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Primitive divisors of sequences associated to
elliptic curves over function fields

Robert Slob

ABSTRACT. We study the existence of a Zsigmondy bound for a sequence of
divisors associated to points on an elliptic curve over a function field. More
precisely, let k be an algebraically closed field, let € be a nonsingular pro-
jective curve over k, and let K denote the function field of €. Suppose E is
an ordinary elliptic curve over K and suppose there does not exist an elliptic
curve E, defined over k that is isomorphic to E over K. Suppose P € E(K) is
a non-torsion point and Q € E(K) is a torsion point of order r. The sequence
of points {nP + Q} C E(K) induces a sequence of effective divisors {D,p,o} on
C. We provide conditions on r and the characteristic of k for there to exist a
bound N such that D,y has a primitive divisor for all n > N. This extends
the analogous result of Verzobio in the case where K is a number field.
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1. Introduction

Let K be a number field with ring of integers Ok. Let E /K be an elliptic curve
that is given by a Weierstrass equation with integral coefficients, and suppose
P € E(K) is a non-torsion point. For each positive integer n, we can write

(x(nP)) = %, where A, and D,, are coprime ideals in Og. The sequence of

ideals {D,;} forms a divisibility sequence, meaning that if m and n are positive
integers with m dividing n, then D,, divides D,,.

Some famous sequences such as the Mersenne sequence and Lucas sequence
are examples of divisibility sequences. The divisibility sequence obtained from
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a non-torsion point on an elliptic curve is an example of an elliptic divisibil-
ity sequence, which were first studied by Morgan Ward [War48]. The book
[EvdPSWO03, Chapter 10] of Everest et al. gives a gentle introduction into the
subject of elliptic divisibility sequences and provides a great historical account.
For an interesting connection between matrix divisibility sequences and (el-
liptic) divisibility sequences, see [CR12]. Additionally, see the introduction of
[op. cit.] for some recent research and applications of (elliptic) divisibility se-
quences.

Returning to our sequence {D, }, let n be a positive integer, then we say that
D,, has a primitive divisor if there exists a prime ideal p of O that divides D,
and does not divide D,,, forany 1 < m < n. If K = Q, then D, is simply an
integer, and in this case, it was proved by Silverman in 1988 that there exists
a bound N such that D,, has a primitive divisor for all n > N [Sil88]. Such a
bound is sometimes called a Zsigmondy bound in the literature, dating back to
Zsigmondy’s study of the divisibility sequence d,, = a" — b" fora > b > 0
positive coprime integers in the late 19th century. Zsigmondy showed that if
n & {1, 2, 6}, then d,, has a primitive divisor [Zsi92]. This generalises an earlier
result of Bang with b equal to 1, see [Ban86]. An immediate application of the
existence of a Zsigmondy bound would be to try and use this result to search
for large prime numbers. For this to be computationally feasible, one wants the
values D,, to be prime themselves. In this direction, the Chudnovsky brothers
found some promising results in 1986 in their experiments for certain values
of D,, coming from elliptic divisibility sequences as above [ChC86]. However,
later research indicated that these sequences may not be very suitable for this
application [EEW01, EMS04]. Nevertheless, there are other applications. Ellip-
tic nets are a generalisation of elliptic divisibility sequences, which have been
used by Stange for applications in cryptography [Sta07]. Additionally, there
have been applications to a generalisation of Hilbert’s tenth problem for large
subrings of the rational numbers [Poo03, CZ07, EG09].

A natural question is whether it is possible to extend Silverman’s result to
other fields. In 1999, Cheon and Hahn proved the result when K is a number
field [CH99]. The fact that the sequence {D,} is a divisibility sequence plays a
major role in both this and Silverman’s proof. Effective versions of these theo-
rems have been proved as well [IS12, Ver20b]. In a different direction, one can
also consider other sequences of points in E(K) and raise similar questions.
Suppose Q € E(K) is a point with Q # —nP for any positive integer n. For

each positive integer n, we can then similarly write (x(nP + Q)) = ;”2 with

Al and D), ideals in Ok that are relatively prime. In general, the sequence of
ideals {D/,} will no longer be a divisibility sequence, but one can still pose the
question whether there exists a bound N such that D/, has a primitive divisor
for allm > N. For a number field as base field, questions related to this are con-
sidered in [ES05], and Verzobio proves in [Ver20a] that for Q a torsion point
of prime order r, such a bound exists. In a later note, Verzobio extended this
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result to the case where Q is an arbitrary torsion point [Ver21]. Actually, much
more is proved in [op. cit.]. Namely, for R C End(E) a Dedekind domain, the
author proves results concerning primitive divisors for the sequence of points
{a(P) + Q}qer, including a result when Q is not assumed to be a torsion point.
This is an extension of the work by Streng in [Str08], where for R C End(E)
an arbitrary subring, results concerning primitive divisors for the sequence of
points {a(P)},cr are proved.

In this paper, we extend one of the aforementioned results of Verzobio to the
setting where K is the function field of a nonsingular projective curve C over an
algebraically closed field k of characteristic p. Suppose E /K is an elliptic curve
with point at infinity O € E(K). We next state some results concerning elliptic
surfaces, see for example [Sil94, Chapters IIT & IV] for details. We can associate
an elliptic surface to E, and among those there exists a minimal proper regular
model, unique up to K-isomorphism. Fix such a minimal proper regular model
for E and denote it by £&. Suppose R € E(K) is a point, then we obtain an
associated section oy : € — &. Let O denote the image of o5. If R is non-zero,
it can be shown that 03(0) is an effective divisor on €. Given a non-zero point
R € E(K), we denote Dy := 0,(0O) € Div(C).

