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Some braces of cardinality p* and related
Hopf-Galois extensions

D. Pulji¢, A. Smoktunowicz and K. Nejabati Zenouz

ABSTRACT. We describe all F,-braces of cardinality p* which are not right
nilpotent. The constructed braces are solvable and prime, and contain a non-
zero strongly nilpotent ideal. We use the constructed braces to construct ex-
amples of finitely dimensional pre-Lie algebras which are left nilpotent but
not right nilpotent. We also explain some well known results about the cor-
respondence between braces and Hopf-Galois extensions using the notion of
Hopf-Galois extensions associated to a given brace. This can be applied to the
constructed [ ,-braces.
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1. Introduction

In 2005, W. Rump introduced braces as a generalisation of Jacobson radical
rings in order to help study involutive set-theoretic solutions of the Yang-Baxter
equation. Since then braces have been studied solely for their algebraic prop-
erties and have been linked to other research areas. For example, T. Gateva-
Ivanova showed that braces are in correspondence with braided groups with an
involutive braiding operator in [10]. Braces have also been shown to be equiv-
alent to some objects in group theory such as bijective 1-cocycles and regular
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subgroups of the holomorph and they have been studied in connection to flat
manifolds, quantum integrable systems, etc. Further, skew braces were intro-
ducedin [11], as a generalisation of braces, and D. Bachiller followed to discover
that there is a connection between skew braces and Hopf-Galois theory which
was further studied in [21].

The above evidences the value of classifying braces, which is a direction re-
search has taken in recent years. Braces with cyclic additive groups were classi-
fied in [14, 15] and braces of size pqg and p?q for primes p and g were classified
in [1] and [9], respectively. All braces of cardinality p* have been described by
D. Bachiller [2] and all skew braces of the same size by K. Nejabati Zenouz [13].
In [22] L. Vendramin suggested that the problem of classification of braces of
order p" could be tackled by considering F-braces, which is the framework of
this paper.

The general aim of our paper is to develop ring theoretic themes in the main
calculations of characterising the braces as opposed to more group theoretic
themes. Our method of choice is constructing braces using generators and re-
lations. Notice that some other methods of constructing braces, for example by
linking two homomorphisms of abelian and multiplicative groups, were con-
sidered in [2, 13]. When constructing braces it is often difficult to check if the
brace compatibility condition, ao(b + ¢) + a = aob + aoc, holds, because of
the large amount of choices for a, b, c. This problem is particularly pertinent
for braces which are not right nilpotent. Indeed, several methods exist for char-
acterising all right nilpotent braces of cardinality p", such as an extension by
the socle [2], and by using the group of flows of pre-Lie algebras [17, 20]. How-
ever, these methods are not available to characterise braces which are not right
nilpotent. On the other hand, it was mentioned on page 22 of [22] that braces
with additive group Cs, for p = 2, 3, pose a special difficulty for the GAP pack-
age. In this paper we construct all braces of cardinality p* which are not right
nilpotent and whose additive group is C;‘J. We hope that similar methods could
be applied in future to help with GAP calculations for braces of cardinality p>
and p®. Problem 2.18 from [22], which asks to compute automorphisms groups
of skew left braces of size p", could also be related for the special case of n = 4.
A motivation for aforementioned investigations was mentioned in [2] “for any
brace structure that we can determine, we are also computing a solution to the
Yang-Baxter equation. Another important thing about braces is their connec-
tion with other algebraic structures. For all these reasons, a classification of all
finite braces of finite order is wanted.”

We also partially answer a question asked in [22], namely the characterisa-
tion of all skew braces of cardinality p" (Problem 2.14, [22]). Our main result is
Theorem 6.3, which describes all [ ,-braces of cardinality p* which are not right
nilpotent. Our results hold for p > 3 and braces of cardinality p* for p = 2,3
can be calculated using the GAP package. Notice that finite [ ,-braces are ex-
actly skew braces whose additive group is C}, (see the Background Information
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section below for more details). We also investigate connections of our results
with Hopf-Galois extensions.

2. Background information

Recall that a set A with binary operations + and * is a left brace if (A, +)
is an abelian group and the following version of distributivity combined with
associativity holds:

(a+b+asxb)xc=axc+bxc+ax(bxc), (D)
ax(b+c)=axb+axc
for all a, b, c € A. Moreover, (A, o) is a group, where we define
aob=a+b+a=xb.

In what follows, we will use the definition in terms of operation ‘o’ presented
in [6] (see [16] for the original definition): a set A with binary operations of
addition +, and multiplication o is a brace if (A4, +) is an abelian group, (A, o)
is a group and for every a,b,c € A

ao(b+c)+a = aob + aoc.

Circle algebras related to braces were introduced by Catino and Rizzo in [5].
A special case of circle algebras are radical circle algebras. Notice that radical
circle algebras satisfy the definition 2 from [17], and hence radical circle alge-
bras are exactly right F-braces. To obtain the corresponding brace, we change
the multiplication to the opposite multiplication in our brace, aob — boa. We
now recall definition 2 from [17], which we state for left braces, as it was origi-
nally stated for right braces.

Definition 2.1. Let F be a field. We say that a left brace A is an F-brace if its
additive group is an F-vector space such that a * (ab) = a(a = b) foralla,b € A,
a€F. Hereaxb=aob—a-—b.

Notice that finite left [F ,-braces are exactly braces whose multiplicative group
is Cp, where C), is the cyclic group of cardinality p. Indeed, if A is an [ ,-brace
then it is a vector space over [, hence pa = 0a = (p — p)a = pa — pa = 0,4
where 04 is the identity of the additive group (A, +), and pa is the multiplica-
tion of p € F, and a € A in our vector space. Note that 1a = a for 1 € F,, by
the definition of a vector space. Therefore, every element in (A, +) has order
at most p, and since (A, +) is abelian it follows that (4, +) is Cj. On the other
hand, let (A, +, o) be a brace whose additive group is CZ, then we can define
la=aforl e Fp and a € A, and it gives a well defined [Fp-brace. Observe that
the compatibility relation b * (ia) = i(b * a) holds in this brace for integers i,
because b * (ia) =b*(a+..+a)=a*b+axb+..+axb=ila*Db)
by the brace relation x * (y + z) = x = y + X * z. Since a # 0 has the additive
order p, then pa =a+a+..a =0, hence A is an [ ,-brace.

