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On homogeneous operators in the
Cowen-Douglas class over polydisc

Prahllad Deb

Abstract. We classify all tuples of operators in the Cowen-Douglas class of
rank 1 and 2 homogeneous with respect toMöbn usingWilkins’ classi�cation
of homogeneous hermitian holomorphic vector bundles over bounded sym-
metric domains. It is also observed that these homogeneous tuples can be re-
alised as the adjoint of the tuples of multiplication operators on the quotient
Hilbert modules obtained from certain submodules of the weighted Bergman
modules on the open unit polydisc.
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1. Introduction
Let D ∶= {z ∈ ℂ ∶ |z| < 1} be open unit disc and Möb denote the bi-

holomorphic automorphism group of D. A bounded linear operator on a com-
plex separable Hilbert spaceℋ is said to be homogeneous with respect to Möb
if the spectrum �(T) of T is contained in D and, for every g ∈ Möb, g(T) is
unitarily equivalent to T. Indeed, since g ∈ Möb is a rational function ei� z−a

1−az
,

for a ∈ D and � ∈ [0, 2�), with pole outside the closed disc D, it follows that
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g(T) ∶= ei�(T − aI)(I − aT)−1 (I is the identity operator onℋ) is well de�ned
whenever the spectrum �(T) of T is contained in D.

An example of homogeneous operator is the multiplication operatorMz by
the co-ordinate function on the weighted Bergman spaceℋ(�) over open unit
disc D which is a reproducing kernel Hilbert space of holomorphic functions
on D with the reproducing kernel K(�)(z, w) = (1 − zw)−� for � > 0. It is well
known thatM∗

z is in the Cowen-Douglas class B1(D) over D of rank 1.
In general, following the ideas of [1], it is easy to establish a one to one cor-

respondence between the unitary equivalence class of commuting n - tuples T
in Br(Dn) (for the de�nition of the Cowen-Douglas class, we refer the reader
to Section 3) and equivalence class of the associated hermitian holomorphic
vector bundles ET over Dn determined by T. This correspondence extends to
homogeneous operators and homogeneous vector bundles as well. Moreover,
hermitian holomorphic line bundles are determined up to isomorphism by the
curvature forms of the hermitian connections on the bundles. This observation
was used by Misra in [7] to classify homogeneous operators in B1(D). An oper-
ator T ∈ B1(D) is homogeneous with respect to Möb if and only if its curvature
form is a positive scalar multiple of the Kähler form−(1− |z|2)−2dz∧dz of the
Poincaré metric on D. Consequently, it turns out thatM∗

z onℋ(�) with � > 0

are the only homogeneous operators in B1(D).
Later, Wilkins extended this result to B2(D) in [13] where he �rst obtained

an algebraic classi�cation of all hermitian holomorphic vector bundles over any
bounded symmetric domainΩ homogeneous with respect to the identity com-
ponent of the group of bi-holomorphic automorphisms Ω, assuming that the
group of bi-holomorphic automorphisms ofΩ is semi-simple (cf. Theorem 2.5).
This result was then used to determine all irreducible operators T (that is, there
is no reducing subspace of T inℋ) in B2(D) homogeneous with respect to the
group Möb. The classi�cation, in general, of irreducible homogeneous opera-
tors in the Cowen-Douglas class overD has been completed (cf. [6]) recently by
�rst obtaining an explicit description of all the homogeneous hermitian holo-
morphic vector bundles overD and then deciding which ones of these give rise
to bounded operators in the Cowen-Douglas class.

The notion of a homogeneous operators has a natural generalization to com-
muting tuples of operators. A commuting n - tuple of operators (T1, T2, … , Tn)
is said to be homogeneous with respect to a subgroup G of the group of bi-
holomorphic automorphisms Aut(Dn) of Dn, if the Taylor joint spectrum of
(T1, T2, … , Tn) lies inD

n

and g(T1, T2, … , Tn) (which can be de�ned by the holo-
morphic functional calculus) is unitarily equivalent with (T1, T2, … , Tn) for all
g ∈ G. In this generality, the focus has been on the study of commuting tuples
of homogeneous operators in the Cowen-Douglas class.

In the following section, we describe all hermitian holomorphic vector bun-
dles overDn of rank atmost 2 homogeneouswith respect toMöbn in terms of an
n - tuple of pairs of skew-symmetric matrices satisfying certain algebraic iden-
tity (cf. Theorem 2.7). Thus, Theorem 2.7 extends Theorem 1.1 in [13] to the
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case of homogeneous bundles of rank at most 2 over unit poly-disc. Unfortu-
nately, this is not the case when the rank of the bundle is strictly greater than 2
as explained in Remark 3.2. In general, it turns out that the homogeneity forces
the componentsKij with i ≠ j of the curvatureK =

∑n

i,j=1
Kijdzi∧dzj of these

bundles at (0, … , 0) ∈ Dn to be a nilpotent matrix as pointed out in Lemma 2.1.
The main crux of the proof of Theorem 2.7 is that these nilpotent matrices turn
out to be the zero matrix for rank 2 homogeneous bundles which also makes
the case of rank 2 homogeneous vector bundles over Dn di�erent from other
higher rank homogeneous bundles overDn. We show this in Theorem 2.6 with
the help of the identities in Theorem 2.5.

In Section 3, we describe all irreducible tuples of operators (that is, there is
no common reducing subspaces) in Br(Dn), r = 1, 2, homogeneous with re-
spect to the group Möbn with the help of Theorem 2.7. Also, it is shown that
all homogeneous irreducible tuples of operators in B2(Dn) can be realized as
the adjoint of the multiplication operators on the quotient space obtained from
certain submodules of the Hilbert modulesℋ(�) ∶= ℋ(�1)⊗⋯⊗ℋ(�n+1) over
the holomorphic function algebra A(Dn+1).