Then, given a sequence of non-zero points {P,} C E(K), we obtain a sequence
of effective divisors {Dp } C Div(C). Extending the earlier definitions, we say
that a sequence of effective divisors {D,} C Div(C) is a divisibility sequence if for
all positive integers m, n with m dividing n, we have that D, — D,,, is effective.
Similarly, given a positive integer n, we say that D,, has a primitive divisor if
there exists y in the support of D,, such that y does not lie in the support of D,,
for any 1 < m < n. We next state some results from [IMSSS12] and [Nas16],
where the former concerns char(k) = p = 0 and the latter p > 0. Suppose P €
E(K) is a non-torsion point, then the sequence of divisors {D,p} is a divisibility
sequence. Suppose that E is ordinary and that E is not isomorphic over K to
some elliptic curve E,/k. Additionally, suppose p # 2,3, then there exists a
bound N such that for all n > N, D,p has a primitive divisor. Given these
results, it is natural to pose the question whether the aforementioned results
of Verzobio over number fields also hold in the setting of K a function field
as above. In this paper, we study one of these results. That is, we study the
following question: let Q € E(K) be a torsion point of order r and consider
the sequence of divisors {D,p.}, does there then exist a bound N such that
D, p+q has a primitive divisor for all n > N? We prove that this is indeed true
if we assume some minor conditions on p and r. More precisely, we prove the
following theorem.

Theorem 1.1. Let k be an algebraically closed field of characteristic p, let C be a
nonsingular projective curve over k and let K be the function field of C. Suppose
E/K is an ordinary elliptic curve that is not isomorphic over K to some elliptic
curve Ey/k. Suppose P € E(K) is a non-torsion point and Q € E(K) is a torsion
point of order r. If eitherr = 1 and p # 2,3 or the values of p and r are entries
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in Table 1, then there exists a constant N such that for alln > N, D,p,q has a
primitive divisor.

p[0 |5 7 [11,13[> 17
r|>2][5or>10[>4[>3 [>2

TABLE 1. Pairs (p,r) withr > 1forwhich D,p,, hasa primitive
divisor for all n sufficiently large.

Remark 1.2. In an earlier version of this paper, we assumed in Theorem 1.1
that Q had prime order unequal to p. We required this assumption to prove
the corresponding versions of Proposition 3.1 and Corollary 3.2. It was pointed
out to the author that we could get around this assumption by Verzobio. Addi-
tionally, Ulmer has pointed out to the author that the paper [UU20] of Ulmer
and Ursua could be used to lift this restriction in the p = 0 case, see especially
[Remark 2.4, op. cit.].

Remark 1.3. Our proof of Theorem 1.1 follows the same ideas as the proof of
Verzobio in the number field case [Ver20a]. However, there are some difficul-
ties in generalising this approach to the function field case when the character-
istic of the ground field is positive. Foremost, Proposition 2.7 is more difficult to
work with in positive characteristic than its analogue in the number field case.
This leads to several challenges in the approximations done in the proof of The-
orem 1.1, which do not appear in the number field case. Additionally, one can
use Siegel’s theorem [Sil09, Theorem IX.3.1] to deal with problematic valua-
tions in the number field case. We do not have Siegel’s theorem in the function
field case, so we have to resort to Corollary 2.9 to deal with problematic points
in e(k).

This paper is organised as follows. In Section 2, we recall some preliminaries
on height functions and properties of the divisor associated to a point on an
elliptic curve over a function field. Afterwards, we present the proof of Theorem
1.1 in Section 3. Lastly, we discuss the necessity of some of the assumptions of
Theorem 1.1 in Section 4. In particular, we provide counterexamples if E is not
ordinary and we discuss the case where k is not algebraically closed.

Notation. Throughout Sections 2 and 3 of this paper, we fix the following nota-
tion. For k afield, a curve over k is a scheme X over k that is integral, separated,
of finite type, and of dimension 1. We let k be an algebraically closed field of
characteristic p # 2,3. We let C be a nonsingular projective curve over k and
we let K be the function field of €. We let E/K be an elliptic curve with point
at infinity O € E(K). We assume that E(K) has non-zero rank and is given by a
Weierstrass equation in short form. Additionally, we assume that E is not iso-
morphic over K to some elliptic curve E/k, and if p > 0, we assume that E is
ordinary. We let € be an elliptic surface associated to E that is a minimal proper
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regular model. We let P € E(K) be a non-torsion point and we let Q € E(K)
be a torsion point of order r. For a non-zero pointR € E(K)and oy : C — &
the associated section, we denote Di := 0,(0) € Div(C), where O equals the
image of the section . In Section 4, we will use above notation as well, but we
will relax some of the assumptions, which will be indicated clearly. Lastly, we
will frequently use the big O and little o notation. The subscripts in the O in-
dicate that the chosen constant depends on these subscripts, e.g. for «, 8 € R,
a = B + Og p(1) means that |« — | < C for some constant C depending on E
and P.

2. Preliminaries

We first provide a more explicit description of the divisor associated to a non-
zero point in E(K).

Lemma 2.1. Suppose R is a non-zero point in E(K) andy € C(k). Let E' /K
be an elliptic curve given by a Weierstrass equation that is minimal at ord, and
isomorphic to E over K via the isomorphism ¢ : E — E’, then

ord, Dg = max {O, —% ordy(x(qo(R)))} .

