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On homogeneous operators in the
Cowen-Douglas class over polydisc

Prahllad Deb

ABSTRACT. We classify all tuples of operators in the Cowen-Douglas class of
rank 1 and 2 homogeneous with respect to Mob" using Wilkins’ classification
of homogeneous hermitian holomorphic vector bundles over bounded sym-
metric domains. It is also observed that these homogeneous tuples can be re-
alised as the adjoint of the tuples of multiplication operators on the quotient
Hilbert modules obtained from certain submodules of the weighted Bergman
modules on the open unit polydisc.
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1. Introduction

LetD := {z € C : |z| < 1} be open unit disc and M&b denote the bi-
holomorphic automorphism group of D. A bounded linear operator on a com-
plex separable Hilbert space J( is said to be homogeneous with respect to M&b

if the spectrum o(T') of T is contained in D and, for every g € Mob, g(T) is
unitarily equivalent to T. Indeed, since g € M6b is a rational function e’ lz__a ,
—az

for a € D and 6 € [0, 27), with pole outside the closed disc D, it follows that
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g(T) := e®(T — al)(I — aT)~! (I is the identity operator on ) is well defined
whenever the spectrum o(T) of T is contained in D.

An example of homogeneous operator is the multiplication operator M, by
the co-ordinate function on the weighted Bergman space #(*) over open unit
disc D which is a reproducing kernel Hilbert space of holomorphic functions
on D with the reproducing kernel K(¥(z, w) = (1 — zw)~“ for a > 0. It is well
known that M is in the Cowen-Douglas class B;(D) over D of rank 1.

In general, following the ideas of [1], it is easy to establish a one to one cor-
respondence between the unitary equivalence class of commuting n - tuples T
in B,(D") (for the definition of the Cowen-Douglas class, we refer the reader
to Section 3) and equivalence class of the associated hermitian holomorphic
vector bundles Er over D" determined by T. This correspondence extends to
homogeneous operators and homogeneous vector bundles as well. Moreover,
hermitian holomorphic line bundles are determined up to isomorphism by the
curvature forms of the hermitian connections on the bundles. This observation
was used by Misra in [7] to classify homogeneous operators in B; (D). An oper-
ator T € B;(D) is homogeneous with respect to Mob if and only if its curvature
form is a positive scalar multiple of the Kihler form —(1 — |z|?)~2dz A dZ of the
Poincaré metric on D. Consequently, it turns out that M on K@ with a > 0
are the only homogeneous operators in B, (D).

Later, Wilkins extended this result to B,(D) in [13] where he first obtained
an algebraic classification of all hermitian holomorphic vector bundles over any
bounded symmetric domain Q homogeneous with respect to the identity com-
ponent of the group of bi-holomorphic automorphisms Q, assuming that the
group of bi-holomorphic automorphisms of Q is semi-simple (cf. Theorem 2.5).
This result was then used to determine all irreducible operators T (that is, there
is no reducing subspace of T in ) in B,(D) homogeneous with respect to the
group Mob. The classification, in general, of irreducible homogeneous opera-
tors in the Cowen-Douglas class over D has been completed (cf. [6]) recently by
first obtaining an explicit description of all the homogeneous hermitian holo-
morphic vector bundles over D and then deciding which ones of these give rise
to bounded operators in the Cowen-Douglas class.

The notion of a homogeneous operators has a natural generalization to com-
muting tuples of operators. A commuting » - tuple of operators (T, T, ..., T},)
is said to be homogeneous with respect to a subgroup G of the group of bi-
holomorphic automorphisms Aut(D") of D", if the Taylor joint spectrum of

(T, Ty, ...,Ty,)liesin D and g(Ty, T, ..., T,) (which can be defined by the holo-
morphic functional calculus) is unitarily equivalent with (T;, T5, ..., T,,) for all
g € G. In this generality, the focus has been on the study of commuting tuples
of homogeneous operators in the Cowen-Douglas class.

In the following section, we describe all hermitian holomorphic vector bun-
dles over D" of rank at most 2 homogeneous with respect to Mob" in terms of an
n - tuple of pairs of skew-symmetric matrices satisfying certain algebraic iden-
tity (cf. Theorem 2.7). Thus, Theorem 2.7 extends Theorem 1.1 in [13] to the
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case of homogeneous bundles of rank at most 2 over unit poly-disc. Unfortu-
nately, this is not the case when the rank of the bundle is strictly greater than 2
as explained in Remark 3.2. In general, it turns out that the homogeneity forces
the components X;; withi # j of the curvature X = szzl Xijdz;Adz of these
bundles at (0, ..., 0) € D" to be a nilpotent matrix as pointed out in Lemma 2.1.
The main crux of the proof of Theorem 2.7 is that these nilpotent matrices turn
out to be the zero matrix for rank 2 homogeneous bundles which also makes
the case of rank 2 homogeneous vector bundles over D" different from other
higher rank homogeneous bundles over D”. We show this in Theorem 2.6 with
the help of the identities in Theorem 2.5.

In Section 3, we describe all irreducible tuples of operators (that is, there is
no common reducing subspaces) in B,.(D"), r = 1,2, homogeneous with re-
spect to the group Mob” with the help of Theorem 2.7. Also, it is shown that
all homogeneous irreducible tuples of operators in B,(D") can be realized as
the adjoint of the multiplication operators on the quotient space obtained from
certain submodules of the Hilbert modules H® := HM @ ... @ FH A1) over
the holomorphic function algebra A(D"*1).