We point out that these results were obtained di�erently in [3] for n - tuples
of operators in the Cowen-Douglas class overDn of rank atmost 3 by classifying
all irreducible representations of Lie algebra of the Lie subgroup (KℂP−)n of the
Lie group SU(1, 1). The novelty here is in obtaining a characterization of her-
mitian holomorphic homogeneous vector bundles of rank at most 2 over Dn

in terms of an algebraic identity as well as in identifying these homogeneous
tuples as compression of the tuple of multiplication operators by co-ordinate
functions onℋ(�) onto certain quotient space. It would be nice if we could ex-
tend these techniques to classify homogeneous operators in Br(Dn) that would
lead to the classi�cation of all indecomposable �nite dimensional representa-
tions of (KℂP−)n as well. In case it is not, it would still be interesting to investi-
gate the subclass of homogeneous operators in Br(Dn) obtained from Wilkins’
technique.

In Section 4, another application of Theorem2.5 is provided. In Theorem4.1,
we show that the curvature forms of the line bundles over the classical bounded
symmetric domains D homogeneous with respect to the identity component of
the group of all bi-holomorphic automorphisms of D turn out to be a scalar
multiple of the (1, 1) form

∑n

i,j=1
dzi ∧dzj. Note that this result was previously

obtained in [8, Theorem 2.4] for the homogeneous hermitian holomorphic line
bundles over classical bounded symmetric domains associated to tuples of op-
erators in B1(D) homogeneous with respect to the maximal compact subgroup
of the group of all bi-holomorphic automorphisms of D. However, we repro-
duce this result by a completely di�erent method; namely, using Theorem 2.5,
for any hermitian holomorphic line bundles overD homogeneous with respect
to the identity component of the group of all bi-holomorphic automorphisms
of D.
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2. Hermitian holomorphic homogeneous vector bundles of rank
at most 2
In this section, we study hermitian holomorphic vector bundles over the unit

poly-discDn homogeneous with respect to the identity component Möbn of the
group of all bi-holomorphic automorphisms ofDn as well as provide a complete
description of these vector bundles of rank at most 2 following the techniques
developed in [13]. In particular, one of the main results (Theorem 2.7) extends
Theorem 1.1 in [13] to the case of open unit poly-disc in ℂn.

We begin by recalling the de�nition of homogeneous vector bundle. An au-
tomorphism of a vector bundle� ∶ E → Ω is a di�eomorphism ĝ ∶ E → E such
that �◦ĝ = g◦� for some automorphism g ∶ Ω → Ω. The bundle map ĝ is a
lift of g. We say that a hermitian holomorphic vector bundle E is homogeneous
with respect to a subgroup G of the bi-holomorphic automorphism group of Ω
if the action of G on Ω is transitive and the lift of this action is isometric.

Let E → Dn be a hermitian holomorphic vector bundle of rank r. SinceDn is
a contractible domain, Grauert’s theorem (cf. [?]) yields a global holomorphic
frame {
1, … , 
r} for E over Dn. Consequently, the Hermitian metric H(z) on
the �bre Ez over z ∈ Dn turns out to be the Grammian ((⟨
i(z), 
j(z)⟩))ri,j=1
of this frame with respect to the given hermitian structure on E. Moreover, if
E → Dn is homogeneous with respect to the group G = Möbn, it follows that
the Hermitian metricH(z) for z ∈ Dn satis�es the identity

H(z) = J(g, z)H(g(z))J(g, z)∗, z, ∈ Dn, g ∈ Möbn

for some continuous function J ∶ Möbn ×Dn → GLr(ℂ) which is holomorphic
in the second variable. The following lemma reveals some properties of the cur-
vature of hermitian holomorphic vector bundles over Dn homogeneous with
respect to Möbn. The following lemma has been proved in [3] (cf. [3, Lemma
5.11]) when the hermitian structure of E → Dn is induced by a reproducing
kernel. However, since the same proof also works for our case, we omit the
proof.
Lemma 2.1. Let E → Dn be a hermitian holomorphic vector bundle of rank r
which is homogeneous with respect to the group Möbn. Then, for 1 ≤ j ≠ k ≤

n, )̄j(H−1)kH)(0, 0) is a nilpotent matrix where H(z) = ((⟨
i(z), 
j(z)⟩))
r
i,j=1

is
the hermitian metric on Ez, z ∈ Dn with respect to a global holomorphic frame
{
1, … , 
r} for E → Dn and )k =

)

)zk
, )̄j =

)

)zj
.

In fact, for an irreducible hermitian holomorphic vector bundle of rank at
most 2 over Dn, the matrices )̄j(H−1)kH)(0, 0) for 1 ≤ j ≠ k ≤ n turn out to
be a zero matrix which is one of the main results in this section. In order to
accomplish this, we need the following lemmas.
Lemma 2.2. Let {(Pj, Qj) ∶ j = 1,… , n} be the collection of pairs of 2×2 complex
matrices satisfying the following identities

[Pj, Pk] = 0, [Qj, Qk] = 0, and [Pj, Qk] = −�jkQj, for j, k ∈ {1, … , n}.
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Further, we assume that Pj ’s are hermitian matrices. Then either all Qj are zero
matrices, or, there exists j0 ∈ {1, … , n} such that

Pj0 =
⎛

⎜

⎝

(� +
1

2
) 0

0 (� −
1

2
)

⎞

⎟

⎠

and Qj0 = (
0 0

� 0
)

for some �, � ∈ ℝ with � > 0 and, for all j ∈ {1, … , n} with j ≠ j0,

Pj = �jI2×2, and Qj = 0,

for some constant �j ∈ ℝ.

Proof. We begin by pointing out that since the matrices {Pj}nj=1 are hermitian
and any two of them commute, there exists {v1, v2} ⊂ ℂ2 such that

Pjvi = �
j

i
vi, i = 1, 2, j = 1,… , n, (2.1)

where �j
1
, �

j

2
are eigenvalues of Pj, j = 1,… , n. Consequently, for each j =

1,… , n, the equation [Pj, Qj] = −Qj yields that

PjQjvi = (�
j

i
− 1)Qjvi, for i = 1, 2 and j ∈ {1, … , n}. (2.2)

Therefore, either all Qj’s are zero matrices, or, there exists j0 ∈ {1, … , n} such
that Qj0vi is an eigenvector of Pj0 for some i = 1, 2. We note that Qj0vi can-
not be �vi for some non-zero � as, in that case, we would have �j0

i
= �

j0
i
− 1.