Proof. This is proved in [IMSSS12, Lemma 5.2], where we note that although
the lemma stated there only concerns D,,p, the proof holds in this more general
setting as well. (]

2.1. Heights. We next recall some properties of the (canonical) height map on
E. We define the height h : E(K) — Z5, by

0, ifR=0,

h(R) = {deg(x(R)), otherwise.

The height of a non-zero point and the degree of its associated divisor are closely
related. To show this, we require the following lemma.

Lemma 2.2. Let y € C(k), then there exists u € K* such that the change of
coordinates (x,y) = (u*x,uy) is minimal at ord,.

Proof. By [Sil09, Proposition VII.1.3], we know that there exists a change of
variables with values in K such that we obtain a minimal equation at ord, for
E, say

Y2+ a;xy + azy = x> + a,x% + aux + a.
Let R C K be the valuation ring corresponding to ord,, then we also obtain
from [loc. cit.] that a change of variables (x,y) — (x + r,y + sx + t) with
r,s,t € R again results in a minimal equation at ordy. Since char(K) # 2 and

a, as, —i € R, the change of coordinates (x,y) — (x,y — ;(alx + a3)) then
results in a Weierstrass equation for E that is minimal at ord, of the form

2 34 2o o /
Yo =X+ axt +ax +ag.
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Similarly, since char(K) # 3, we can make the substitution (x, y) — (x,y— %a;)
to obtain a Weierstrass equation in short form that is minimal at ord,. It can
be shown that if the initial equation is in short form, then the only change of
variables such that the resulting equation is again in short form is of the form
(x,¥) ~ (u?x,u’y) for some u € K*. Since both our original equation and
the equation obtained from the composition of these changes of variables are
in short form, this composition of changes of variables is of the required form,
thus proving the lemma. O

Lemma 2.3. Let R be a non-zero point in E(K), then

Proof. There exist only finitely many pointsy € C(k) for which the Weierstrass
equation of E is not minimal at ord,, say at all but 1,75, ..., ¥, € C(k) for some
positive integer n. Using Lemma 2.1, we have

h(R) = deg(x(R)) = Y, max{0, —ord,(x(R))}
y€C(k)

=2 Z max{0, —1/2 ord, (x(R))}
yeC(k)

n
= 2degDg + 2 ) (max{0, —1/2 ord, (x(R))} — ord,, Dg).
i=1
By Lemmas 2.1 and 2.2, there exists for each 1 < i < n some u; € K* such
that ord,, Dz = max{0, ord, (1;) — 1/2ord, (x(R))}, so above summands are

bounded by ord,, (u;). Since ord, (4;) depends only on E, this proves the lemma.
O

Given points R, S € E(K), we let (RS) denote the intersection number of the
curves (R) := oz(€) and (S) := og4(C) on the surface &. If R is non-zero, then
(RO) is simply equal to deg Dr. We next recall some properties of the canonical
height h on E/K.

Proposition 2.4. Thereexistsamap h : E(K) — R such that forallR € E(K)
we have
(i) A(R) = %h(R)+OE(1), and if R is non-zero, then h(R) = deg Dg +0x(1);
(ii) A(jR) = j*h(R) forall j € Z;
(iii) A(R) = 0 if and only if R is a torsion point.
We call h the canonical height on E(K). Additionally, the pairing (-,-) : E(K) X
E(K) — R defined by (R, S) = h(R + S) — h(R) — h(S) is symmetric and bilinear.

Proof. In the p = 0 case, this is [Sil94, Theorem III.4.3] and Lemma 2.3. Sup-
pose p > 3 and let y(&) denote the arithmetic genus of €. In [Shi90, p. 228], a
function C(R, S) is defined for all R, S € E(K) and this function is used there to
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prove that the pairing (-, -); : E(K) X E(K) — R defined by
(R,S)1 = x(&) + (RO) + (SO) — (RS) — C(R, S)

forall R, S € E(K), is symmetric and bilinear. If R and S are non-zero points in
E(K), then

(R,S) = x(&) + degDyr + deg Dg — (RS) — C(R, S).
We define A(R) = %(R, R), for all R € E(K). A calculation then shows that the
pairings (-, -) and (-, -); are equal, so (-, -) is symmetric and bilinear.

Since (-,-) = (-,-); is bilinear, assertion (ii) follows. Suppose R and S are
arbitrary points in E(K). In [Nas16, Lemma 7.3], it is proved that the function
C(R, S) can be bounded by a constant depending only on E. Combining this
with [Shi90, Lemma 2.7] and using that y(&) depends only on E, we obtain
h(R) = (RO) + Og(1). Since h(0O) = 0, we may assume that R is non-zero for
assertion (i). Then A(R) = deg Dr+0x(1) and assertion (i) follows from Lemma
2.3. By [Shi90, Theorem 8.4], we obtain assertion (iii) and A(R) > 0. O

We end this section with a lemma on height functions.

Lemma 2.5. Let R, S be points in E(K), then

(i) there exists a positive constant Cg s g that depends only on R,S and E
such that h(nR + S) > h(nR) — nCrsg;
(ii) h(R + S) < 2h(R) + 2h(S) + Ox(1).

Proof. Let (., -) denote the pairing of Proposition 2.4. We have
0=(nR,S)—n(R,S)
= h(nR + S) — h(nR) — A(S) — n (A(R + S) — h(R) — h(S)).
Since A(T) > 0 for all T € E(K), we then obtain
h(nR + S) = h(nR) + h(S) + n (AR + S) — A(R) — A(S))
> h(nR) — n (h(R) + h(S)).