We point out that these results were obtained differently in [3] for n - tuples
of operators in the Cowen-Douglas class over D" of rank at most 3 by classifying
all irreducible representations of Lie algebra of the Lie subgroup (K“P~)" of the
Lie group SU(1,1). The novelty here is in obtaining a characterization of her-
mitian holomorphic homogeneous vector bundles of rank at most 2 over D"
in terms of an algebraic identity as well as in identifying these homogeneous
tuples as compression of the tuple of multiplication operators by co-ordinate
functions on H™ onto certain quotient space. It would be nice if we could ex-
tend these techniques to classify homogeneous operators in B,(D") that would
lead to the classification of all indecomposable finite dimensional representa-
tions of (K“P~)" as well. In case it is not, it would still be interesting to investi-
gate the subclass of homogeneous operators in B,(D") obtained from Wilkins’
technique.

In Section 4, another application of Theorem 2.5 is provided. In Theorem 4.1,
we show that the curvature forms of the line bundles over the classical bounded
symmetric domains D homogeneous with respect to the identity component of
the group of all bi-holomorphic automorphisms of D turn out to be a scalar
multiple of the (1, 1) form szﬂ dz; Adz;. Note that this result was previously
obtained in [8, Theorem 2.4] for the homogeneous hermitian holomorphic line
bundles over classical bounded symmetric domains associated to tuples of op-
erators in B; (D) homogeneous with respect to the maximal compact subgroup
of the group of all bi-holomorphic automorphisms of D. However, we repro-
duce this result by a completely different method; namely, using Theorem 2.5,
for any hermitian holomorphic line bundles over D homogeneous with respect
to the identity component of the group of all bi-holomorphic automorphisms
of D.



HOMOGENEOUS VECTOR BUNDLES 405

2. Hermitian holomorphic homogeneous vector bundles of rank
at most 2

In this section, we study hermitian holomorphic vector bundles over the unit
poly-disc D" homogeneous with respect to the identity component Mob" of the
group of all bi-holomorphic automorphisms of D" as well as provide a complete
description of these vector bundles of rank at most 2 following the techniques
developed in [13]. In particular, one of the main results (Theorem 2.7) extends
Theorem 1.1 in [13] to the case of open unit poly-disc in C".

We begin by recalling the definition of homogeneous vector bundle. An au-
tomorphism of a vector bundle 7 : E — Qisadiffeomorphism g : E — E such
that mog = gorx for some automorphism g : Q — Q. The bundle map g is a
lift of g. We say that a hermitian holomorphic vector bundle E is homogeneous
with respect to a subgroup G of the bi-holomorphic automorphism group of Q
if the action of G on Q is transitive and the lift of this action is isometric.

Let E — D" be a hermitian holomorphic vector bundle of rank r. Since D" is
a contractible domain, Grauert’s theorem (cf. [?]) yields a global holomorphic
frame {y,, ..., 7,} for E over D". Consequently, the Hermitian metric H(z) on
the fibre E; over z € D" turns out to be the Grammian (((y;(z), 7;()))); j=1
of this frame with respect to the given hermitian structure on E. Moreover, if
E — D" is homogeneous with respect to the group G = M&b", it follows that
the Hermitian metric H(z) for z € D" satisfies the identity

H(z) = J(g,2)H(g®)I(g 2)* z,€ D", g€ Mosb"

for some continuous function J : Méb" xD" — GL,(C) which is holomorphic
in the second variable. The following lemma reveals some properties of the cur-
vature of hermitian holomorphic vector bundles over D" homogeneous with
respect to Mob". The following lemma has been proved in [3] (cf. [3, Lemma
5.11]) when the hermitian structure of E — D" is induced by a reproducing
kernel. However, since the same proof also works for our case, we omit the
proof.

Lemma 2.1. Let E — D" be a hermitian holomorphic vector bundle of rank r
which is homogeneous with respect to the group Mob". Then, for1 < j # k <
n, 9;(H '8, H)(0,0) is a nilpotent matrix where H(z) = ((y;(2), Vi@, is
the hermitian metric on E,, z € D" with respect to a global holomorphic frame

n _ 9 5. — 9

{v1i,...,7,} forE - D" and 9) = o d; = =

In fact, for an irreducible hermitian holomorphic vector bundle of rank at

most 2 over D", the matrices aj(H‘lakH)(O, 0)for1 < j # k < nturn out to

be a zero matrix which is one of the main results in this section. In order to
accomplish this, we need the following lemmas.

Lemma2.2. Let{(P;,Q;) : j = 1,...,n}bethe collection of pairs of 2X 2 complex
matrices satisfying the following identities

[PJ’Pk] = 0, [Qj’Qk] = 0, and [P]’Qk] = _5ij]’ forj,k (S {1, ...,n}.
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Further, we assume that P i’s are hermitian matrices. Then either all Q ; are zero
matrices, or, there exists j, € {1, ..., n} such that

A+2) 0 0 0
P; = 2 and Q; =< )
Jo 0 (A_é) QJO U 0

forsome A, u € Rwith u > 0and, forall j € {1,...,n}with j # j,,
P] = /1j12>(2’ and Q] =0,
for some constant A; € R.

