ §/2). Com-
bining (15) and (16), we obtain

2
2 $
cligll sf ‘g,k ‘ dm (Z)=<T ég,g> : 17)
? 7 b < Z>¢ ’ Bart™ g

for any g € G, where 0 < ¢ := C;/Cs < 1 isindependent of a and r.

Denote all the eigenvalues of Tp(q r15/2) bY {i(T(a,r+5/2))}2, indexed in de-
creasing order. Let k = dim§G (k < o0, see Lemma 2.2). By the min-max prin-
ciple and (17),

lk(TB(a,r+§)): max min <TB(a,r+§)g,g>

dim¥(=k ge7( |lgll,=1 p
Forany 0 < € < 1 —c, we have
dimG =k < #{i : li(TB(a,r+§) > c}
= #{i : li(TB(a,r+§)) >1—cel+#{i:c< li(TB(a,r+§)) <1-¢}
. li(TB(a,r+§)) li(TB(a,r+§))
B 1,->Z1:—a - " cslizs:l—s ¢
1 < 1

ST 2Ty, o)+ 2 20 Ty, o). (18)

i=1 2 [<1—¢ 2

Let o = ce2. By Lemma 4.1, there exists R > 0 such that for any a € C" and
all r > R, we have

(1= 0) D L(Tpear) < D Li(Tpan)?
i=1 i=1

= > L(Tpan)*+ 2, i(Tpan)

liSI—E li>1—5
<A -9 D) (Tsan) + 2 i(Tsan)
liﬁl—E li>1—E
RS
=Zli(TB(a,r))_£ Z li(TB(a,r))-
i=1 L;<1—¢

It follows that for any a € C" and all ¥ > R,

1 (&)
5 2 iTpap) <€ 2 L (Tpan). (19)

;<l—¢ i=1
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Combining (18) and (19), we obtain that for any a € C" and all r > R, we

have
dimg < LHE=E SV ¢
m§ < e 2Ty ety
i=

Therefore, by (14) and Proposition 2.1, for any a € C" and all r > R, we have
1+e—¢?
1-—
Notice the last inequality still holds when ANB(a, r) is an empty set. Finally,
using the annular decay property of my we obtain

. #{A N B(a,r)}
D*(A) = limsup sup —M—=—
¢ e actn my(B(a,r)

(1 - b2d>)#ANB(a,r)}—-1< my(B(a,r + g)).

_ (1+¢—e*)my(B(a,r + g)) 1
< limsup sup =Z—=7— b2d)my(Ba,r) (1 — b2d®)my(B(a,r)
1+¢e—-¢?)

T Q-9 - b2d2)
Thus, since ¢ > 0,b > 1 are arbitrary,
1
1—d?

Dy (A) <

5. Final remarks

Several questions remain unanswered. The first is the question of sharp-
ness of our results. Even though we strongly believe that our results are sharp
(up to strictness in the inequalities), we were unfortunately unable to find a
proof. Olevskii and Ulanovskii [12] prove the sharpness of their results by ex-
ploiting the fact that the Paley-Wiener space possesses an orthonormal basis
of normalized reproducing kernels. It is well-known that such orthonormal or
even Riesz bases are missing in the classical Bargmann-Fock space. (This was
recently proved to be the case even in the weighted setting [3].) Therefore, it is
unlikely that such a simple example can be constructed in the Bargmann-Fock
space. On the other hand, in this direction, we believe that our results can be
strengthened to strict inequalities in analogy with the above mentioned results
for classical interpolation sets, i.e., 0-approximate interpolation sets.

Another interesting question that remains to be explored is the relationship
between weak and strong d-approximate interpolation sets. As mentioned in
the introduction, it was proved by Schuster and Seip that for d = 0 these classes
coincide in the classical one-dimensional setting. Their proof extends to the
weighted one-dimensional setting as well. However, nothing similar is known
in the higher-dimensional case. The proof that Schuster and Seip utilize in di-
mension one doesn’t extend, since it depends in a crucial way on the sufficiency
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of the Seip’s density condition for interpolation which is known to be false in
the higher dimensional setting. This at least suggests that these classes may
differ in the higher dimensional setting, but, as far as we know, no examples
have been found so far. It is very likely that a similar state of affairs will persist
for d-approximate interpolation sets.
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