The first assertion then follows by putting A(R) + A(S) = Cps k-

For the second assertion, the statement is trivial if either R or S is zero, so
assume that both are non-zero. We have in the p = 0 case by [Sil94, Theorem
111.4.2] that

h(R + S) = 2h(R) + 2h(S) — h(R — S) + Op(1),

and the result follows since h(R — S) > 0. If p > 3, we have by (the proof of)
Proposition 2.4 that

h(R +S) = 2h(R + S) + 05(1) = 2 (A(R) + A(S) + (R, S)) + Ox(1)
= h(R) + h(S) + 2 (deg Dg + deg Dg — (RS) — C(R, S)) + Op(1).

Since (R) and (S) are irreducible, it follows from [Har77, Proposition 1.4] that
if (R) # (S), then (RS) > 0. If (R) = (S), we have by [Shi90, Lemma 2.7] that
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(RS) = Og(1). Since C(R, S) can be bounded by a constant depending only on
E (see the proof of Proposition 2.4), it then follows by Lemma 2.3 that

h(R + S) < h(R) + h(S) + 2(deg Dg + deg Dg) + Op(1)
= 2h(R) + 2h(S) + Og(1),

as desired. O

2.2. Values of Dy for specific points R € E(K). Suppose y € C(k) is a point.
We let K, denote the completion of K at ordy, and we let R, denote the corre-
sponding valuation ring with maximal ideal M,. For n a positive integer, we
denote

E(K),, :={R € E(K)\ {0} : ord, Dg > n}u{0}. (1)

Since K can be embedded in K,,wecanview K asa subfield of K,.In particular,
we can view E as an elliptic curve over K. We next define a similar subset as (1)
for E(K,). Let E, /K be an elliptic curve that is minimal at ord, and isomorphic
to E over K with isomorphism ¢, : E — E,. One can show that E, is then
also minimal at ord, when considered as an elliptic curve over K,,. Since K is
a subfield of K,,, we may view ¢, as an isomorphism over K, between curves
over K. For all positive integers n, we then define

B(K )y = |R € B(K,)\ {0} 1 =3 0rd, (+(, (R)) 2 n] U {0}

We can view any point R in E(K) as a point in E(K,), and it then follows that
E(K),,, C E(K,), under this identification. Using Lemma 2.1 and the formal
group associated to an elliptic curve, one can show that E(K), , and E(K, ), are
groups. Additionally, for n a positive integer, there exists a group isomorphism
E(K,)n/E(K))ps1 =My / M;’“. See [Sil09, Chapter IV & Proposition VII.2.2]
for details.

Lemma 2.6. Suppose R is an s-torsion point in E(K) for some integer s > 1 that
is not divisible by p. Then Dy = 0.

Proof. Suppose y € Supp Dy and view R as a point of E(K,). Denote d :=
ordy D > 0, then it follows from the discussion preceding this lemma that
R € E(K,)q. Let [R] denote the image of R in the quotient E(K,)q/E(K})q+1-
Then [R] is non-zero. By the discussion preceding this lemma, we have

E(K))a/EK))as1 = My | My = k.
Since p does not divide s, it then follows that s[R] # [O], but this contradicts
s[R] = [sR] = [O]. O

Suppose R is a non-torsion point of E(K) and let n be a positive integer. If
Y € Supp Dy, it is possible to relate the values ord, D,z and ord, Dg through
the formal group associated to an elliptic curve. This relation is much simpler
in the p = 0 case, so we will focus on the p > 0 case.
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Suppose p > 0. We first require some notation. For each point y € C(k), let
E, denote an elliptic curve given by a Weierstrass equation that is minimal at
ord, and isomorphic to E over K. The following is from [Sil09, Chapter IV]. Fix
some y € C(k), and let ﬁ}, denote the formal group associated to E,. Then the
multiplication-by-p map [p] : E\y - Ey is defined by the formal power series
T—H EyTP + a,T?P + .... Since E is ordinary, we have H g, # 0, and since E,
is minimal at ord,, we have ord, H E, 2 0. The value ord, H E, does not depend
on the chosen E,. For each point y € C(k), we define

hE,}/ = Ordy HEV'

We have hg, = ord, Hg for y € C(k) outside the finite set of y' € €(k) for
which E is not minimal at ord,,. Since Hg has only finitely many zeroes, it
follows that there are only finitely many points y € €(k) for which hg, # 0.

We next provide the proposition that relates ord, D, to ord, Dg. The p =0
part is due to Ingram et al. [IMSSS12] and the p > 0 part is due to Naskrecki
[Nas16].

Proposition 2.7 ([IMSSS12, Lemma 5.6] & [Nas16, Lemma 8.2]). Suppose R
is a non-torsion point of E(K) and y € Supp D,z for some positive integer m.
Denote m(y) := min{n > 1 : y € Supp D,z} and let n be a positive integer, then,

(@) if m@) + n, ord, Dyg = 0;
(i) ifm(y) | nand p =0, ord, Dpg = ordy Dyy)r;

(iii) if m(y) | nand p > 0, denotee := ord, L) Then,
m(y)

. €—1
(@) ifhg, < p—1,ord, D,p = p°ord, Dp,)p + I;TlhE,r;

(b) if hg, > p, there exists a non-negative integer j and a map

5y,m(y)R : {0, 1,.. ,]} g ZZO

with &, p;)r(0) = 0 such that

ord, D,z = p®ord, D + 5{15”(}1)12(8)’ ve s
y Ynr y Pm(y)R %hE,y+Pe_j5y,m(y)R(j)’ otherwise.