In [16], Rump introduced left nilpotent and right nilpotent braces and radical
chains A1 = A % A! and AUtD = AD « A for a left brace A, where A =
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Al = AW, Recall that a left brace A is left nilpotent if there is a number n
such that A" = 0, where inductively A! consists of sums of elements a * b with
a € A,b € AL, Aleftbrace A is right nilpotent if there is a number n such that
A®M = 0, where A® consists of sums of elements a * b witha € AV b € A,
Strongly nilpotent braces and the chain of ideals All of a brace A were defined

in [18]. Define Al'l = A and Ali+1] = Z§=1 AUl s Ali+1-71 0 A Teft brace A is

strongly nilpotent if there is a number n such that A" = 0, where AlYl consists
of sums of elements a * b with a € AUl b € Ali-/l forall 0 < j < i.
All braces and [ ,-braces considered in this paper are left braces.

3. Groups and braces

In Example 2 in [16], Rump gave an example of a right brace which is right
but not left nilpotent. By taking the opposite multiplication in this brace, we
obtain a left brace of cardinality 2* which is left but not right nilpotent. More-
over, this brace is an [F,-brace as it is a vector space over [F,. In this section, we
show that for a prime number p > 3, multiplicative groups of left [ ,-braces of
cardinality p* which are not right nilpotent are isomorphic to either group XIV
or group XV described below.

We first recall a result of David Bachiller from [3].

Theorem 3.1 (Lemma 2.5.1, [3]). Let p be a prime number, and let (B, +, o) be
a finite left brace with (B, +) isomorphic to C'. Assume m +1 < p. Then, the
order of each non-trivial element in the multiplicative group (B, o) is equal p.

Therefore, every element in the multiplicative group of any [ ,-brace of car-
dinality p* for p > 3 has order p. In [4], Burnside described all groups of
cardinality p* for prime p > 3.

Notice that if a brace A of cardinality p* has an abelian multiplicative group
(A, o) thenitisaring, and hence itis both left and right nilpotent [6]. Therefore,
a left nilpotent [ ,-brace which is left but not right nilpotent has a non-abelian
multiplicative group. Therefore, using the list from pages 100, 101 from [4], we
have the following possibilities of non-abelian groups of cardinality p* in which
each element has order p.

+ (Group XIV) Group (with multiplication o) generated by elements P,
Q, R, S which is the direct product of the group generated by Q and the
group generated by elements P,R,S. Moreover, PoR = RoP, PoS =
SoP, QoP = PoQ and RoS = SoRoP.
+ (Group XV) Group (with multiplication o) generated by elements P, Q,
R, S with P being in the centre of this group, and the centre of this group
consists of elements P!. Moreover, RoQ = QoR and QoS = SoQoP and
RoS = SoRoQ.
Observe that group XIV has centre of cardinality p? and group XV has centre
of cardinality p, where by centre we mean the set of elements which commute
under operation o with all elements in A.
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We shall let p be a prime number larger than 3. The aim of this paper is to
characterise all not right nilpotent [F ,-braces of cardinality p*. We describe our
method for groups of cardinality p” for any n, as we hope that our approach
could be perhaps applied in some other situations.

Let G be a group of order p” and gy, g, ..., g, be its generators. Let
f1,f2s -, fn be the defining relations of our group G.
We will characterise [ ,-braces A forwhich A = F,g; +F 8, +...+F,g,.
We write g; * g; = Zo<k<n a; j k8 Where a; j i € [, are unknown. As
usual a * b = aob — a — b in our brace.
We substitute these equations in the relations f, f»,..., f,, as well as
in the relations f; * g; for i, j < n and find «; j ; such that the above
equations hold. This gives necessary conditions for our brace to be well-
defined.
To check if the brace is well-defined, we proceed as follows: We consider
the linear space B = F g} +... F ,g;, for some elements g/, g/, ..., g, from
some set X. We define maps

/‘lgi(g;) = g;. + Z ai,j,kg;/c-

0<k<n

Next, we define maps 4, for g € G inductively by using the formula
Agon(b) = Ag(Ap(b)) for b € B. To construct a well defined brace, we
then use Theorem 2.1 from [8] with the cocycle f(g) = 4,(1)—1. Notice
that, to be able to apply Theorem 2.1, we need to show that f : G - B
is a bijective cocycle. In our case it is done in section 5.3.
In this way, we can construct all [ ,-braces with multiplicative group G
and generators g,g), ..., 8, and such that G = F,g] + ... + F,g; (see
Section 6 for a method).
For braces with multiplicative group XV, we can show that we can as-
sume that A = F,g; + ... + F,g,, provided that the brace is not right
nilpotent. This then implies that we constructed all not right nilpotent
braces with the multiplicative group G.
We also show that all [F ,-braces with multiplicative group XIV are right
nilpotent, and hence strongly nilpotent. Braces of cardinality p* for p =
2,3 can be calculated using the GAP package.

4. Braces whose multiplicative group is XV

Let (G, o) be the group XV, so the free group generated by elements P, Q, R, S
subject to relations

QoS = SoQoP,
QoR = RoQ,
PoS = SoP,PoQ = QoP,PoR = RoP,
RoS = SoRoQ.
PP =QP =RP =8P =1g.
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Let (A, +, o) be a brace whose multiplicative group is G. As usual we have
goh=gxh+g+h.
We assume that A is not right nilpotent. We recall a result of Rump [16].