Proof. We begin by pointing out that since the matrices {P j}’]?zl are hermitian
and any two of them commute, there exists {v;, v,} C C? such that

P, = v, i=12 j=1,..,n, (2.1)

where /1{,/1% are eigenvalues of Pj,j=1,..,n Consequently, for each j =
1,...,n, the equation [P}, Q;] = —Q); yields that

P;Qju; = (/1ij —1)Q;u;, fori =1,2and j €{1,...,n}. (2.2)

Therefore, either all Q j’s are zero matrices, or, there exists j, € {1, ..., n} such
that Q; v; is an eigenvector of P; for some i = 1,2. We note that Q; v; can-

not be av; for some non-zero a as, in that case, we would have /1{0 = /1{0 —1.
Furthermore, we must have that there exists i € {1,2} such that Q; v; = 0,.
So without loss of generality, we assume that Q; v; = av,, for some non-zero
constant a € C and Q; v, = 0. Also, it verifies that if 4; is an eigenvalue for
P; then 4; —1isan eigenvalue of P; . Thus, the difference of two eigenvalues
of P; is +£1 which concludes the first part of the statement.

Now, for j # j,, we have

[P}, Qj,Jvy = PjQj,v1 = 21°Q;,01 = 0

which implies that /1{ = /1;' as Q;j v, = av,. Therefore, letting 1; = /1{ = /1%, for
j €1{1,...,n} with j # j,, we are done with the proof.

Lemma 2.3. Let P and Q be two skew-hermitian 2X2 non-zero matrices satisfying
the identity [P, [P,Q]] = —Q. Then there exists a unitary transformation U :
C? — C? such that
1
iA+-) 0
UPU* = 27 1. | and UQU* = ( 0 ,u) (2.3)
0 l(/l - 5) —M 0

forsome A, u € Rwith u > 0.

Proof. Let P and Q be two matrices as given satisfying [P, [P,Q]] = —Q. Let
us consider the matrices P’ = iP and Q" = Q — i[P, Q]. Then we note that P’ is
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hermitian and [P/, Q'] = —Q’. Therefore, it follows from Lemma 2.2 that
1
A+ - 0
P,:( >) 1 andQ,=<o 0)
0 @a-2) a0

for some non-zero a € C. Then the proof follows by observing that Q = %(Q’ —
Q'*) and taking u = |af. O

Corollary 2.4. Let{(P;,Q;) : j = 1,...,n} be the collection of pairs of non-zero
2 X 2 skew-hermitian complex matrices satisfying the following identities

[P],Pk] = 0, [QJ’Qk] = 0, and [P]’ [P]’Qk]] = _5]kQ]’ fOl’j,k (S {1,...,1’1}.

Then either all Q ;j are zero matrices, or, there exists j, € {1, ...,n} and a unitary
transformation U : C?> — C2 such that

KA+§)

UP, U* =
Jo 0 iA-2)

«_ (0 M
andUQ; U —<_# 0)

forsome A, u € Rwith u > 0and, forall j € {1, ...,n} with j # j,
P] = _i/le2><27 and Qj = 0,
Jfor some constant A; € R.

Proof. Define P;. = iP; and Qj. = Q; —i[P;,Q;] for j = 1,...,n. Then note that
pair of matrices (P;., Q;), for j = 1, ..., n, satisfy the hypothesis of Lemma 2.2.
Therefore, the proof follows from Lemma 2.2 and Lemma 2.3. ([

We now prove that the matrices 0 i(H ~16,H)(0,0) in Lemma 2.1 are zero
matrix for any 1 < j # k < n whenever r = 2, with the help of Theorem 3.4
in [13] along with the lemmas above. In this regard, we need some elementary
properties of a bounded symmetric domain.

Following [13, Section 3] a bounded symmetric domain Q is a bounded open
subset of some C" with the property that each point p € Q is an isolated fixed
point of some bi-holomorphic mapping s, : Q — Qsuch that slzJ = Id. Cartan’s
Uniqueness Theorem ensures that this symmetry is uniquely determined [12,
Proposition 2.3]. Any bounded symmetric domain Q admits a Kidhler metric
invariant under the symmetries of Q. One such metric is the Bergman metric
on Q [5, Chapter VIII, Section 3] by which we mean the following. Let Q C C"
be a bounded symmetric domain with the Bergman kernel K : Q x Q — C.
Then the Bergman metric on Q is a Kdhler metric with Kéhler potential

p(z) = —logK(z,z) for z € Q.

We can, therefore, consider any bounded symmetric domain as a hermitian
symmetric space. The group generated by the symmetries of Q is a semi-simple
Lie group acting smoothly on Q and is the identity component of the group of
bi-holomorphic automorphisms of Q. We now state one of the main theorems
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in [13] which will be used in the rest of this article. From now on, we only con-
sider hermitian holomorphic vector bundles E — Q over a bounded symmetric
domain Q homogeneous with respect to the group generated by all symmetries
of Q. In other words, the vector bundles E — Q are homogeneous under the ac-
tion of the identity component of the group of bi-holomorphic automorphisms
of Q.

Theorem 2.5. [13, Theorem 3.4] Let Q be a complex bounded symmteric domain
and let p be a point in Q. Then there is a one to one correspondence between
isomorphism classes of homogeneous hermitian holomorphic vector bundles of
rank r over Q and unitary equivalence classes of pairs (X,, 7,) satisfying following
equations

[Ho(V, W), To(Y)] = [[7o(V), To(W)], To(Y)] + To(R(V, W)Y),
[Ko(V, W), Ko(Y, Z)] = [[7o(V), To(W)], Ko(Y, Z)] + Ko(R(V, W)Y, Z)
+ Xo(Y,R(V,W)Z),
KoJY,JZ) = K(Y,Z),

forallV,.W,Y,Z € T,Q, where 1 : T,Q— u(r) is a linear transformation and
Ko @ TyQXT,Q — u(r) is a skew-symmetric bilinear form with values in the Lie
algebra u(r) of skew-hermitian r X r matrices, and J is the complex structure on
Q. Moreover, if (X, 7o) is the pair representing some homogeneous holomorphic
vector bundle E, then X, represents the curvature of the Chern connection on E
at the point p.