Furthermore, we must have that there exists i ∈ {1, 2} such that Qj0vi = 0,.
So without loss of generality, we assume that Qj0v1 = �v2, for some non-zero
constant � ∈ ℂ and Qj0v2 = 0. Also, it veri�es that if �j0 is an eigenvalue for
Pj0 then �j0 − 1 is an eigenvalue of Pj0 . Thus, the di�erence of two eigenvalues
of Pj0 is ±1 which concludes the �rst part of the statement.

Now, for j ≠ j0, we have

[Pj, Qj0]v1 = PjQj0v1 = �
j0
1
Qj0v1 = 0

which implies that �j
1
= �

j

2
as Qj0v1 = �v2. Therefore, letting �j = �

j

1
= �

j

2
, for

j ∈ {1, … , n} with j ≠ j0, we are done with the proof. �

Lemma2.3. LetP andQ be two skew-hermitian 2×2non-zeromatrices satisfying
the identity [P, [P, Q]] = −Q. Then there exists a unitary transformation U ∶

ℂ2 → ℂ2 such that

UPU∗ =
⎛

⎜

⎝

i(� +
1

2
) 0

0 i(� −
1

2
)

⎞

⎟

⎠

andUQU∗ = (
0 �

−� 0
) (2.3)

for some �, � ∈ ℝ with � > 0.

Proof. Let P and Q be two matrices as given satisfying [P, [P, Q]] = −Q. Let
us consider the matrices P′ = iP and Q′ = Q − i[P, Q]. Then we note that P′ is
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hermitian and [P′, Q′] = −Q′. Therefore, it follows from Lemma 2.2 that

P′ =
⎛

⎜

⎝

(� +
1

2
) 0

0 (� −
1

2
)

⎞

⎟

⎠

and Q′ = (
0 0

� 0
)

for some non-zero � ∈ ℂ. Then the proof follows by observing thatQ =
1

2
(Q′−

Q′∗) and taking � = |�|. �

Corollary 2.4. Let {(Pj, Qj) ∶ j = 1,… , n} be the collection of pairs of non-zero
2 × 2 skew-hermitian complex matrices satisfying the following identities

[Pj, Pk] = 0, [Qj, Qk] = 0, and [Pj, [Pj, Qk]] = −�jkQj, for j, k ∈ {1, … , n}.

Then either all Qj are zero matrices, or, there exists j0 ∈ {1, … , n} and a unitary
transformationU ∶ ℂ2 → ℂ2 such that

UPj0U
∗ =

⎛

⎜

⎝

i(� +
1

2
) 0

0 i(� −
1

2
)

⎞

⎟

⎠

andUQj0U
∗ = (

0 �

−� 0
)

for some �, � ∈ ℝ with � > 0 and, for all j ∈ {1, … , n} with j ≠ j0,

Pj = −i�jI2×2, and Qj = 0,

for some constant �j ∈ ℝ.

Proof. De�ne P′
j
= iPj and Q′j = Qj − i[Pj, Qj] for j = 1,… , n. Then note that

pair of matrices (P′
j
, Q′

j
), for j = 1,… , n, satisfy the hypothesis of Lemma 2.2.

Therefore, the proof follows from Lemma 2.2 and Lemma 2.3. �

We now prove that the matrices )̄j(H−1)kH)(0, 0) in Lemma 2.1 are zero
matrix for any 1 ≤ j ≠ k ≤ n whenever r = 2, with the help of Theorem 3.4
in [13] along with the lemmas above. In this regard, we need some elementary
properties of a bounded symmetric domain.

Following [13, Section 3] a bounded symmetric domain Ω is a bounded open
subset of some ℂn with the property that each point p ∈ Ω is an isolated �xed
point of some bi-holomorphicmapping sp ∶ Ω → Ω such that s2p = Id. Cartan’s
Uniqueness Theorem ensures that this symmetry is uniquely determined [12,
Proposition 2.3]. Any bounded symmetric domain Ω admits a Kähler metric
invariant under the symmetries of Ω. One such metric is the Bergman metric
onΩ [5, Chapter VIII, Section 3] by which we mean the following. LetΩ ⊂ ℂn

be a bounded symmetric domain with the Bergman kernel K ∶ Ω × Ω → ℂ.
Then the Bergman metric on Ω is a Kähler metric with Kähler potential

�(z) = − logK(z, z) for z ∈ Ω.

We can, therefore, consider any bounded symmetric domain as a hermitian
symmetric space. The group generated by the symmetries ofΩ is a semi-simple
Lie group acting smoothly on Ω and is the identity component of the group of
bi-holomorphic automorphisms of Ω. We now state one of the main theorems
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in [13] which will be used in the rest of this article. From now on, we only con-
sider hermitian holomorphic vector bundlesE → Ω over a bounded symmetric
domainΩ homogeneous with respect to the group generated by all symmetries
ofΩ. In other words, the vector bundlesE → Ω are homogeneous under the ac-
tion of the identity component of the group of bi-holomorphic automorphisms
of Ω.

Theorem2.5. [13, Theorem3.4]LetΩ be a complex bounded symmteric domain
and let p be a point in Ω. Then there is a one to one correspondence between
isomorphism classes of homogeneous hermitian holomorphic vector bundles of
rank r overΩ andunitary equivalence classes of pairs (K0, �0) satisfying following
equations

[K0(V,W), �0(Y)] = [[�0(V), �0(W)], �0(Y)] + �0(R(V,W)Y),

[K0(V,W),K0(Y, Z)] = [[�0(V), �0(W)],K0(Y, Z)] + K0(R(V,W)Y, Z)

+ K0(Y, R(V,W)Z),

K0(JY, JZ) = K0(Y, Z),

for allV,W,Y, Z ∈ TpΩ, where �0 ∶ TpΩ → u(r) is a linear transformation and
K0 ∶ TpΩ×TpΩ → u(r) is a skew-symmetric bilinear formwith values in the Lie
algebra u(r) of skew-hermitian r × r matrices, and J is the complex structure on
Ω. Moreover, if (K0, �0) is the pair representing some homogeneous holomorphic
vector bundle E, then K0 represents the curvature of the Chern connection on E
at the point p.