The integer j is independent of y and depends only on E. The func-
tion &, m(,)r depends only ony,R and E.

Lemma 2.8. Suppose p > 0. Suppose R € E(K) is a non-torsion point and let n
be a positive integer. Supposey € Supp D, with hg,, > p and let j be as in Propo-
sition 2.7. Let m(y) be the smallest positive integer such thaty € Supp D,z and
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denote e = ord,(n/m(y)). Then for any non-negative integer s < j, we have

8y.mr(e +8) = p°8y mpr(e), ife+s<j,
. ife>j
5}’,}’1R(S) = p-1 Ey> Js
e+s—j_1 . . '
. 1 hgy + P78y mpr(J) — P*S) mer(e),  otherwise,
= OE,R(”)-

Proof. Fix some non-negative integer s < j. The first equality follows by ap-
plying Proposition 2.7 on np*R for both m(y)R and nR as initial point. There
are only finitely many ' € C(k) for which hg,, # 0, so

C; = max {hE’yl . ]// € G(k)}

exists and depends only on E. By the hypotheses of the lemma, we have C; > p.
Since s < j and j depends only on E, we then have that

p’-1
p—1
and so we may assume that e < j for the second equality. Let S denote the
finite set of y’ € €(k) for which hp,, > p and for which y’ € Supp D, for

some positive integer m. Giveny’ € S, we let m(y’) denote the smallest positive
integer for which y’ € Supp D,,(,)z. The constant

hg, < plCy < C{H = 0g(1)

Cy i=max {8, uynr(t) 1 0<t < j,y €5}

then exists and only depends on E and R. So C := 2max{C;, C,} depends only
on E and R. Since §, ,z(s) and p*d, ,;,)r(e) are non-negative, it suffices for the
second equality to show that &, ,,z(s) + p*d, m,)r(€) = Op g(n) and by the first
equality we have

8y nr(8) + P°6) myir(e) < p°C < nC = Ogg(n). O

Corollary 2.9. Suppose R € E(K) is a non-torsion point and let y € C(k). For
each positive integer n, we have ord, D,z = Og g, (n).

Proof. Let n be a positive integer. We may assume that ord, D,z > 0. Let
m(y) be the smallest positive integer such that y € Supp Dy, )z. Denote e =
ord,(n/m(y)) if p > 0 and e = 0 if p = 0. By Proposition 2.7 and (the proof of)
Lemma 2.8, we obtain that

ord, Dyg — p®ordy Dy, )r = PO r(m(y)) < nOg g(m(y)) = Og g, (n).
Since ord, D,,,r depends only on E, R and y, we have
pe Ordy Dm(y)R = OE,R,y(n)s

from which the result then follows. O
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3. Proof of Theorem 1.1

If r = 1, then the proof is due to Ingram et al. if p = 0 [IMSSS12, Theorem
1.7] and due to Naskrecki if p > 3 [Nas16, Theorem 8.11]. So we may assume
r > 1. We denote S := Ub|r,b < Supp Dy, then S is finite. Moreover, if p
does not divide r, then S is empty by Lemma 2.6. The next proposition and
corollary are key ingredients of the proof. This propostion and corollary, and
their proofs, are adaptations of the analogous results that Verzobio obtains in
the number field case [Ver20a, pp. 384-386]. One important difference is that
we do not assume that Q is of prime order (cf. Remark 1.2).

Proposition 3.1. Let n be a positive integer and suppose D,p. does not have
a primitive divisor. Suppose y lies in the support of D,pq and does not lie in S.
Then there exists a positive integer d > r that divides n and is coprime with r such
thaty lies in the support of D, as well.

d

Proof. Since D,p.o does not have a primitive divisor, there exists an integer
1 < j < nsuch thaty € Supp D(,_jyp+q- So both nP + Q and (n — j)P + Q
are elements of E(K), ;. Since E(K), ; is a group, we then have jP € E(K), ;.
Similarly, we have that r(nP + Q) = rnP € E(K),,, so for s = ged(rn, j),

we have sP € E(K), ;. Write s = % for some positive integer d and denote

¢ = ged(r,d). Now write r = r;c and d = d;c, then s = r;—". Now if ¢ > 1, then
1

rQ = ri(nP + Q) — d;sP € E(K), ;, which contradicts that y & S sincer; | r

andr; <r.Soc = 1and d is coprime with r. Since d divides rn, it then follows

that d divides n. Since s divides j and j < n, we haved > r. Since y € Supp Dyp
and s = %, the proposition is proved. (|

To improve readability, we write h,(R) := ord, Dy for a non-zero point R €
E(K)and y € C(k).

Corollary 3.2. Assume the same hypotheses as in the preceding proposition. Let
d be the positive integer obtained from that proposition. If p = 0, put e = 0 and
if p > 0, put e = ord,(d). There then exist non-negative integers b < r and ¢g,,
where b depends only on d and r, such that

h,(nP + Q) < p°h, (SP + bQ) + €4,

Moreover, let j and 5y m p be as in Proposition 2.7(iii), then
d

pt-1 .
-1 E,y» lfhE,y <p,

€4y = 5},,%P(e), ifhEJ, >pande < j,
pi-1

e—j n . .
) hgy+p 5),’?1,(]), otherwise.
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Proof. We denote P; = %P and P, = nP+Q. Since gcd(r,d) = ged(r,d—r) =
1, there exists a,c € Z such that ar + ¢(d —r) = 1 and so
n
d

n

P =
+cQ ard

P+c(d— r)gP +cQ=(a— c)%P +c(nP + Q)

= (a —c)P; + cP,.
First suppose p | r, then p { d. Since h,(P,), h,(P,) > 1, we then have by
Proposition 2.7 that h,(P,) = h,(dP;) = h,(rP,) > h,(P,). Denote s := h,(P,),
then P, P, € E(K), s and so SP+CQ = (a—c)P; +cP, € E(K), . Since §P+CQ
is non-zero, we then have

hy(nP + Q) = hy(Py) =5 <y (3P + Q).