We make use of this theorem in our case where the bounded symmetric do-
main Q is the polydisc. The identity component of the group of bi-holomorphic
automorphisms of D" is M6b" which is a semi-simple Lie group. The Bergman
metric on D" is, by definition, given by the Gramian matrix ((h;;.( P)));l,k:l’ for
p € D", where

2

d
h; = — log K@(z, 2.4
ik(p) 52,02, gK'“(z,2)|p (24)

where K@(z,w) = (1 — z;w;)~2--- (1 — z,w,)"2. Note that hji(p) = 2(1 -
|z jlz)_2 and hj(p) = 0, for j # k verifying that the Bergman metric on D" is
the product metric obtained from the Bergman metric on D.

Theorem 2.6. Let E — D" be a hermitian holomorphic vector bundle of rank 2
which is homogeneous with respect to the group Mob". Then, for1 < j #k < n,

0, (H™18;H)(0,0) =0,

whered; = ai and 9, = %. where H(z) = ((y;(2), )/j(z)))):j_1 is the hermitian
Zj Zy J
metric on E,, z € D" with respect to a global holomorphic frame {y, ..., v,} for

0 3 d
E — [D”andak= —,6] = —.
0z, 9z;
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Proof. Let D" be equipped with the Bergman metric p,,. It follows from the dis-
cussion above that the hermitian manifold (D", p,,) is the manifold (D, p;)" :=
(D, p;) X --- X (D, p;) with the product hermitian structure. Note that the cur-
vature tensors of this product Riemannian metric turn out to be

R(8;,0;)3; = 49;, and R(3;,0,)3; = —49;

J,,j=1,...,n.

Define for each j =1, ...,n,
1 = 1 = 1
F; = cho(aj,aj) - Z[To(aj),fo(aj)], and A; = 570(51')

where X, and 7 as in Theorem 2.5 satisfying identities therein. It can be seen,
for j =1,...,n, that
1 -
[Fj,A;] = Efo(aj) and [Fj,[F;, Aj]] = —A;.
We note that all A j’s cannot be zero simultaneously, because it would im-
ply that the bundle E were reducible contradicting the hypothesis. It there-
fore follows from Corollary 2.4 that there exists j, € {1, ..., n} such that, for all
J €11, ...,n}with j # jo,
F] = 9j12X2 and A] =0, 61 = l/lj, /‘t] >0, andj =1,..,n.
Thus, we are left with a pair of skew-hermitian 2Xx2 matrices (F;,, A; ) and n—1
scalars {6; : j € {1,...,n} \ {jo}}. Since E is an irreducible vector bundle, A

cannot be zero. Following Corollary 2.4, we can choose an orthonormal basis
for C? with respect to which the matrices F j, and A take the form

; 1

- i(+3) 01 andAj=<0 ,u)
0 0 i(2-3) © \=u 0

with ¢ > 0 and hence the real numbers 1, u determines the pair (F;, A; ).

Recalling the definition of F To and A o it can be seen that

Ko(ajo,ajo) =2i(F;, +[Aj,,[Fj,, A, 1D

Therefore, k{" and kéo are equal to —21+(1+4u?). Also, note that |k{0 —k§°| > 2.

Now puttingV = i, W = 4, Y=-"andz = _i in the second equation
0z 0z Zj, zj,

in Theorem 2.5, we have, for j # k, that
[jCO(aja ak), 760(51'0, 5j0)] =0

since A; = 74(8;) = 0, forall j # jo, and all of R(3;,dy), R(d;,9y) as well as
R(9;, 9 ) are the zero linear operators whenever j # k. Thus, it completes the
proof since Lemma 2.1 yields that K(d, di) is a nilpotent matrix and, on the
other hand, we have shown above that %,(0;,,0;,) is a diagonal matrix with

distinct eigenvalues k{o and ké". O

We are now in the position to prove the following theorem which generalizes
Theorem 1.1 in [13].
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Theorem 2.7. Let E — D" be an irreducible hermitian holomorphic vector bun-
dle of rank 2 over D" which is homogeneous with respect to Mob". Then

(i) the isomorphism classes of homogeneous line bundles E — D" are com-
pletely determined by n real numbers {a, ..., a,}; and
(ii) there is a one to one correspondence between isomorphism classes of such
vector bundles E — D" of rank 2 and unitary equivalence classes of tuples
of pairs (Fy, A1), ..., (Fy, Ap)) where Fj and A; are skew-hermitian 2 X 2
matrices satisfying [Fj, [Fj, Aj]] =-A;,j=1..,n

Proof. (i) LetE % D" be a hermitian holomorphic line bundle which is ho-
mogeneous under the action of the group M&b”. Let X, be the curvature of
E at 0. It then follows from Lemma 2.1 that K (9;, d;) = 0 for j # k. Fur-
thermore, since E has rank 1 it turns out from Theorem 2.5 that 7, = 0. Thus
a; =Ko, Sj), j =1,...,n completely determine X, and t,.