Theorem 4.1 ([16]). If A is a brace of a cardinality p" for some prime number
p and some natural n, then A"*! = 0 where A = Aand A7 = A x AL

We get the following Corollary.

Corollary 4.2. Let A be a brace of cardinality p*. If A* # 0, then A'/A™! has
cardinality p fori =1,...,4.

Proof. Notice that if A’/A™*! has cardinality smaller than p, then A" = A'*,
since A is an abelian group under the operation +. Suppose that A* = A™*! for
some i. Then A" = A*! = A % A™! for somei < 4. Then A’ = A * Al =
A % Al = A™2_ Continuing in this way we get that Al = A* = A% = 0,
which is a contradiction, since we assumed that A" # 0. Now we find a chain
of subgroups of index at least p given by A* ¢ A*> C A?> C A which implies that
Al /A1 has cardinality p since the size of A is p*. O

Notation 4.3. Let (A, +,0) be a brace. For an element a € A we will denote
by a=! an element in A such that aca™! = 1 = 0. Similarly, by a", sometimes
written at a’°, we will denote the product of n elements a under the operation o.

Note that in any brace the identity element 0 of the additive group (A, +)
coincides with the identity element 1 of the multiplicative group (A4, o).

4.1. Some supporting lemmas. Recall that the A map in a brace (A4, +, o) is
defined for a,b € A by

A,(b)=axb+b=aob—a.
It is known that
Aaob(€) = g (Ap(0)) .
Lemma4.4. Let A beanF,-brace of cardinality p*. Thenfora,b,c € Awehave
(a=tob™loaob) xc=ax (b*c)—b * (a*c)
+axMbx(@=xc)+b=(b=x(axc)
—bx(ax(bxc)—ax(a*(=xc)).
Proof. Note we have A> = 0. Now using properties of 1 and the formula
A7 (b)=b—axb+ax*(axb)—ax(ax(axb)) fora,be A
the result follows by computation. O
Recall that in group XV we have the relation
Q = R 'oS71oRoS.

Now, Lemma 4.4 implies the following.



500 D. PULJIC, A. SMOKTUNOWICZ AND K. NEJABATI ZENOUZ

Corollary 4.5. Let p > 3 bea prime. Let (A, +, o) be a brace whose multiplicative
group is the group XV. Then

Qx Al C A2 Qe A%
Moreover,
Q*xQeQxA*C A%
Furthermore, using the relation in group XV
P =Q 'oS7!oQoS,
Lemma 4.4, and Corollary 4.5 we have the following corollary.

Corollary 4.6. Let (A, +, o) be a brace whose multiplicative group is the group
XV. Then
PxA'C A3, Pe Al
Therefore,
P+P=0,Q«P=0,P+Q=0,AxP=PxACA*" PxA>=A?%P=0.

Proposition 4.7. Let p > 3 be a prime. Let (A, +, o) be a brace which is not right
nilpotent with multiplicative group XV. Then A* # 0 and

P ¢ A%
Moreover, A% is a brace of cardinality p*> and A3 is a brace of cardinality p?, so
A’ =F,P+ A%

Proof. Observe first that P %+ a = a * P for any a € A since P is central in
(A,0). RecallP € A3, soP * A = A = P C A* Therefore, A* = 0 implies
that I = F,Pisanidealin AandI * A = A % I = 0. Notice that A/I has
cardinality p3, and it is known that this implies that A/I is right nilpotent [3].
Now A % I =1 * A = 0 implies that A is right nilpotent. This contradicts the
assumption that A is not right nilpotent.

We will now show that P ¢ A*. If P € A%, then A « P C A° = 0, and since P
is central, we have P * A = 0. Therefore, reasoning similarly to above, I = Fp,P
is an ideal in A and A/I is right nilpotent. Therefore, P ¢ A*.

Notice that, by Corollary 4.2, A* # 0 implies A'/A'*! is one dimensional
vector space for i = 1,2, 3,4. It follows that A2 is a brace of cardinality p> and
A has cardinality p?, so A’ = F,P + A*. O

Proposition 4.8. Let p > 3 be a prime. Let (A, +, o) be a brace which is not right
nilpotent with multiplicative group XV and let a € A*. Then

a*Q=P*,

forsomel < a < p.
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Proof. Consider the element e = a~!oQ loaoQ where the inverses are taken
in the group (A4, o). Notice that since Q * A’ C A2 and by Lemma 4.4 we get

e € A3, ex Al C A3,

For r € A denote

E, = e lorloeor.

Now using similar reasoning as before we get
E,€A* E, « ACA>=0.

Since E, € A* then A * E, = 0. This implies that F,E, is an ideal in A.
Therefore, if E, # 0, then A/ ,E, is a brace of cardinality p? or less, and hence
it is right nilpotent by [3]. This implies that A is right nilpotent. Since we only
consider not right nilpotent braces, this is impossible. Therefore, E, = 0. This
holds for every r € R, so it follows that e is in the centre of group (A4, o). Because
the group (A4, o) is group XV, it follows that e = P for some natural number
i. Therefore, by writing e as sums of products of Q and a and using the fact
that A * a = O since a € A* we get a * Q = P%, for some 0 < a < p (since
AP AP =A%« (FyP+ AY) =P x A% =0). O

Proposition 4.9. Let p > 3 be a prime. Let (A, +, o) be an [ ,-brace which is not
right nilpotent with multiplicative group XV. Suppose that R & A% and Q ¢ A3.
Then there exist element S € A* such that the mapping f : (A, o) = (A, o) given
by f(P) = P, f(Q) = Q, f(R) = R, f(S) = S is an automorphism of the group
(A,o0).

Proof. Observe that the mapping f : G — G of the group G = (A, o) defined
on generators of G by

f(R) =R, f(Q)=Q, f(P) =P, f(S)=SoR'eQ/oP*

is a group homomorphism for any i, j, k.