Now suppose p + r. Again, by Proposition 2.7, we then have h,(P,) =
h,(rP,) = h,(dP,) = p°h,(P,) + €4,. Denote t := h,(P;) > 1, then P;,P, €

E(K),; and so gP + cQ € E(K), ;. We obtain h, (gP + cQ) >t and so

n
h,(nP + Q) = h,(P,) = p°h,(P1) + €4, < p°h, (EP + cQ) + €4,

In both cases, the corollary follows by using that Q is an r-torsion point and
putting 0 < b < r with b = ¢ (mod r). ]

We are now able to prove Theorem 1.1. Suppose n is a positive integer such
that D,,p, does not have a primitive divisor. Combining Proposition 2.4 with
Lemma 2.5, we have for some positive constant Cp g i, depending only on P, Q
and E, that

nzfl(P) = ]:l(nP) < E(I’LP + Q) + nCp’Q’E = degan_,_Q + OE,P,Q(”)
= > h(nP+Q)+O0gpon). 2)

yE€Supp Dypyq

We will apply Corollary 3.2 to bound the latter sum. However, we cannot apply
Corollary 3.2 to the y € Supp D,,p,¢ that also lie in S. For those, we use the
next lemma.

Lemma 3.3. Zyes h,(nP + Q) = Og p o(n).

Proof. By Proposition 2.7, we have for each y € C(k) that h,(nP + Q) <
h,(r(nP + Q)) = h,(rnP), since Q has order r. By Corollary 2.9, we have
h,(rnP) = Og p,(rn). Combining, we obtain

D h (P +Q) < Y hy(rnP) = ), Ogp,(rn) = O po(n),

y€ES YES YES

where the last step follows since both r and S depend only on E and Q. O
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Denote T' := Supp D,,p¢ \ S. By Proposition 3.1, we find for eachy € T an
associated positive integer d, dividing n, coprime with r, and larger than r. We
define

D,:={deN:d|n,d>rand gcd(d,r) =1}.

Given d € D,, we obtain from the proof of Corollary 3.2 an associated non-
negative integer b; < r. Given a positive integer d, we denoteey; = 0if p = 0
and ey = ord,(d) if p > 0. Suppose y € T, then we have by Proposition 3.1 and
Corollary 3.2 that

n
]’ly(VlP +Q) < pedV hy (d_yP + bdyQ) + €d, .y

Since bdy only depends on d, and r, we obtain for any divisor d € D,, an asso-
ciated non-negative integer by < r, such that above inequality holds if d = d,
for some y € T. We can thus make the approximation

D> h,(nP+Q)< D) ph, (diyp + bdyQ> +eq .y

y€T yeT
n
< Z Z pedhy (EP + bdQ> + Z €d,y
deD, yeT yeT
| S
w(n,P,Q)
< Z ptd deg <D3P+bdQ) + W(n,P,Q)
deD, d
1
= % e (5h(5P+ba) + 0:0) + WLP.Q. B
deDd, 2 d

where the last equality follows from Lemma 2.3.
Lemma 3.4. W(n,P,Q) = Ogpo(n).

Proof. Fix some y € T for which €4,y > 0. Since r < dy < n, it follows from
(the proof of) Lemma 2.8 and the definition of €d,.y that €4,y = Ogp(rn) =
Ogpo(n). If y’ € T such that hg,, = 0, then €4,y = 0. The lemma then

follows since there are only finitely many y € C(k) such that hp, # 0 and
#{y € C(k) : hg, # 0} depends only on E. O

By Lemma 2.5, we find a constant C := maxy<p«, Cpq, depending only on
Q and E, such that for each d € D,,, we have h (gP + bdQ) < 2h (gP) + C.
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Combining this with Proposition 2.4 and the definition of D,,, we obtain

> o (5h (5P +0a0) + 0x0) < 3 bt (1 (5P) + 0no(0)

deDd, ded,
pc (2h + O (1) 4)
- 2 v (2h(37) +0ne)
<20p) Y P + X P05 o).

deD, dln
For the last term, we apply the following lemma.

Lemma 3.5. For any positive constant a € R, we have ), din pé = o(n'*%).

Proof. The statement is immediate if p = 0, so suppose p > 0 and denote
e :=ordy(n). Weletd : N - Nom Zdlm 1 denote the divisor function,
then one can show that

1
3 pords@ = p—a(n) < 2p8(n) < 2nd(n).

L (e+D(p—1)
By [Apo13, p. 296], we have for any positive constant a that §(n) = o(n%), so
the lemma follows. O

For the rest of this section, fix some constant 0 < a < 1, then

Z p%O0g o(1) = o(n'*®).
dln

Combining this with Lemma 3.4, (3) and (4), we have proved the following
corollary.
Corollary 3.6. Y, yer (NP +Q) < 2n%h (P) ZdeD pf— +o(n'*e).