(ii) Forr =2 and j =1, ..., n, we define

1 = 1 = 1
Fj= ZKO(aj’aj) 1 [70(8)),70(8)], and A; = Efo(aj)

where X and 7, as in Theorem 2.5 satisfying the identities therein. Note that,
forj=1,..,n,
1 -
[Fj, Aj] = 570(5]‘) and [F},[Fj, Aj]] = —A;.
Moreover, Theorem 2.6 yields that only non-zero terms of the curvature tensor
XKy atorigin are JCO(dj, éj),j =1,...,n. Thus {(Fj,Aj) 1 j=1,...,n}completely
determine X, and 7. Hence the desired result follows from Theorem 2.5. [

It is well known that the curvature of a hermitian holomorphic line bundle
over a simply connected domain is a unitary invariant of such bundles. Un-
fortunately, this, in general, is not the case for the bundles with higher rank.
However, using the theorem above as in [13], it can be seen that the curvature
itself determines the equivalence classes of irreducible hermitian holomorphic
vector bundles of rank 2 over D" which are homogeneous under the action of
M&b” on D" as demonstrated in the following theorem.

Corollary 2.8. Let E — D" be an irreducible hermitian holomorphic vector
bundle of rank 2 over D" which is homogeneous with respect to Mob". Let k’, ké

be the eigenvalues ofﬂCo(ai,ai),j = 1,...,n. Then there exists j, € {1,...,n}
Zj 0zj

such that |k} — kY| > 2 and forall j # jo, k| = k) = 6; = id;, 4; € R
Moreover, k{o, ké‘) and{d; : j € {1,...,n}\{jo}} determine the isomorphism class
of the bundle E.

Proof. Let {(F;,A;) : j = 1,...,n} be a collection of pairs of skew-hermitian
matrices defined as in Theorem 2.7. In other words, for j = 1, ..., n, we have

1 = 1 = 1
Fj = cho(aj:aj) ~ 2 [To(aj),fo(aj)]’ and A; = ETO(aj)
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where X and 7, as in Theorem 2.5 satisfying the equations therein.

Therefore, from the proof of Theorem 2.6 we conclude that |k{® — k)| > 2
and, for j € {1,...,n} with j # jo, k] = kj = 6; = iA; for some ; € R. Thus,
following Theorem 2.7 and Theorem 2.5, we have that k{o, ké" and {4; @ j #
Jjo- j €11, ...,n}} determine the isomorphism class of the bundle E — D". [
Remark 2.9. Note that Theorem 2.7 and Corollary 2.8 would be false if the
bundles were not irreducible. For instance, even for n = 1 and a bundle of
rank 2 as given in the corollary above, the eigenvalues of the curvature matrix
{kq, k,} at origin is same as those of the bundle obtained by taking direct sum of
two homogeneous line bundles L; and L, over D such that k; is the curvature of
L;, i = 1,2, respectively at the origin. For a detailed discussion on these issues
we refer the reader to [11, Chapter 4].

3. Homogeneous tuples in B,(D") and B,(D")

In this section, we describe all tuples of operators in B;(D") and in B,(D")
homogeneous with respect to the group Mob" with the help of the classification
of hermitian holomorphic vector bundles over D" homogeneous with respect
to Mob" obtained in the previous section. Let us, therefore, recall following
[1, 2] that the Cowen-Douglas class B,(D") over D" of rank r consists of tuple
T = (Tq,...,T,) of commuting bounded linear operators on a Hilbert space H
such that every z € D" is a joint eigenvalue of T with r dimensional eigenspace,
the linear span of the eigenspaces is dense in JH and the range of the operator
(Ty — z11,...,T, — z,I)is closed in H @ --- @ H. It has been proved in [2] that
the corresponding n - tuple of operators T is simultaneously unitarily equiva-
lent to the adjoint of the n - tuple of multiplication operators M = (M, , ..., M, )
by the co-ordinate functions on a Hilbert space Hr of holomorphic functions
on Q* :={z : z € Q} possessing a reproducing kernel K. Also, it can be shown
that any n—tuple T = (T4, ..., T,) of operators in B,(D") gives rise to a hermit-
ian holomorphic vector bundle E; — D" of rank r (cf. [1]). It then turns out
that the hermitian metric H(z) on the fibre Er|, of E over z € D" is determined
by the reproducing kernel K, namely, H(z) = K(z,z), 2 € D". Since as a set
D" is same as (D")* and the complex conjugate of holomorphic functions on
D" turns out to be holomorphic on (D")*, writing K(z, w) instead of K(z, w)
does not effect the results in the present section. Therefore, from now on we
consider the reproducing kernel associated to T € B,(D") as K(z, w) on D".

It is easy to see that an n—tuple T operators in B,(D") is homogeneous with
respect to the group Mdb" if and only if the bundle E; — D" associated to it,
is homogeneous with respect to the group Mob" as a hermitian holomorphic
vector bundle. Moreover, the homogeneity of such a hermitian holomorphic
vector bundle E;r — D" of rank r under the action of the group Mob" can be
characterised by the fact that K satisfies the identity

K(izw) = J(g2)K(g®),gw)(g w), z,we D", g€ Msb" (3.1)
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for some continuous function J : Mob" xD" — GL,(C) which is holomor-
phic in the second variable. Following [3, equation (4.1), Page 7] a reproducing
kernel K : D" x D" — M,(C) satisfying this equation (3.1) is said to be quasi-
invariant with respect to the group Mob".