Observe that since R ¢ A2, then for some i the element S, := SoR! will
belong to A% (because by Corollary 4.6 we have that A/A? has dimension 1 as
an [F,-vector space). Notice also that since Q & A3, then for some j element
S; 1= S,0Q/ will belong to A3.

We know that P € A3 and P ¢ A*. Consequently, for some k we have that
element S, = S;0P* will be in A*. Therefore, SoR'oQ/oP* € A*. We can now
define S = SoR!oQ/oPk.

It remains to show that f is an automorphism, so the kernel of f is trivial.
This follows because the image of a non-trivial element P*oQfoR” 0S¢ will be
a non-trivial element (alternatively, it is easy to give the formula for the inverse
map ). O

4.2. The case when R € A2.

Lemma 4.10. Let p > 3 be a prime. Let (A, +,0) be an [ ,-brace whose multi-
plicative group is the group XV. IfR € A2, then A? is a commutative brace.
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Proof. Suppose that R € A% so P,Q,R C A2. Since the set {P'‘ocQ/oR!

0 < i,j,t < p} has cardinality p* and is contained in A? it follows that A®> =
{PloQ/oR! : 0 < i,j,t < p}, by Proposition 4.7. Therefore, (A2, o) is com-
mutative (since P, Q, R commute with each other). It follows that (A, +,*) isa
commutative ring by [6]. O

Lemma 4.11. Let (A, +, o) be a brace which is not right nilpotent with multi-
plicative group XV. IfR € A2, then Q * Q = 0.

Proof. Notice that from the relation

RoS = SoRoQ
we get
RxS=S+*R+S*Q+R=+Q+0Q.
therefore,
QxR#5)=Q*(S*R)+Q*(S*Q+Q*R*Q+Q*Q
Q+*R*S)=Q*(S*R)+Q Q€ A*since Q € A% (2)

We have also the group relation QoR = RoQ, therefore
(QoR) * S = (RoQ) * S,
which implies that Q * (R % S) = R * (Q * S). Now
Q*S € A3=FpP + A%,
SOR * (Q * S) € FpP * R = 0. Thus substituting in (2) we find
0=R*(Q*S)=Qx«R*xS)=Q*(S*R)+Q *Q,
since we have assumed R € A%, wehavethatQ % (S *R) =0,50Q * Q =0. [

Proposition 4.12. Let (A, +, o) be an [ ,-brace which is not right nilpotent with
multiplicative group XV. IfR € A?, then Q € A3
Proof. Suppose on the contrary that Q & A3. Recall that, by Corollaries 4.5
and 4.6 and Proposition 4.7, Q € A%, P € A3,P ¢ A*. Hence,
2 = 4
A =F,Q+F,P+ A"
In group XV we have the relation
QoS = SoQoP,
hence Q * S =S %= Q+ S = P + P, by Corollary 4.6. We also have the relation
RoS = SoRoQ, so
R«xS=S*R+S*Q+R*xQ+0Q

(notice that S % (R * Q) =S % (Q % R) € S * A* C A° = 0). Also, we have the
relation
(RoS) * S = (SoRoQ) * S,
hence,
Rx(S*S)=S*(R*S)+S+«(Q=*S)+Q =S.
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Observe that R * (S * S) C A% = A?. Recall that A? is a commutative ring by
Lemma 4.10 and A% = F,Q + F,P + A* hence
A2 A2 =A%« (F,Q+F,P+ AN CF,Q*Q+F,A?« P+ A% A*=0

(since Q * Q = 0 by Lemma 4.11 and A? is commutative). Next, by the above
we have

S*(R*S)=S*(S*R+S*Q+R=*Q+0Q).
Therefore,
S¥xQ+Q*S=—S*S*R)+S*(S*Q)+S*(QxS5)) CA*.
Recall from the beginning of this proof that Q * S =S« Q =S * P+ P, so

—P
S*QET+A4.

Therefore, Q % S € g + A%,
Recall the relation
(QoS) * S = (SoQoP) % S.
Hence, Q * (S * S) =S % (Q * S) + P % S, and by the above
Q#(S*S)CQ*xA2CA%x A2 =0,

and S % (Q * S) € S = (g + AY = S%P. Therefore, ZS * P = 0. Hence

P A=A xP =0s0F,Pisan ideal in A. Consequently, A/F,P is right
nilpotent, so A is right nilpotent, a contradiction. O

4.3. The case when Q € A3.

Theorem 4.13. Let p > 3 be a prime number. Let A be an [ ,-brace whose mul-
tiplicative group (A, o) is the group XV. Suppose that Q € A3. Then A is a right
nilpotent brace.

Proof. Notice that the set of all products P!oQ/ has cardinality p?, and we know
from Proposition 4.7 that A> = A * (A * A) has cardinality p>. Moreover,
PioQ/ € A3 (where P/ = Po---oP, where P appears j times in this product).
So A3 = {P'oQ/ : i, j < p}. Since A* C A3, it follows that there are integers i, j
and 0 # E € A* such that
E = PloQ/.

We will now consider two cases.

Case 1. Either S € A% or both S,R ¢ A2. Because A/A? has dimension 1.
Then there is 0 < j < p such that

SoR/ € A2.

Denote Z = SoR/.
By the group relations, we have

QoZ = ZoQoP.
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Recall that Q «= P = 0, so
Q«xZ=Z%Q+Z%P+P.