Putting everything together, it follows by (2), Lemma 3.3 and Corollary 3.6
that if D,;p, o does not have a primitive divisor, then

n?hP)= Y.  h,(P+Q)+Ogpo(n)
yE€Supp Dypig

= > h, (P +Q)+ Y hy(nP + Q)+ O po(n)

yET yeS
< 2n2h (P) Z ped + o(n'*9).
deD, dz
Since 2(P) > 0 by Proposition 2.4 and 0 < « < 1, we see that if
>, ped— <1/2
deD,

for all n, then above inequality can only hold for bounded n. So the theo-
rem follows if we can prove that when p and r are entries in Table 1, then
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Zdeﬂnpe‘i% < 1/2foralln. if p =0orp > 3and p | r, thene; = 0 for
alld € D, and so

1 1 1 1
> pedﬁz > - < > —<§(2)—1—Zz.395<1/2. (5)
deD, ded, din,d>2

Now assume p > 3. We are left with the values in Table 1 with p { r. Denote
e = ord,(n) and write n = nyp®. Then

1 ord,(d) 1 _ 1 v 1
Zpedﬁﬁ >, P Fii > E"'Zpl Z 7 (6)
dedp, d|n,d>r dg|ng,do>r %o i=1 do|ng,dop'>r “0

We approximate the last two terms separately. First note that

Y L <i@-1-1/4-1/9— ..~ 1/ (7)

dolng,do>r %0

. e —j _ 1-p~* L
Next, by using that 3;._ p~™ = = < oo we have
e
—i 1 1 1 1
pt Y S S——= ) 5 <—=¢. ®)
= .. d> " p—1 >~ p—1
i=1 dolng.dop'>r 0 dolny %o

Combining (6), (7) and (8), we obtain
1 1
>, pf— < — ) -1-1/4-1/9—..—1/r%
pdd2_§(2)<1+p_1> 1-1/4-1/9 1/r

deDd,

A calculation shows that the entries in Table 1 with p not dividing r are precisely
those for which

¢(2) (1 + ﬁ) -1-1/4—-1/9—..—-1/r* <1/2,

thus finishing the proof of Theorem 1.1.

4. Necessity of the conditions in Theorem 1.1

We end this paper by discussing the necessity of some of the hypotheses in
Theorem 1.1.

4.1. Assumption that the elliptic curve is ordinary. Suppose that p is pos-
itive. Suppose all our previous assumptions hold, except that E is no longer
ordinary, and we also allow p = 2,3. First consider the sequence {D,p}. In
[Nas16, Section 9], it is shown that there then exist examples for which there
does not exist a bound N such that D,p has a primitive divisor for all n > N.
We extend the constructions in [loc. cit.] to obtain counterexamples for the
sequence {D,p.o} as well.
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Example 4.1. Suppose p > 2 is a prime number. Let a, 8 € [, be such that
E, : y* = x*+ax+f isasupersingular elliptic curve (this is possible by [Cox13,
Theorem 14.18] for p > 5 and for p = 3 we take the equation y* = x> +
x). Following [Nas16, Example 9.3], consider the function field K, := F,(t)
and put s = 3 + at + 8. The curve E, is then isomorphic over the algebraic
closure K, to the elliptic curve E/K, given by the equation y? = x> + as?x +
Bs® through the isomorphism (x,y) +~ (xs,ys*?). Since E, is defined over
F,, we have for [p] : E, — E, that x([p](x,y)) = xP’, see [Sil09, Exercise
5.16]. Combining with the isomorphism E, =~ E, we have for each positive

. k. k _ (XY * .
integer k and p* : E — E that x ([p*](x,y)) = s ~) - From this formula,

we deduce that P = (ts,s%) € E(K,) is non-torsion. Denote K := Fp(t) and
let L/K be some finite field extension that does not contain s'/2. Then E is not
L-isomorphic to an elliptic curve defined over [F_p and L is a function field over
an algebraically closed field. Suppose Q € E(L) is an r-torsion point for some
integer r > 1. Since E|, is supersingular, p does not divide r and so there exists a
positive integer k such that p* = 1 (mod r). Fix such an integer k and denote
P+ Q = (x',y"). Then, for each positive integer ¢, we have [p?*](P + Q) =

20k
p’*P + Q and so x ([p?*]P + Q) = s (x?,)p . From this expression, it follows
that there are infinitely many terms in the sequence of divisors {D,p.} that
do not have a primitive divisor. To finish the counterexample, we are left with
proving the existence of a field extension L/K such that E(L)[r] is non-trivial
for some positive integer r > 1 and s'/? ¢ L. Consider the 2-torsion on E. The
non-zero 2-torsion points in E(K) are given by the points (y, 0) with y a root of
f 1= X3+ as’X + Bs* € K[X]. Since f is a degree 3 polynomial over K, either
f contains a root in K, or f is irreducible over K. In the first case, E(K) already
contains a non-trivial 2-torsion point and we can take L = K. In the second
case, we let L be the field obtained by adjoining a root of f to K, and it follows
by comparing degrees that s'/2 ¢ L. In both cases, E(L)[2] is not trivial and
s'/2 ¢ L, so this produces a counterexample.