We realize these homogeneous tuples of operators as adjoint of the multipli-
cation operators by the co-ordinate functions on some quotient Hilbert mod-
ules. For abounded domain Q C C", let A(Q) denote the unital Banach algebra
obtained by taking norm closure (with respect to the supremum norm on the
closure Q of Q) of the space of all functions holomorphic in a neighbourhood

of Q. Now a complex separable Hilbert space J is said to be a Hilbert module
over the unital Banach algebra A(Q) with the module map A(Q) x H -

defined by the point-wise multiplication if the module action A(Q) X F S
is norm continuous.

We first recall some basic facts about quotient modules following [4]. Let
A=A,  Apy1) € R™ ! with Aj > 0forj =1,..,n+1and HD Dbe the
reproducing kernel Hilbert module over A(D"*!) with the reproducing kernel

n+1

KWz, w) = [ -zjwp™.
Jj=1

Suppose that }CSA) is the submodule of H™ consisting of holomorphic func-
tions in ™ which vanish of order 2 along the submanifold 2 := {z € D"*! :
Z, = Zu41}- Following the equation (1.5) in Section 1 in [4], the submodule F, (()’1)
consists of functions f € H® such that d,,,; f vanishes identically on 2. Now
consider the vector space JHW := {(h,8,,,0)" : h € HW} and note that

T
JHD as a vector space, is isomorphic to F @ via the map h — (h,8,,,h)",
where d,,,, = aL Moreover, the inner product on JH® induced from the in-

Zn+1

ner product on H® via J turns JH™ to be a reproducing kernel Hilbert space
(cf. [4, Proposition 2.3]) with the reproducing kernel

JKP(z, w) = ((6i 8! KW(z, w)))

1
n+1-"n+1 i

j=0"

Finally, the module action of A(D") on JH™ by the formula f - (h, 8,1 h)" =
(fh, 8p1fh+ f0,417)" makes JHW(D") a Hilbert module over A(D") and the
map J to be a module isomorphism.

It follows from Theorem 3.3 in [4] that the quotient module F f{l) =HWD g
}C(())‘), as a Hilbert module over A(D"), is isomorphic to the Hilbert module
JHP|,. Consequently, H ((1/1) is a reproducing kernel Hilbert module with the
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reproducing kernel

n—1 — —
) —\—1; 1- ann)2 Ans12n(1 = z,w,) )
K77 (z,w =||1—z-w- J( — — n
1 ¢ ) j=1( / j) /ln+1wn(1 - ann) /1n+1(1 + /‘Ln+lznwn)

X (L — z, W, A2,

Note that the restriction of the module action described above to A(Z) turns
out to be the scalar action on the quotient module ?(L(I/D. Consequently, the
compression of tuple of multiplication operators (M, , ...,M, ) — denoted by

M — onto the quotient space J f]/l) turns out to be the ordinary co-ordinate

multiplications. Moreover, it turns out that the adjoint of M @ isin B,(D") (cf.
[4, Proposition 3.6]) and is homogeneous with respect to the group Mob" and
irreducible (cf. [9, Theorem 4.2, Theorem 5.1]), that is, there is no non-trivial
reducing subspace of M @ In the following theorem, we show that these are all
irredrlllcible operator tuples in B,(D") homogeneous with respect to the group
Mob.

Theorem 3.1. (i) T = (14,...,T,) € By(D") is homogeneous with respect
to Mob" if and only if T is unitarily equivalent to M* on H(D") for
some A = (Aq, ..., 4,) € Ryy.

(ii) An irreducible tuple of operators T = (T4,...,T,) € B,(D") is homo-
geneous with respect to Mob" if and only if T is unitarily equivalent to

*
M? on ?[((1’1) with the reproducing kernel Kl(]’l) for some choice of A =
Ay, -5 ) € Ry,

Proof. (i) Let us begin with a tuple of operators T = (T4, ..., T},) in B;(D") ho-
mogeneous with respect to Mob”. Then T = (T4, ..., T,,) is unitarily equivalent
to the adjoint of the multiplication operators M = (M, , ..., M, ) on some re-
producing kernel Hilbert space H g with the reproducing kernel K on D". It
turns out that the hermitian holomorphic line bundle E;;+ — D" associated
toM* = (M; ,...,M; ) is homogeneous with respect to Mob". Therefore, from
the first part of Theorem 2.7 we have that «y, ..., a, € R together determine
the isomorphism class of Es+ — D". Moreover, it follows that a; = K(3;,9,),
j =1,...,n. Since the curvature matrix of a line bundle remains unchanged un-
der a change of variable, it follows that a; = 9;(K;"8;K)(0,0), for j = 1,...,n,
where K, (z, w) is the normalized kernel at the origin associated to K defined as

Ky(z, w) = Ky(z, 0) ' Ko(z, w)Ky(0, w) 7!,

1 1
and Ky(z,w) = K(0,0) 2K(z,w)K(0,0) 2. Thus, it implies that a; > 0 for
Jj =1,...,n. Now consider the reproducing kernel Hilbert space Hxw with the
reproducing kernel (1 — z;w;)™ --- (1 — z,w,)~* with Ai=aj,j=1,.,n
and observe that K is equivalent to K. The converse is well-known. Thus, it
completes the proof of part (i).
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(i) Let M @ be the compression of the n-tuple of multiplication operators
(le, ’Mzn) onto the quotient space K ((1’1). It follows from [9, Theorem 5.1,
page no. 188] that the adjoint M™ = (M. 7,5+ » M7 ) of the multiplication oper-
ators on J, is homogeneous with respect to the identity component M&b" of
the automorphism group of D". Further, M" is irreducible ([9, Theorem 4.2,
page no. 180]).