NoticeQ*Z€Q* A>’CA*andZ+«QCZ+«A3CA* Z«PCZxA3C A%,
SO

P e A%,

But P € A* implies that A is nilpotent, as shown previously.
Case 2. Suppose S € A,S ¢ A>and R € A2
Observe that the group relation

QoS = SoQoP
implies
QxS=S*Q+S*P+P,

since Q * P = 0 by Corollary 4.6. Therefore,
S+(Q*8)=S*(S*Q)+S*(S*P)+S*P=S*P
since
S%(S*Q)CS*(S*A3)CA=0.
Observe now that we also have a relation
(QoS) % S = (SoQoP) % S,

which implies Q * (S * S) = S * (Q * S) + P * S. By the above, Q * (S *
S)=S*(Q=*S)+P xS =25 xP(sinceP « S =38 % P). Notice that if
S %P =0thenP * A = A % P = 0 and similarly as in previous section it
implies that A is right nilpotent. If S * P # 0, then Q * (S * S) # 0. Notice that
A? =F,R+F,Q+F,P + A* Therefore,

Q*(S*S)CQ+A*=F,Q*«R+F,Q*Q+F,Q*P=F,Q=R,

since Q € A3. It follows that Q * R # 0.

Note that because RoQ = QoR we get Q * R = R % Q # 0. Observe that by
the above there are i, j such that Q'oP/ = E € A*, where i is a natural number
not divisible by p, since P ¢ A* as P € A* would imply that A is a right
nilpotent brace (for example by the first Lemma in Section 8). Observe that it
follows that E * R = (Q'oP/) + R = i(Q * R) # 0 (since P « R C P % A> = 0).
On the other hand, since R,P,Q € A? and A? has cardinality p> then A? is
commutative. Therefore, E % A% = A%? «+ E C A? + A* C A% = 0, whichisa
contradiction. Notice that R € A%2so E * A2 = 0 gives E * R = 0. However, we
have shown that E * R is not zero above. This gives a contradiction. O
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4.4. The case when S € A*.

Proposition 4.14. Let p > 3 be a prime number. Let A be an [ ,-brace whose
multiplicative group (A, o) is the group XV. Then (A, o) is generated by elements
P,Q, R, S which satisfy relations from group XV. Moreover, the following relations
hold fora € {P,Q, R, S}.

@
QoS = SoQoP, (QoS) * a = (SoQoP) x a
@)
QoR = RoQ, (QoR) * a = (RoQ) * a
(3)

PoS = SoP, PoQ = QoP, PoR = RoP,
(PoS) * a = (SoP) * a =0, (PoQ) * a = (QoP) * a =0, (PoR) * a = (RoP) * a
4)
RoS = SoRoQ, (RoS) * a = (SoRoQ) * a
(5)
PP=QP=RP=8SP=0,(PP)*xa=(QP)*xa=RP)xa=(SP)xa=0

Proof. It follows from the fact that group XV is the multiplicative group (A, o)
of our brace. Recall that 0 is the identity element of the additive group (A, +)
and also the identity element of the multiplicative group (A, o) (these identity
elements coincide in every brace). (|

Proposition 4.15. Let p > 3 be a prime number. Let (A, +,0) be an [ ,-brace
which is not right nilpotent with multiplicative group XV. Then (A, o) is generated
by elements P, Q, R, S which satisfy relations from group XV. In addition, we have
the following.
(1) S € A*, P € A3, P ¢ A* Q € A% Moreover, Q » Al C A2 P % Al C
Ai+3.
(2) Q¢ A3 RE A R ¢ A2
B3 Q*P=0,P*P=0S%P=0RxP =ySforsomey € F, with
y #0.
4 QxS=0P+x«S=0S*S=0,R+xS=0.
B)Q*xQ=aS,P+*Q =08 *%*Q=yP,R % Q = z,P + zS for some
a,y,2,2; € [Fp.
(6) Q* R=2zP+2zS,P*R=yS forsomez,z,,y € F,withy #0.
(7) S*R=jQ+i'"P+k'S,R R = jQ+iP+kS forsome j,j,i,i' k., k' €

Fp-
®)y=-1L
9) a=-y.

(10) j' = -1.

(11) zy =0and j = 0.
12) 2z=y,i' =1L,k' = -z

Proof. (1) It follows from Corollary 4.5, Proposition 4.7, Proposition 4.9.
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(2) It follows from Proposition 4.12 and Theorem 4.13.

(3) It follows from Corollary 4.5 that Q * P,P % P,S = P € A> = 0 (since
S % P =P % Sas SoP = PoS). Moreover, R * P € A* = F,S, which
gives the conclusion.

(4) It follows from the fact that S € A*so A = S = 0.

(5) By Corollary 4.5, we have that P + Q € A’ = 0,Q * Q € A* = F,S.
Similarly, since Q € A%, thenR % Q € A* = F,P + F,S, by item 1
above. The fact that S « Q = yP follows from Proposition 4.8.

(6) Since P is central in the group XV it follows that P « R =R % P = S
by item 3 above. Similarly, Q * R = R * Q since QoR = RoQ, and the
result follows from item 5 above.

(7) Notice that S % R,R * R € A> = F,Q + F,P + F,S by item 1.

(8) Consider the relation

SoQoP = QoS.

It can be rewrittenas S * Q+ P+ S« P=Q *S=0sinceQ * S C A *
A* C A® = 0. This givesy = —1.
(9) Consider the relation

(RoS) # Q = (SoRoQ) * Q.

WegetQ«Q+S % (R*Q)=R=x*(S=*Q),henceax = —y.
(10) Consider the relation (SoQoP) * R = (QoS) * R which is an implica-
tion of one of the group relations in group XV. We can rewrite it as

S*x(Q*R)+PxR=0Q*(S=*R).

This implies —y = —aj’. We know that y # 0 since A is not right
nilpotent, and « = —y, hence j' = —1.

(11) We will first show that j = —z;. Consider the group relation QoR
RoQ, it implies (QoR) * R = (RoQ) * R. This implies Q * (R % R) =
R % (Q % R), hence ja = z;y. Sincey # 0 and y = —a we get z; = —}.

We will now to show that z; = 0. Consider the relation (SoRoQ) =
R = (RoS) * R. This implies S * (R * R)+ Q * R+ R % (Q * R) =R *
(S * R)since S * (Q * R) C A> = 0. We can consider the component
corresponding to P in this equation. This implies —j + z; = j'z;, and
since j' = —1 we get j = 2z,. Since we previously showed that z; = —j
it follows that z; = j = 0.