We make use of this theorem in our case where the bounded symmetric do-
mainΩ is the polydisc. The identity component of the group of bi-holomorphic
automorphisms ofDn is Möbn which is a semi-simple Lie group. The Bergman
metric on Dn is, by de�nition, given by the Gramian matrix ((ℎjk(p)))nj,k=1, for
p ∈ Dn, where

ℎjk(p) = −
)2

)zj)zk
logK(2)(z, z)|p (2.4)

where K(2)(z,w) = (1 − z1w1)
−2⋯(1 − znwn)

−2. Note that ℎjj(p) = 2(1 −

|zj|
2)−2 and ℎjk(p) = 0, for j ≠ k verifying that the Bergman metric on Dn is

the product metric obtained from the Bergman metric on D.

Theorem 2.6. Let E → Dn be a hermitian holomorphic vector bundle of rank 2
which is homogeneous with respect to the group Möbn. Then, for 1 ≤ j ≠ k ≤ n,

)̄k(H
−1)jH)(0, 0) = 0,

where )j =
)

)zj
and )̄k =

)

)zk
. whereH(z) = ((⟨
i(z), 
j(z)⟩))

r
i,j=1

is the hermitian

metric on Ez, z ∈ Dn with respect to a global holomorphic frame {
1, … , 
r} for
E → Dn and )k =

)

)zk
, )̄j =

)

)zj
.
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Proof. LetDn be equippedwith the Bergmanmetric �n. It follows from the dis-
cussion above that the hermitian manifold (Dn, �n) is the manifold (D, �1)n ∶=
(D, �1) × ⋯ × (D, �1) with the product hermitian structure. Note that the cur-
vature tensors of this product Riemannian metric turn out to be

R()j, )̄j))j = 4)̄j, and R()j, )̄j))̄j = −4)j, , j = 1, … , n.

De�ne for each j = 1,… , n,

Fj =
1

4
K0()j, )̄j) −

1

4
[�0()j), �0()̄j)], and Aj =

1

2
�0()j)

whereK0 and �0 as in Theorem 2.5 satisfying identities therein. It can be seen,
for j = 1,… , n, that

[Fj, Aj] =
1

2
�0()̄j) and [Fj, [Fj, Aj]] = −Aj.

We note that all Aj’s cannot be zero simultaneously, because it would im-
ply that the bundle E were reducible contradicting the hypothesis. It there-
fore follows from Corollary 2.4 that there exists j0 ∈ {1, … , n} such that, for all
j ∈ {1, … , n} with j ≠ j0,

Fj = �jI2×2 and Aj = 0, �j = i�j, �j > 0, and j = 1,… , n.

Thus, we are left with a pair of skew-hermitian 2×2matrices (Fj0 , Aj0
) and n−1

scalars {�j ∶ j ∈ {1, … , n} ⧵ {j0}}. Since E is an irreducible vector bundle, Aj0

cannot be zero. Following Corollary 2.4, we can choose an orthonormal basis
for ℂ2 with respect to which the matrices Fj0 and Aj0

take the form

Fj0 =
⎛

⎜

⎝

i(� +
1

2
) 0

0 i(� −
1

2
)

⎞

⎟

⎠

and Aj0
= (

0 �

−� 0
)

with � > 0 and hence the real numbers �, � determines the pair (Fj0 , Aj0
).

Recalling the de�nition of Fj0 and Aj0
, it can be seen that

K0()j0 , )̄j0) = 2i(Fj0 + [Aj0
, [Fj0 , Aj0

]]).

Therefore, kj0
1
and kj0

2
are equal to−2�±(1+4�2). Also, note that |kj0

1
−k

j0
2
| > 2.

NowputtingV =
)

)zj
,W =

)

)zk
,Y =

)

)zj0

andZ =
)

)zj0

in the second equation

in Theorem 2.5, we have, for j ≠ k, that

[K0()j, )̄k),K0()j0 , )̄j0)] = 0

since Aj = �0()j) = 0, for all j ≠ j0, and all of R()j, )k), R()̄j, )̄k) as well as
R()j, )̄k) are the zero linear operators whenever j ≠ k. Thus, it completes the
proof since Lemma 2.1 yields that K0()j, )̄k) is a nilpotent matrix and, on the
other hand, we have shown above that K0()j0 , )̄j0) is a diagonal matrix with
distinct eigenvalues kj0

1
and kj0

2
. �

We are now in the position to prove the following theoremwhich generalizes
Theorem 1.1 in [13].
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Theorem 2.7. Let E → Dn be an irreducible hermitian holomorphic vector bun-
dle of rank 2 over Dn which is homogeneous with respect to Möbn. Then

(i) the isomorphism classes of homogeneous line bundles E → Dn are com-
pletely determined by n real numbers {�1, … , �n}; and

(ii) there is a one to one correspondence between isomorphism classes of such
vector bundlesE → Dn of rank 2 and unitary equivalence classes of tuples
of pairs ((F1, A1), … , (Fn, An))where Fj andAj are skew-hermitian 2×2
matrices satisfying [Fj, [Fj, Aj]] = −Aj , j = 1,… , n.

Proof. (i) Let E
�
→ Dn be a hermitian holomorphic line bundle which is ho-

mogeneous under the action of the group Möbn. Let K0 be the curvature of
E at 0. It then follows from Lemma 2.1 that K0()j, )̄k) = 0 for j ≠ k. Fur-
thermore, since E has rank 1 it turns out from Theorem 2.5 that �0 = 0. Thus
�j = K0()j, )̄j), j = 1, … , n completely determineK0 and �0.

(ii) For r = 2 and j = 1,… , n, we de�ne

Fj =
1

4
K0()j, )̄j) −

1

4

[
�0()j), �0()̄j)

]
, and Aj =

1

2
�0()j)

whereK0 and �0 as in Theorem 2.5 satisfying the identities therein. Note that,
for j = 1,… , n,

[Fj, Aj] =
1

2
�0()̄j) and [Fj, [Fj, Aj]] = −Aj.