Conversely, let T = (Ty,...,T,) € B,(D") such that T is irreducible and
T and g(T) are simultaneously unitarily equivalent for all g = (gy,...,8,) €

Mob". We then show that T can be realized as M @ on the quotient space
?Cé’l) for some 1 = (4, ..., 4,) with /lj >0forj=1,..,n.

Suppose that Ep — D" is the hermitian holomorphic vector bundle of rank
2 corresponding to T € B,(D"). Since T is irreducible and homogeneous with
respect to M&b”, so is the hermitian holomorphic vector bundle Er over D”.
Therefore, from Corollary 2.8 we have that there exists j, € {1, ..., n} such that
|k{0 - ké‘)l > 2 and for all j # j, k{ = ké'z 0 j where k{, ké are the eigenvalues
of K¢(8;,9;), j = 1,...,n. Moreover, k{", ké" and {6; : j € {1,..,n}\ {jo}}
determine the isomorphism class of the bundle E; and hence they determine
the unitary equivalence class of T € B,(D"). It, therefore, suffices to show

that k{o, ké" and {6; : j € {1,...,n}\ {jo}} can be realized as the eigenvalues

of the curvature matrices JC(()A)(aj, Sj), for j =1,...,n,at 0 € D" of the vector
k

bundle EM(2>* — D" corresponding to the operator tuple M @” on the quotient

space H ((1/1) =HD oK S’D for some suitable choice of A = (4, ..., 4,..1) With

/1j >0,j =1,..,n+ 1. Notethat,for1 < j < n-1, ycg“(aj,aj) = /1j12

and Kél)(an, d,,) is the diagonal matrix with 4, and 4,, + 24, + 2 as diagonal
entries. Therefore, following Corollary 2.8 the required 1 = (14, ...,4,41) is
givenby 4; = u; = —if; for j = 1,..,n -1, 1, = min{k?,kg}, and 1, =

max{k{ k3 }—min{k]' ,k5}-2

> . Finally, a similar argument as in part (i) shows that 1; > 0
forj=1,..,n—1. O

Remark 3.2. Note that the key result in obtaining the classification of irre-
ducible tuples of operators in B,(D") homogeneous with respect to MGb" with
r = 1,2 using the techniques developed by Wilkins in [13] is that the curvature
matrix of the corresponding vector bundles at the origin is a block diagonal
matrix. But in general, for higher rank bundles, this might not be true. For
instance, it follows from Theorem 7.5 and Theorem 7.7 in [3] that the adjoint of
the multiplication operators (M, , M,,) by co-ordinate functions on the repro-
ducing kernel Hilbert space Hy is irreducible and homogeneous with respect
to the group Mob® with the reproducing kernel K obtained in Proposition 7.1 in
[3]. Also, it can be seen that the adjoint of (M, ,M,)) is in B;(D?) and hence,
gives rise to a homogeneous vector bundle of rank 3 over D?. It turns out that
the curvature matrix of this vector bundle at the origin is not a block diagonal
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matrix. In particular, we have that EZ(K‘lalK)(O, 0) is a non-zero matrix whose

all entries are zero except the 32-th entry which is \/ A% + D)% + 1)L

So in order to apply these techniques, it is important to understand the 1-
form 7, in terms of the reproducing kernel which induces the hermitian struc-
ture of the bundle. It would be nice if we could extend these techniques to
classify homogeneous operators in B,(D") that would lead to the classification
of all indecomposable finite dimensional representations of S[T(T,T)" as well.
In case it is not, it would still be interesting to investigate the subclass of homo-
geneous operators in B,(D") obtained from Wilkins’ technique.

4. Hermitian holomorphic homogeneous line bundles over
bounded symmetric domains

The goal of this section is to provide a different proof of the well-known result
in [8, Theorem 2.4] which states that the curvature matrix of a homogeneous
hermitian holomorphic line bundle associated to a tuple of operators in B;(Q)
over a classical bounded symmetric domain Q at the origin is a scalar times
the identity matrix. Here, we only consider the first four domains of classical
type. However, our result holds for any hermitian holomorphic line bundles
over irreducible bounded symmetric domains homogeneous with respect to the
identity component of the group of all bi-holomorphic automorphisms of such
domains.

We begin by recalling from [10, Chapter 4] that for any classical bounded
symmetric domain Q < CV the Euclidean co-ordinates (z, ..., zy) are complex
geodesic co-ordinates for (Q,w) where w is the Kdhlar form of the Bergman

metric g, = 2Re(2§\fj=1 g;7dz;® dz;) on Q normalized at origin so that gl.j(O) =
8ij,1 <i,j < N.Infact,sinceg, : Q — Qdefined byo((z) = —z isasymmetry
at origin the functions g7 are even. So, dgl.j(O) =0forl <i,j < N. It then
follows from the definition of curvature tensors that Ri}ki(o) = —9,0 18,;(0). In

fact, for 1 < i, j,k,I < N and a complex geodesic co-ordinates (z;, ..., zy ), We
observe from the definition ([10, Chapter 2, Section 2]) of curvature tensors that

0 = p!
Ri’j,k,l(o) = Rl_j,k(O)
and from the expression of curvature in terms of Christoffel symbols of a Kéhler
manifold we have that

ar 3%g -
R (0) = ——(0) = ——H
i,j,k aZJ aziaZj

(0).