(12) Consider the equation S #* (R *R)+Q * R+ R % (Q * R) =R * (S * R)
from the previous sub-point. Comparing the component at S in this
equation we get z = zj’ +i’y, hence 2z = i'y.

We will now show that i’ = 1 hence 2z = y. We will now consider
the relation

SoRoQ@Q = RoS.
This implies
S*R+S*Q+R*xQ+Q=0
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sinceS * R*Q)CS*A>=0andR*SCA=x*x A*=A4>=0.
Comparing the component at P in this equation we get i’ —1 = 0, hence
i’ =1, asrequired. Comparing component at S we get k' + z = 0 hence
k' = —z.

O

Remark 4.16. A general comment on Proposition 4.15 to explain the approach.
In first subpoint we show that

A=F,P+F,R+F,S+F,Q
and then so we can write each product, for example Q * Q asiP + jR + kS + 1Q

forsomei, j,k,lin . Nextwe substitute it to the equations, which need to hold
in the brace, listed in Theorem 4.13, and then list the consequences.

5. The braces are well-defined

5.1. The map A. We now consider how our operation * looks in our brace.
In the previous section we showed that if (A, +, o) is brace which is not right
nilpotent whose group (A4, o) is the group XV, then

Px«xP=0,P+xQ=0,P*xR=yS,PxS=0,
Q*P=0,Q*xQ=-yS,Q*R=271yS, Q%S =0,
R*P=yS,R+Q=2"'yS,R*R=iP+kS,R*S =0,
S*xP=0,S*Q=—-P,S*R=—-Q+P—-2"19S, S*S=0.

where y,i,k € [Fp with y # 0.

Therefore, we get the formulas for the A maps in A, where A,(b) = a * b+b.
Ap(P) =P, 2p(Q) = Q, Ap(R) =R+ yS, Ap(S) = S,
Ag(P) = P+ yS, Ax(Q) = Q + 27'yS, Ax(R) =R+ iP + kS, 1x(S) = S,
As(P) =P, 4s(Q)=Q—P, As(R) =R—Q +P —27yS, 15(S) = S.

Let (B’, +) be the abelian group generated by elements Q’, P/, R’, S’, 1 where
every element has order p, so pQ’ = pQ’ = pR’ = pS’ = p1 = 0. Therefore,

B' =F,P' +F,Q +F,R +F,S" +Fpl,

where 1 is some element of B.

Let (B, +) be the subgroup of (B’, +) generated by elements P/, Q",R’, S’. De-
fine the homomorphisms Ap, 1q, A, As from (B’, +) to (B’, 4+) by using the table
for 2 maps in B above, and by setting 14,(1) = g +1forg e {P,Q,R,S}.

So we have the following relations which depend on parameters i, k,y € [Fl[J
with y # 0 given below.

Ap(P") =P, 2p(Q") =Q", 2p(R") =R + yS',2p(S") = &',
Ap(1) =P +1,
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AP =P, 20(Q") = Q' —yS", 2oR") =271yS" + R, 2o(S") = 5,
o) =Q +1,

RPN =P +yS' AR(Q) =Q +27yS"  Az(R') = iP' + kS’ + R/,
(S =S, ;1) =R +1,

/’i’S(P,) = P,’AS(Q’) = Q, _Pla;tS(R,) = R, - Ql + P, - 2_1yS,’
As(8H) =8",241)=5"+1.

Theorem 5.1. Let p > 3 be a prime number and i, k,y € IFP with y # 0.
Let (B',+) and (B, +) be defined as above. Then both (B’,+) and (B,+) are
linear spaces over the field F,. Let linear maps A, : (B',+) — (B',+) for
g € {R,Q, P, S} be defined by lines 1-4 above. Then the following relations hold
foranya € B'.

@
Ao(4s(a)) = A5(Ao(1p())),
()
AQ(AR(a)) = /1R(/1Q(a)),
(3)

Ap(As(a)) = As(Ap(a)), AP(/IQ(a)) = /IQ(AP(G))’ Ap(Ag(a)) = Ag(4p(a)),

4)
Ar(As(a)) = A5(Ag(Ao(a))),
©)
Aﬁ(a) = AIQ’(a) = Ag(a) = /Ig(a) =a.

Therefore, the maps 1, . (B',+) — (B, +) defined inductively using the for-
mula

Agog’(a) = Ag(/lg’(a))
forg,g’ € (G,0)and a € (B',+) are well defined automorphisms of B'. More-
over, maps A, : B —> B with the domain restricted to B are automorphisms of
(B, +).

Proof. To check these properties we will present the 4 maps in matrix form,
and the above properties can be checked by multiplying the matrices M,. Write
the matrices of the linear maps /1g forg € {R,Q,P,S}in the basee; = 1,e, =
R',e; = Q',e, = P',e5 = S’ where e; denotes the vector with all entries zero
except of the i-th entry which is 1. Therefore, we have matrices M; of dimension
5 such that A,(e;) = M,e; for each g € {R,Q,P,S} where e; = 1,e; = R',e5 =
Q,ey=P,es=5".
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‘We have the matrices

(1 0 0 00 1 0 0 00
01000 0 1 0 00
Mp=|0 0 1 0 0 Mgo=[1 0 1 00
10010 0 0 0 10
[0y 0 01 0 27y —y 0 1
(1 0 0 00 1 0 0 00
11 0 00 0o 1 0 00
Mg=|0 0 1 0 0 Mg=|0 -1 1 00
0i 0 10 0 1 -110
0 k 27y y 1 1 27y 0 0 1]

observe now that, by direct calculation, we have
MQMS == MSMQMP’ MQMR == MRMQ’
MPMS = MSMP’ MPMQ :MQMP’ MPMR = MRMP’
MRMS =M5MRMQ,
P _ aAqP _ aAqP _ aAgP _
M, _MQ_MR =M =1d,

where Id is the identity matrix. This proves the first part of our theorem.
We can now define maps 4, : (B’,+) — (B’,+) inductively, using the
formula

Agog/(a) = Ag(lg’(a))a

for g,g’ € (G,0) and a € (B’,+). Observe that the maps 4, are group ho-
momorphisms of (B’, +) so they are linear maps over the field F, so 1,(a +
b) = 44(b) + A4(b). This is because they are defined as compositions of maps
Ap, g, Ag, As which are homomorphisms of (B',+), so

Ar(a + b) = Ag(a) + Ax(b), As(a + b) = Ag(a) + As(b).