A similar approach works for p = 2. The elliptic curve E, : y* +y = x3 is
supersingular over F,. Denote K, = F,(t), then the curve E /K, given by the
equation y? + (13 — 1)y = x3 is isomorphic to E, over an algebraic closure K, of
K,. Namely, fix some root & € K, to the equation f := X3 — > + 1 in K,[X],
then an isomorphism E — E,, is given by (x,y) — (a¢™2x,a3y). A calculation
shows that f is irreducible over K := [F,(t), so E is not K-isomorphic to an
elliptic curve defined over F,. On E,, we have x ([2](x,y)) = x*, so on E we
have for each positive integer k that x([2K](x,y)) = x*a21-4). We deduce
that the point P = (t,1) € E(K) is non-torsion and it again follows, similar
to the p > 2 case, that for L/[F,(t) some finite field extension and Q € E(L) a
torsion point of order r > 1, there are infinitely many terms in the sequence of
divisors {D,p o} that do not have a primitive divisor. The point (0,0) € E(K) is
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3-torsion, so since f is irreducible over K, we can take L = K and Q = (0,0) to
produce a counterexample.

Remark 4.2. The point Q in Example 4.1 has small order. Let us explain why
this is necessary in our counterexample. Let p be a prime number and use the
same notation as in Example 4.1. Let Q' € E (K) be some torsion point of order
¢ > 1, then we showed that the sequence {D,p,} Will contain infinitely many
terms that do not have a primitive divisor. However, the issue is that if L/K is
a field extension such that Q' € E(L), then E will be isomorphic to E, over L
unless ¢ = 2if p > 2and ¢ = 3if p = 2. To see this, let ¢ : E — E, denote
the isomorphism, then we have the description E[¢] = ¢~ }(E,[£¢]). Suppose
p > 2, then o~ maps (x, y) to (xs~1, ys—3/2). So Q' = (xs~!, ys~3/2) for certain
x,y € F,. It follows that if Q" € E(L) for some field extension L/K, then

s'/2 € L unless y = 0, which is the case if and only if £ = 2. The p = 2 case
works similarly.

4.2. Assumption that k is algebraically closed. It is possible to relax the
condition of k being algebraically closed if we assume that our elliptic curve is

not isomorphic over kK to an elliptic curve over k. We fix the following notation
for this subsection. Let k be a field of characteristic p and let €/k be a non-

singular, projective and geometrically integral curve. Let k denote an algebraic
closure of k and let C; denote the base extension of € to k. Let K denote the

function field of € and let K’ = kK denote the function field of C. Let E/K
be an ordinary elliptic curve. Suppose P € E(K) is a non-torsion point and
suppose Q € E(K) is a torsion point of order r. We let Ex, denote the base
extension of E to K’.

Given a non-zero point R € E(K), we can define an effective divisor Dlle €
Div(C) similar to what we did in the algebraically closed case. Let |C|] C €
denote the subset of closed points. Given y € |C|, we have a corresponding
valuation v, on K, and an elliptic curve E, /K that is minimal at v, and isomor-
phic to E over K. Let ¢, : E — E, denote this isomorphism, then we obtain
for each y € |C| a non-negative integer

n,r 1= max {0,—1/2v,(x(¢,(R))}.
There will only be finitely many y € |C| such that n,  # 0. We define the
effective divisor
Dy := Z n, gy € Div(C).
relcl

Given a sequence of non-zero points {P,} C E(K), we again say that P, has a
primitive divisor if there exists y € Supp D}’)n such that y & Supp Dl’Dm for any
1<m<n.

Corollary 4.3. Suppose E is not isomorphic over K’ to some elliptic curve E,, /E.
Ifeitherr = 1 and p # 2,3 or the values of p and r are entries in Table 1, then

D; P+0Q has a primitive divisor for all n sufficiently large.
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Proof. Under the hypotheses, we know by Theorem 1.1 that there exists a
bound N, such that D,p, has a primitive divisor for all n > N;. Letyy, ..., 7,

be the points in C;(k) such that Ex, is not minimal at ord,, . Let N, be a positive
integer such that if y; € Supp D,,p. for some positive integer n > N,, then
7i € SuppDy,piq as well for some 1 < m < N,. Put N = max{N;,N,} and
let n > N, then there exists y € Supp D,p.o With y & Supp D,p,q for any
1 <m < n. Lety’ € |€| be such that ord, | = v,,. Then E is minimal at v,,

since Egs is minimal at ord, . Since x(nP+Q) € K, we have —%v},,(x(nP +Q)) =

1 . .
- ord,(x(nP+Q)) > 0andsoy’ € Supp D;PJFQ. Similarly, if y’ € Supp D;/nP+Q
for some 1 < m < n, then y € Supp D,,;p,¢, which we assumed not to be the

case. So D’ has a primitive divisor for all n > N. O
nP+Q

4.3. Remaining pairs of p and r. The p # 2,3 assumption is used at several
steps in our proof. Most importantly, if p = 2 or p = 3 and r > 1 any integer,
then

§(2)<1 + ﬁ) —1-1/4—..—1/r*> {(2)(1 + %) —¢(2)

= @ ~082>1/2. ()

For a reason similar to the equality not holding in (9), the proof that D,p has
a primitive divisor for all n sufficiently large does not work if p = 2,3. To the
author’s knowledge, this is still an open problem. Interestingly enough, we
see from our proof that if p = 2,3 and p divides the order of Q, then (5) does
hold, however our proof does not work in this case because we already use the
assumption that p # 2, 3 in Section 2. All in all, it would be very interesting to
further investigate the remaining p = 2, 3 case, either for D,,p . or the classical
D, p case. Additionally, it would be interesting to investigate what happens for
the remaining pairs of p and r, or what happens if Q is a non-torsion point.
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