Furthermore, we also note, for 1 < i, j < N and a complex geodesic co-ordinates
(z1,...,2y), that

R.—.— = —R.'. T (41)
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Let Q = D{,’q be the bounded symmetric domain of type I. It is well known

([10, Page 84]) that the curvature tensors of Df,,q at the origin with respect to a
complex geodesic co-ordinates take the form

_5ik5rt5ju51s - 5it5rk5j15sua (4.2)

i j,ﬁ,rs,m
for1 <i,k,r,t <pand1<j,I,s,u<q. Wenow present the main theorem in
this section.

Theorem 4.1. Let Q be an irreducible bounded symmetric domain and L 5 a

be a hermitian holomorphic line bundle over Q. Suppose that L 5 Qis homoge-
neous under the action of the identity component of the automorphism group of
Q. Then

(i) for any p,q € Nwith Q = Df,,q and for any n € N with Q = DI, o,
T
Q = D! the curvature matrix of L — Q at the origin is constant times
the identity matrix;
y
(ii) forany n € Nwith n > 2 and Q = D!V, the curvature matrix of L — Q
at the origin is constant times the identity matrix.
Proof. We begin by pointing out that the second equation in Theorem 2.5, for

T
the homogeneous line bundle L — Q, turns out to be

Ko(R(V, W)Y, Z) + Ko(Y,R(V,W)Z) = 0. (4.3)

(i) Let Q = Dé,q and L 5 Q be a hermitian holomorphic line bundle which
is homogeneous with respect to the identity component of the automorphism
group of Q. Let K be the curvature matrix of L — Q, that is, by definition

K(z) = > K, m(@)dzij A dzyg.

1<ik<p,1<jl<q

Let us consider the matrix K(z) = ((JCU (@ Mi<ik<pi<ji<q- Following the
equation (4.3),for1 <i < pand1 < j < g— 1, note that

K (8;j41,R(8;j,0;j41)0;) = —K(R(8;},0;j4+1)0;j415 9
where 0;; = % and 0, i = %. Consequently, it follows from the equation
(4.2) that ’

K(0);;5 = K (84}, 9;) = K (111, 01j+1) = K(0);; ., 777

In a similar way, we can also show that K(0), 0= K(0),,, Py for1 <i <
p—1land1 < j < q. Furthermore, for 1 < j # | < g.,it can be seen from the
equations (4.2) and (4.3) that

K(O)ijﬁ = —K(R(8;},0;+1)8j+1, Or) = K(8;j41,R(8;j, 0;j+1)0t) = 0.



HOMOGENEOUS VECTOR BUNDLES 417

A similar argument also yields that K(O)UH = Owhenever 1 <i # k < p.

Thus it shows that the curvature matrix of the line bundle L - € is a scalar
times the identity matrix, for Q = Dé,q.

For other two domains, we point out that DX and DI are totally geodesic
submanifolds of D}, , ([10, Lemma 1, page 85]). So, the curvature tensors of D}
and DI at origin is obtained by restricting the curvature tensors of D}, , to the
respective tangent subspaces at origin. Recall that

Dl ={zeDl.,:z"=-2}, andD! ={Ze D}, : 2" = Z}.

Therefore, it can be seen from the definition of complex geodesic co-ordinates
that {X;; : i < jand{Y;; : i < j}form a geodesic co-ordinates of D}l and D},
respectively, where

1 1 .
ij = _(Zl] _Z]l) and YU = _(ZU + Zji)’ forl < Js and Yii = Zii'

V2 V2

Thus, it can be seen with the help of the equation (4.2) with these new co-
ordinates that an analogous way of reasoning verifies that the curvature matrix

of the line bundle L - Q is a scalar times identity for Q = D!/ and Q = D!
So it completes the proof (i).
(i) Let n € N with n > 2and Q = DIY. As in part (i), we want to use

X

Theorem 2.5 to verify that the curvature matrix of the line bundle L - DIV
with n > 2 is scalar times the identity matrix.

Recall from [10, Page 87] that the curvature tensor of DLV at the origin with
respect to the complex geodesic co-ordinates (z, ..., z,,) takes the form

Ri5i(0) = (8811 + 8udjic — Sk j1)- (4.4)

It follows from the above formula that whenever i # j # k as well as i # k we
have that

Ri}ki(o) =0forany1<Il<n
which, in other words, reads that
R(8;,0/)8; =0, fori # j # kandi #k,
3 = 3 C . .
where 0; = > and J; = A For i # j, the equation (4.4) yields that Rijii =0

andR:; = 5ill. In other WOll‘dS,
jijl

jl

R(ai, 5])61 = 6J and R(@i, 5])51 = _éi (45)

for 1 <i # j < n. Now using the equation (4.3) we have, for 1 <i # j < n,
that

%(R(ajs él)ajs 51) = _jc(aj’R(ajs al)al)s
and consequently, by (4.5) it turns out that
K(0)7 = %(61,8) = K(3.8)) = K(O) 5.
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Since dimension of Q = IDQV is at least 3, for given 1 < i # j < n, there exists
1 <k <nsuchthati # k and j # k. It can then be seen from the previous
calculation that R(9;, 0 ;)0 = 0. Therefore, a similar computation as above
using the equations (4.3) and (4.5) shows that K(O)ij =0foralll1<i#j<n
completing the proof of (ii). O

Remark 4.2. Forn = 2, itturns out that that the domain DéV is bi-holomorphic
to the unit bi-disc D? (cf. [10, Lemma 1, Page 76]). Thus, this case has been
already considered in Section 2.
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