Notice that maps 4p,4q, Az, 4s are linear maps and can be represented by
matrices, therefore their compositions are also linear maps. Consequently, for
any g,h,je€G

Agonyoj = Agonhj = (AgAp)j = Ag(ApA}) = Ago(hoj)-

We will now show that maps 1, are automorphisms of B’. Notice that the
images of maps 4p, 1o, Ag, As are subsets of (B, +), and that the kernels of these
maps are zero. Therefore, the maps 4p, Ag» Ar, As with the domain restricted to
(B, +) asmaps from (B, +) to (B, +) are automorphisms of (B, +). It follows that
maps A, with the domain restricted to (B, +) for g € G are also automorphisms
of (B, +) because they are compositions of maps Ap, g, Ag, As. O
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5.2. The map f. Let B, B’ and maps 4, : (B’,+) — (B', +) be defined as in
Theorem 5.1 for some i, k,y € Fp with y # 0and p > 3. We will consider
(B, +) as a set B. Define the map f : G — B by

f(@) =2,1) -1,
for g € (G, o).

Theorem 5.2. Let B,B’ and maps A, : (B',+) — (B',+) be defined as in
Theorem 5.1 for some i,k,y € F, withy # 0and p > 3. Then the map f :
G — B defined as

f@)=2,1)-1

for g € (G, o) is a bijective function from G to B.
Proof. We will now show that f is a bijective function. Observe that groups G
and (B, +) have the same cardinality, so to show that f is a bijective function it
suffices to show that f is injective.

Suppose on the contrary that f is not bijective. Then we would have f(g) =
f(h) for some g, h € G. This implies 4,(1) = 1,(1). Let g’ = h7logso Ag(1) =
1. Every element of G can be written as a product of elements of some powers of

elements P, Q, R, S. Therefore, there are some integers 0 < «, 8,7,& < p such
that

g’ = R”oQFoP%0SS.

Notice that it follows from Theorem 5.1 (using the fact that A,,,(c) = 1,4,(c)
several times) that Agy,gsopaos:(1)—1 = yR'+C where C € F,Q'+F,P'+F,S’,
hence

lg(1)—1=yR +C.
Notice that 15/(1) = 1 implies y = 0, so
g = QPoP%oSt.

Notice that it follows from Theorem 5.1 (using the fact that A,,,(c) = 1,4,(c)
several times) that Agsopaos:(1) — 1 = fQ" + D where D € F P’ + F,S’, hence

Ag(1)—1=pQ" +D.
Notice that 1,/(1) = 1 implies 8 = 0, so
g = P%oS¢.

Observe now that by Theorem 5.1 we get Ay/(1) = Apaogs(1) = aP’ + &S +1.
Therefore, 15/(1) = 1 impliesA = § = 0,s0g' = goh~! is the identity element
in G/, and so g = h as required. O
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5.3. Bijective cocycles and braces.

Definition 5.3. Let (G, o) be a group, (H, +) be an abelian group, p : G —
Aut(H) be an action and f : G —> H be such that for g, h € G we have
f(goh) = f(g) + py(f(h)).

Then f is a 1-cocycle with respect to p,.

The following result is known (cf. Jespers, Cedd, Okninski, Rio [8, Theorem

2]).
Theorem 5.4 (Theorem 2, [8]). Let (G, o) be a group, (H, +) be an abelian group,
Dg be an automorphism of H for each gin G, and f : G — H be a bijective 1-
cocycle with respect to p. Define an operation on G for g, h € G by
g+h=f1(f@+f(h).
Then (G, o, +) is a brace.
Theorem 5.5. Let p > 3 be a prime number. Let (G, o) be the group XV, and
let automorphisms of (B, +), given by A, . (B,+) — (B, +), be defined as in
Theorem 5.1 for fixed y, i, k. Then the group (G, o) with the addition defined as
g+h=f"(f®+f(h),
where f is defined as in Theorem 5.2, is a brace.
Proof. By Theorem 5.4, it suffices to show that the map f is a bijective cocycle
with respect to the map
Dg = Ag.
By Theorem 5.2, f is a bijective function. To show that f is a cocycle, we need
to show that

f(goh) = f(g) + py(f(h)).
By using the formula
f@) =2,1)-1,
the left hand side becomes f(goh) = Ago,(1) — 1 and the right hand side be-
comes
F(@) + po(f(1) = (2,(1) = 1) + A5 (45(1) — 1) = Agop(1) — 1

since A405(1) = 44(45(1)) by the definition of 4, and A,(x +y) = A4(x) + 1,(y)
since A is a automorphism of (B’, +) by Theorem 5.1. O

6. All braces

In this section, we show that in Theorem 5.5 we constructed all the [Fp-braces
which are not right nilpotent with multiplicative group XV.

We will refer to the Multiplicative Table. The following set of rules will be
called the Multiplicative Table.

P+xP=0,PxQ=0,P*«xR=yS,P+S=0,
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Q*xP=0,Q*xQ=—-yS,Q*R=2719S, Q%S =0,
R+«P=yS,R+*Q=2"'yS, R« R=iP+kS, R+ S =0,
S*xP=0,S*Q=—-P,S*R=—-Q+P—-2"19S, S*S=0.

Notice, that using the formulas 1,(b) = a * b + b we can write the Multi-
plicative Table in the following form.