Moreover, Theorem 2.6 yields that only non-zero terms of the curvature tensor
K0 at origin areK0()j, )̄j), j = 1,… , n. Thus {(Fj, Aj) ∶ j = 1,… , n} completely
determineK0 and �0. Hence the desired result follows from Theorem 2.5. �

It is well known that the curvature of a hermitian holomorphic line bundle
over a simply connected domain is a unitary invariant of such bundles. Un-
fortunately, this, in general, is not the case for the bundles with higher rank.
However, using the theorem above as in [13], it can be seen that the curvature
itself determines the equivalence classes of irreducible hermitian holomorphic
vector bundles of rank 2 over Dn which are homogeneous under the action of
Möbn on Dn as demonstrated in the following theorem.

Corollary 2.8. Let E → Dn be an irreducible hermitian holomorphic vector
bundle of rank 2 over Dn which is homogeneous with respect to Möbn. Let kj

1
, kj

2

be the eigenvalues of K0(
)

)zj
,
)

)zj
), j = 1,… , n. Then there exists j0 ∈ {1, … , n}

such that |kj0
1
− k

j0
2
| > 2 and for all j ≠ j0, k

j

1
= k

j

2
= �j = i�j , �j ∈ ℝ.

Moreover, kj0
1
, kj0

2
and {�j ∶ j ∈ {1, … , n} ⧵ {j0}} determine the isomorphism class

of the bundle E.

Proof. Let {(Fj, Aj) ∶ j = 1,… , n} be a collection of pairs of skew-hermitian
matrices de�ned as in Theorem 2.7. In other words, for j = 1,… , n, we have

Fj =
1

4
K0()j, )̄j) −

1

4

[
�0()j), �0()̄j)

]
, and Aj =

1

2
�0()j)
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whereK0 and �0 as in Theorem 2.5 satisfying the equations therein.
Therefore, from the proof of Theorem 2.6 we conclude that |kj0

1
− k

j0
2
| > 2

and, for j ∈ {1, … , n} with j ≠ j0, k
j

1
= k

j

2
= �j = i�j for some �j ∈ ℝ. Thus,

following Theorem 2.7 and Theorem 2.5, we have that kj0
1
, k

j0
2
and {�j ∶ j ≠

j0, j ∈ {1, … , n}} determine the isomorphism class of the bundle E → Dn. �

Remark 2.9. Note that Theorem 2.7 and Corollary 2.8 would be false if the
bundles were not irreducible. For instance, even for n = 1 and a bundle of
rank 2 as given in the corollary above, the eigenvalues of the curvature matrix
{k1, k2} at origin is same as those of the bundle obtained by taking direct sum of
two homogeneous line bundles L1 and L2 overD such that ki is the curvature of
Li, i = 1, 2, respectively at the origin. For a detailed discussion on these issues
we refer the reader to [11, Chapter 4].

3. Homogeneous tuples in B1(D
n) and B2(D

n)

In this section, we describe all tuples of operators in B1(Dn) and in B2(Dn)

homogeneouswith respect to the groupMöbn with the help of the classi�cation
of hermitian holomorphic vector bundles over Dn homogeneous with respect
to Möbn obtained in the previous section. Let us, therefore, recall following
[1, 2] that the Cowen-Douglas class Br(Dn) over Dn of rank r consists of tuple
T = (T1, … , Tn) of commuting bounded linear operators on a Hilbert spaceℋ
such that every z ∈ Dn is a joint eigenvalue ofT with r dimensional eigenspace,
the linear span of the eigenspaces is dense inℋ and the range of the operator
(T1 − z1I, … , Tn − znI) is closed inℋ⊕⋯⊕ℋ. It has been proved in [2] that
the corresponding n - tuple of operators T is simultaneously unitarily equiva-
lent to the adjoint of then - tuple ofmultiplication operatorsM = (Mz1

, … ,Mzn
)

by the co-ordinate functions on a Hilbert spaceℋK of holomorphic functions
onΩ∗ ∶= {z ∶ z ∈ Ω} possessing a reproducing kernelK. Also, it can be shown
that any n−tuple T = (T1, … , Tn) of operators in Br(Dn) gives rise to a hermit-
ian holomorphic vector bundle ET → Dn of rank r (cf. [1]). It then turns out
that the hermitianmetricH(z) on the �bre ET|z of E over z ∈ Dn is determined
by the reproducing kernel K, namely, H(z) = K(z, z), z ∈ Dn. Since as a set
Dn is same as (Dn)∗ and the complex conjugate of holomorphic functions on
Dn turns out to be holomorphic on (Dn)∗, writing K(z,w) instead of K(z,w)
does not e�ect the results in the present section. Therefore, from now on we
consider the reproducing kernel associated to T ∈ Br(D

n) as K(z,w) on Dn.
It is easy to see that an n−tuple T operators in Br(Dn) is homogeneous with

respect to the group Möbn if and only if the bundle ET → Dn associated to it,
is homogeneous with respect to the group Möbn as a hermitian holomorphic
vector bundle. Moreover, the homogeneity of such a hermitian holomorphic
vector bundle ET → Dn of rank r under the action of the group Möbn can be
characterised by the fact that K satis�es the identity

K(z,w) = J(g, z)K(g(z), g(w))J(g, w)∗, z,w ∈ Dn, g ∈ Möbn (3.1)
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for some continuous function J ∶ Möbn ×Dn → GLr(ℂ) which is holomor-
phic in the second variable. Following [3, equation (4.1), Page 7] a reproducing
kernel K ∶ Dn × Dn → Mr(ℂ) satisfying this equation (3.1) is said to be quasi-
invariant with respect to the group Möbn.

We realize these homogeneous tuples of operators as adjoint of the multipli-
cation operators by the co-ordinate functions on some quotient Hilbert mod-
ules. For a bounded domainΩ ⊂ ℂn, letA(Ω) denote the unital Banach algebra
obtained by taking norm closure (with respect to the supremum norm on the
closure Ω of Ω) of the space of all functions holomorphic in a neighbourhood
of Ω. Now a complex separable Hilbert spaceℋ is said to be a Hilbert module
over the unital Banach algebra A(Ω) with the module map A(Ω) × ℋ

�
→ ℋ

de�ned by the point-wise multiplication if the module action A(Ω) × ℋ
�
→ ℋ

is norm continuous.
We �rst recall some basic facts about quotient modules following [4]. Let

� = (�1, … , �n+1) ∈ ℝn+1 with �j > 0 for j = 1,… , n + 1 and ℋ(�) be the
reproducing kernel Hilbert module overA(Dn+1) with the reproducing kernel

K(�)(z,w) =

n+1∏

j=1

(1 − zjwj)
−�j .

Suppose that ℋ(�)

0
is the submodule of ℋ(�) consisting of holomorphic func-

tions inℋ(�) which vanish of order 2 along the submanifold Z ∶= {z ∈ Dn+1 ∶

zn = zn+1}. Following the equation (1.5) in Section 1 in [4], the submoduleℋ(�)

0

consists of functions f ∈ ℋ(�) such that )n+1f vanishes identically on Z. Now
consider the vector space Jℋ(�) ∶= {(ℎ, )n+1ℎ)

tr ∶ ℎ ∈ ℋ(�)} and note that

Jℋ(�), as a vector space, is isomorphic to ℋ(�) via the map ℎ
J
↦ (ℎ, )n+1ℎ)

tr,
where )n+1 =

)

)zn+1
Moreover, the inner product on Jℋ(�) induced from the in-

ner product onℋ(�) via J turns Jℋ(�) to be a reproducing kernel Hilbert space
(cf. [4, Proposition 2.3]) with the reproducing kernel

JK(�)(z, w) =
((
)i
n+1

)
j

n+1
K(�)(z, w)

))1

i,j=0
.

Finally, the module action of A(Dn) on Jℋ(�) by the formula f ⋅ (ℎ, )n+1ℎ)tr =
(fℎ, )n+1fℎ+f)n+1ℎ)

trmakes Jℋ(�)(Dn) aHilbert module overA(Dn) and the
map J to be a module isomorphism.

It follows from Theorem 3.3 in [4] that the quotient moduleℋ(�)
q ∶= ℋ(�)⊖

ℋ
(�)

0
, as a Hilbert module over A(Dn), is isomorphic to the Hilbert module

Jℋ(�)|Z. Consequently,ℋ
(�)
q is a reproducing kernel Hilbert module with the
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reproducing kernel

K
(�)
q (z,w) =

n−1∏

j=1

(1 − zjwj)
−�j(

(1 − znwn)
2 �n+1zn(1 − znwn)

�n+1wn(1 − znwn) �n+1(1 + �n+1znwn)
)

× (1 − znwn)
−�n−�n+1−2.

Note that the restriction of the module action described above to A(Z) turns
out to be the scalar action on the quotient module ℋ(�)

q . Consequently, the
compression of tuple of multiplication operators (Mz1

, … ,Mzn
) − denoted by

M
(2)
− onto the quotient space ℋ(�)

q turns out to be the ordinary co-ordinate
multiplications. Moreover, it turns out that the adjoint ofM(2) is in B2(Dn) (cf.
[4, Proposition 3.6]) and is homogeneous with respect to the group Möbn and
irreducible (cf. [9, Theorem 4.2, Theorem 5.1]), that is, there is no non-trivial
reducing subspace ofM(2). In the following theorem, we show that these are all
irreducible operator tuples in B2(Dn) homogeneous with respect to the group
Möbn.

Theorem 3.1. (i) T = (T1, … , Tn) ∈ B1(D
n) is homogeneous with respect

to Möbn if and only if T is unitarily equivalent to M∗ on ℋ(�)(Dn) for
some � = (�1, … , �n) ∈ ℝ>0.

(ii) An irreducible tuple of operators T = (T1, … , Tn) ∈ B2(D
n) is homo-

geneous with respect to Möbn if and only if T is unitarily equivalent to
M

(2)
∗

on ℋ(�)
q with the reproducing kernel K(�)

q for some choice of � =

(�1, … , �n) ∈ ℝ>0.

Proof. (i) Let us begin with a tuple of operators T = (T1, … , Tn) in B1(Dn) ho-
mogeneous with respect to Möbn. Then T = (T1, … , Tn) is unitarily equivalent
to the adjoint of the multiplication operators M = (Mz1

, … ,Mzn
) on some re-

producing kernel Hilbert space ℋK with the reproducing kernel K on Dn. It
turns out that the hermitian holomorphic line bundle EM∗ → Dn associated
toM∗

= (M∗
z1
, … ,M∗

zn
) is homogeneous with respect to Möbn. Therefore, from

the �rst part of Theorem 2.7 we have that �1, … , �n ∈ ℝ together determine
the isomorphism class of EM∗ → Dn. Moreover, it follows that �j = K0()j, )̄j),
j = 1,… , n. Since the curvaturematrix of a line bundle remains unchanged un-
der a change of variable, it follows that �j = )̄j(K̂

−1
0
)jK̂0)(0, 0), for j = 1,… , n,

where K̂0(z,w) is the normalized kernel at the origin associated toK de�ned as

K̂0(z,w) = K0(z, 0)
−1K0(z,w)K0(0,w)

−1,

and K0(z,w) = K(0, 0)
−
1

2K(z,w)K(0, 0)
−
1

2 . Thus, it implies that �j > 0 for
j = 1,… , n. Now consider the reproducing kernel Hilbert spaceℋK(�) with the
reproducing kernel (1 − z1w1)

−�1⋯(1 − znwn)
−�n with �j = �j, j = 1,… , n

and observe that K is equivalent to K(�). The converse is well-known. Thus, it
completes the proof of part (i).
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(ii) Let M(2) be the compression of the n-tuple of multiplication operators
(Mz1

, … ,Mzn
) onto the quotient space ℋ(�)

q . It follows from [9, Theorem 5.1,
page no. 188] that the adjointM∗

= (M∗
z1
, … ,M∗

zn
) of the multiplication oper-

ators onℋq is homogeneous with respect to the identity component Möbn of
the automorphism group of Dn. Further, M∗ is irreducible ([9, Theorem 4.2,
page no. 180]).

Conversely, let T = (T1, … , Tn) ∈ B2(D
n) such that T is irreducible and

T and g(T) are simultaneously unitarily equivalent for all g = (g1, … , gn) ∈

Möbn. We then show that T can be realized as M(2)
∗

on the quotient space
ℋ

(�)
q for some � = (�1, … , �n) with �j > 0 for j = 1,… , n.
Suppose that ET → Dn is the hermitian holomorphic vector bundle of rank

2 corresponding to T ∈ B2(D
n). Since T is irreducible and homogeneous with

respect to Möbn, so is the hermitian holomorphic vector bundle ET over Dn.
Therefore, from Corollary 2.8 we have that there exists j0 ∈ {1, … , n} such that
|k
j0
1
− k

j0
2
| > 2 and for all j ≠ j0, k

j

1
= k

j

2
= �j where k

j

1
, kj

2
are the eigenvalues

of K0()j, )̄j), j = 1,… , n. Moreover, kj0
1
, kj0

2
and {�j ∶ j ∈ {1, … , n} ⧵ {j0}}

determine the isomorphism class of the bundle ET and hence they determine
the unitary equivalence class of T ∈ B2(D

n). It, therefore, su�ces to show
that kj0

1
, kj0

2
and {�j ∶ j ∈ {1, … , n} ⧵ {j0}} can be realized as the eigenvalues

of the curvature matrices K(�)

0
()j, )̄j), for j = 1,… , n, at 0 ∈ Dn of the vector

bundle E
M

(2)
∗ → Dn corresponding to the operator tupleM(2)

∗

on the quotient

spaceℋ(�)
q ∶= ℋ(�) ⊖ℋ

(�)

0
for some suitable choice of � = (�1, … , �n+1) with

�j > 0, j = 1,… , n + 1. Note that, for 1 ≤ j ≤ n − 1, K(�)

0
()j, )̄j) = �jI2

andK(�)

0
()n, )̄n) is the diagonal matrix with �n and �n + 2�n+1 + 2 as diagonal

entries. Therefore, following Corollary 2.8 the required � = (�1, … , �n+1) is
given by �j = �j = −i�j for j = 1,… , n − 1, �n = min{kn

1
, kn

2
}, and �n+1 =

max{kn
1
,kn
2
}−min{kn

1
,kn
2
}−2

2
. Finally, a similar argument as in part (i) shows that �j > 0

for j = 1,… , n − 1. �

Remark 3.2. Note that the key result in obtaining the classi�cation of irre-
ducible tuples of operators in Br(Dn) homogeneous with respect to Möbn with
r = 1, 2 using the techniques developed byWilkins in [13] is that the curvature
matrix of the corresponding vector bundles at the origin is a block diagonal
matrix. But in general, for higher rank bundles, this might not be true. For
instance, it follows from Theorem 7.5 and Theorem 7.7 in [3] that the adjoint of
the multiplication operators (Mz1

,Mz2
) by co-ordinate functions on the repro-

ducing kernel Hilbert space ℋK is irreducible and homogeneous with respect
to the groupMöb2 with the reproducing kernel K obtained in Proposition 7.1 in
[3]. Also, it can be seen that the adjoint of (Mz1

,Mz2
) is in B3(D2) and hence,

gives rise to a homogeneous vector bundle of rank 3 over D2. It turns out that
the curvature matrix of this vector bundle at the origin is not a block diagonal
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matrix. In particular, we have that )2(K−1)1K)(0, 0) is a non-zero matrix whose

all entries are zero except the 32-th entry which is
√

(�−2
1
+ �2

1
)(�−2

2
+ �2

2
)−1.

So in order to apply these techniques, it is important to understand the 1-
form �0 in terms of the reproducing kernel which induces the hermitian struc-
ture of the bundle. It would be nice if we could extend these techniques to
classify homogeneous operators in Br(Dn) that would lead to the classi�cation
of all indecomposable �nite dimensional representations of ˜SU(1, 1)n as well.
In case it is not, it would still be interesting to investigate the subclass of homo-
geneous operators in Br(Dn) obtained fromWilkins’ technique.

4. Hermitian holomorphic homogeneous line bundles over
bounded symmetric domains
The goal of this section is to provide a di�erent proof of thewell-known result

in [8, Theorem 2.4] which states that the curvature matrix of a homogeneous
hermitian holomorphic line bundle associated to a tuple of operators in B1(Ω)
over a classical bounded symmetric domain Ω at the origin is a scalar times
the identity matrix. Here, we only consider the �rst four domains of classical
type. However, our result holds for any hermitian holomorphic line bundles
over irreducible bounded symmetric domains homogeneouswith respect to the
identity component of the group of all bi-holomorphic automorphisms of such
domains.

We begin by recalling from [10, Chapter 4] that for any classical bounded
symmetric domainΩ ↪ ℂN the Euclidean co-ordinates (z1, … , zN) are complex
geodesic co-ordinates for (Ω, !) where ! is the Kählar form of the Bergman
metric g0 = 2Re(

∑N

i,j=1
g
ij
dzi⊗dzj) onΩ normalized at origin so that g

ij
(0) =

�ij, 1 ≤ i, j ≤ N. In fact, since�0 ∶ Ω → Ω de�ned by�0(z) = −z is a symmetry
at origin the functions g

ij
are even. So, dg

ij
(0) = 0 for 1 ≤ i, j ≤ N. It then

follows from the de�nition of curvature tensors that R
ijkl

(0) = −)i)̄jgkl(0). In
fact, for 1 ≤ i, j, k, l ≤ N and a complex geodesic co-ordinates (z1, … , zN), we
observe from the de�nition ([10, Chapter 2, Section 2]) of curvature tensors that

R
i,j,k,l

(0) = Rl
i,j,k

(0)

and from the expression of curvature in terms of Christo�el symbols of a Kähler
manifold we have that

Rl
i,j,k

(0) = −
)Γl

i,k

)zj
(0) = −

)2g
kl

)zi)zj
(0).

Furthermore, we also note, for 1 ≤ i, j ≤ N and a complex geodesic co-ordinates
(z1, … , zN), that

R
i,j,k,l

= −R
j,i,k,l

. (4.1)
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Let Ω = DI
p,q be the bounded symmetric domain of type I. It is well known

([10, Page 84]) that the curvature tensors of DI
p,q at the origin with respect to a

complex geodesic co-ordinates take the form

R
ij,kl,rs,tu

= −�ik�rt�ju�ls − �it�rk�jl�su, (4.2)

for 1 ≤ i, k, r, t ≤ p and 1 ≤ j, l, s, u ≤ q. We now present the main theorem in
this section.

Theorem 4.1. Let Ω be an irreducible bounded symmetric domain and L
�
→ Ω

be a hermitian holomorphic line bundle overΩ. Suppose that L
�
→ Ω is homoge-

neous under the action of the identity component of the automorphism group of
Ω. Then

(i) for any p, q ∈ ℕ with Ω = DI
p,q and for any n ∈ ℕ with Ω = DII

n , or,

Ω = DIII
n , the curvature matrix of L

�
→ Ω at the origin is constant times

the identity matrix;
(ii) for any n ∈ ℕ with n > 2 and Ω = DIV

n , the curvature matrix of L
�
→ Ω

at the origin is constant times the identity matrix.

Proof. We begin by pointing out that the second equation in Theorem 2.5, for
the homogeneous line bundle L

�
→ Ω, turns out to be

K0(R(V,W)Y, Z) + K0(Y, R(V,W)Z) = 0. (4.3)

(i) Let Ω = DI
p,q and L

�
→ Ω be a hermitian holomorphic line bundle which

is homogeneous with respect to the identity component of the automorphism
group of Ω. LetK be the curvature matrix of L → Ω, that is, by de�nition

K(z) =
∑

1≤i,k≤p,1≤j,l≤q

K
ij,kl

(z)dzij ∧ dzkl.

Let us consider the matrix K(z) = ((K
ij,kl

(z)))1≤i,k≤p,1≤j,l≤q. Following the
equation (4.3), for 1 ≤ i ≤ p and 1 ≤ j ≤ q − 1, note that

K()ij+1, R()ij, )̄ij+1))̄ij) = −K(R()ij, )̄ij+1))ij+1, )̄ij),

where )ij =
)

)Zij
and )̄ij =

)

)Zij
. Consequently, it follows from the equation

(4.2) that

K(0)
ij,ij

= K()ij, )̄ij) = K()ij+1, )̄ij+1) = K(0)
ij+1,i,j+1

.

In a similar way, we can also show that K(0)
ij,ij

= K(0)
i+1j,i+1j

for 1 ≤ i ≤

p − 1 and 1 ≤ j ≤ q. Furthermore, for 1 ≤ j ≠ l ≤ q,it can be seen from the
equations (4.2) and (4.3) that

K(0)
ij,kl

= −K(R()ij, )̄ij+1))ij+1, )̄kl) = K()ij+1, R()ij, )̄ij+1))̄kl) = 0.
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A similar argument also yields that K(0)
ij,kl

= 0 whenever 1 ≤ i ≠ k ≤ p.

Thus it shows that the curvature matrix of the line bundle L
�
→ Ω is a scalar

times the identity matrix, for Ω = DI
p,q.

For other two domains, we point out that DII
n and DIII

n are totally geodesic
submanifolds ofDI

n,n ([10, Lemma 1, page 85]). So, the curvature tensors ofDII
n

and DIII
n at origin is obtained by restricting the curvature tensors of DI

n,n to the
respective tangent subspaces at origin. Recall that

DII
n = {Z ∈ DI

n,n ∶ Z
tr = −Z}, and DIII

n = {Z ∈ DI
n,n ∶ Z

tr = Z}.

Therefore, it can be seen from the de�nition of complex geodesic co-ordinates
that {Xij ∶ i < j} and {Yij ∶ i ≤ j} form a geodesic co-ordinates of DII

n and DIII
n ,

respectively, where

Xij =
1
√
2
(Zij − Zji) and Yij =

1
√
2
(Zij + Zji), for i < j, and Yii = Zii.

Thus, it can be seen with the help of the equation (4.2) with these new co-
ordinates that an analogous way of reasoning veri�es that the curvature matrix
of the line bundle L

�
→ Ω is a scalar times identity for Ω = DII

n and Ω = DIII
n .

So it completes the proof (i).
(ii) Let n ∈ ℕ with n > 2 and Ω = DIV

n . As in part (i), we want to use
Theorem 2.5 to verify that the curvature matrix of the line bundle L

�
→ DIV

n

with n > 2 is scalar times the identity matrix.
Recall from [10, Page 87] that the curvature tensor of DIV

n at the origin with
respect to the complex geodesic co-ordinates (z1, … , zn) takes the form

R
ijkl

(0) = −(�ij�kl + �il�jk − �ik�jl). (4.4)

It follows from the above formula that whenever i ≠ j ≠ k as well as i ≠ k we
have that

R
ijkl

(0) = 0 for any 1 ≤ l ≤ n

which, in other words, reads that

R()i, )̄j))k = 0, for i ≠ j ≠ k and i ≠ k,

where )i =
)

)Zi
and )̄i =

)

)Zi
. For i ≠ j, the equation (4.4) yields that R

ijil
= �jl

and R
jijl

= �il. In other words,

R()i, )̄j))i = )j and R()i, )̄j))̄j = −)̄i (4.5)

for 1 ≤ i ≠ j ≤ n. Now using the equation (4.3) we have, for 1 ≤ i ≠ j ≤ n,
that

K(R()j, )̄i))j, )̄i) = −K()j, R()j, )̄i))̄i),

and consequently, by (4.5) it turns out that

K(0)
ii
= K()i, )̄i) = K()j, )̄j) = K(0)

jj
.
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Since dimension of Ω = DIV
n is at least 3, for given 1 ≤ i ≠ j ≤ n, there exists

1 ≤ k ≤ n such that i ≠ k and j ≠ k. It can then be seen from the previous
calculation that R()i, )̄j))k = 0. Therefore, a similar computation as above
using the equations (4.3) and (4.5) shows that K(0)

ij
= 0 for all 1 ≤ i ≠ j ≤ n

completing the proof of (ii). �

Remark 4.2. Forn = 2, it turns out that that the domainDIV
2

is bi-holomorphic
to the unit bi-disc D2 (cf. [10, Lemma 1, Page 76]). Thus, this case has been
already considered in Section 2.
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