Ap(P) = P, p(Q) = Q, 4p(R) = R +yS, 1p(S) = S,
Ag(P) =P, 2o(Q) =Q —yS, 1o(R) =R+ 271ys, 1o(S) =S,
Ag(P) =P +yS, 2x(Q) = Q +27'yS, Ax(R) =R+ iP + kS, Ax(S) = S,
As(P)=P, 25(Q)=Q—P, A5(R) =R—Q + P —271yS, A5(S) = S.

We can obtain the Multiplicative Table by putting a « b = 1,(b) — b.
Theorem 6.1. Let p > 3 be a prime number. Let (A, +, o) be the brace con-

structed in Theorem 5.5 for fixed i, k,y € Fp withy # 0. Then (A, +, o) satisfies
the Multiplicative Table above for the same i, k, y.

Proof. Let f(g) = A4(1) — 1 be defined as in Theorem 5.5. Recall that maps
Ag : B’ — B’ were defined in Theorem 5.1. By Theorem 5.1 functions A,
satisfy relations from above Theorem 5.1. Each of them is of the form Ag(h’ )=
R + a,Q" + azP’ + a,S’, for some g € {P,Q,R,S}, W' € {P',Q',R',S’} and
ay, Ay, a3, a4 € Fp. Let h € G be such that 4,(1) — 1 = h’. Notice, that our
relation can be written as

(Agon(1) — 1) = (Ag(1) = 1) = 2,(2,(1) = 1)
= a;(Ar(1) = 1) + ax(1o(1) — 1) + a3(1p(1) — 1) + a4(A5(1) — 1).
Since 4,(1) — 1 = f(g), we can write it as

f(goh) — f(g) = a1 f(R) + 2, f(Q) + a3 f(P) + as f(S).

So we know that function f : G — B used in Theorem 5.5 satisfies the above
relation. Because f : G — B is a bijective function, we can apply the map f
to both sides of this relation to obtain an equivalent relation

FH(f(goh) = f(@) = fH (a1 f(R) + ar f(Q) + a3 f(P) + as f(S)) .
Using the formula for addition in brace (A, +, o) from Theorem 5.5, we find
that the relation

goh — g =a;R+ a,Q + o3P + a,S

holds in brace A. In this way, we can obtain all relations from the Multiplicative
Table. (]

Theorem 6.2. Let P,Q,R, S be elements of some set 8. Let (A, +,0) be an [ ,-
brace such that A = F,R + F,Q + F,P + [F,S as a linear F,-space. Suppose
that elements P, Q, R, S satisfy the relations from the Multiplicative Table for fixed
i,k,y € F,withy # 0and p > 3. Then the following holds.
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(1) P,Q,R,S satisfy the defining relations of the group XV. So the following
holds.

QoS = SoQoP, QoR = RoQ, PoS = SoP, PoQQ = QoP, PoR = RoP,

RoS = SoRoQ, PP = QP =RP =SP =0.

(2) Every element from F,R+F,Q+F,P +[,S can be written in an unique
way as R*oQFoPY oS¢ for some a, 8,7, & < p.

(3) The multiplication of any two elements from F,R + F,Q + F,P + F,S is
uniquely determined. Therefore, A is uniquely determined by the Multi-
plicative Table and by elements i, k,y.

(4) The group (A, o) is generated as a group by elements P,Q, R, S and it sat-
isfies the relations of group XV, and it has p* elements, hence it is group
XV.

(5) The brace (A, +, o) is not right nilpotent.

Proof. (1) It follows from Theorem 5.1, since maps Ap, 4, Ag, 45 defined
as Ag(h) = goh — g in brace A have an analogous matrix form as maps
Ap, g, Ag, As from B’ to B’ in Theorem 5.1. It also follows by a direct
calculation.

(2) Leta = aR + BQ + yP + &S for some «,B,y,§ € F,. Notice that
Q,P,S € A?, by the Multiplicative Table. Consider the element a; =
RP=%oq. It follows that a; = —aR + a + ¢ for ¢ € A? (by the formula
(dob) *xa=d+a+d = (b=*a)+ b x aapplied several times). Notice
that since P,Q,S € A? it follows that R ¢ A? as otherwise A = A2,
hence A = A2 = A x A2 = A3, 50 A = A> = 0. Consequently,
A? =F,Q + F,P +F,S. Therefore,

a, =p'Q+y'P+¢&S,
for some g',y’, &’ € F,,.

Consider the element a, = QP~# oq,. It follows that a, € —'Q +
a; + A3+ A % a; C A3 (since P,S € A3and A = A2 = A3%). Notice
that P,S € A3, hence Q ¢ A3 as otherwise A> = A3 = A* = A% = 0.
Therefore, a, = y"P + £”S for some "', £” € [F,. By the Multiplicative
TableP * P=P*S=S*P=Sx*%S =0,s0a, =P7’"oS§",and
consequently a = R*0QF oP”" 085" . This concludes the proof.

(3) Let a,b € F,. By item 2 above we can write a = R%QFoP oS¢ for
some «, 3,7,& < p. Then

axb+b=2,(b) = Ara(Aos(Apy (A5t (D)),

and it can be calculated using the Multiplicative Table to give a concrete
element from F,R+F,Q+F,P+F,S. This determines uniquely a brace
(A, +,0).

(4) Consider the subgroup A’ of (A, o) generated by elements R, Q, P, S.
Then by item 2 above, we have that A’ has cardinality p*, so A’ = (4, o).
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By item 1 above, A’ satisfies all the relations of group XV, which con-
cludes the proof (since A’ has the same cardinality as group XV).

(5) Observe that by Multiplicative Table we obtain (S * Q) * ( _71R) =S, s0

A cannot be right nilpotent.
O

Theorem 6.3. Let p > 3 be a prime number. Let (A,+,0) an [Fp—brace which is
not right nilpotent with multiplicative group (A, o) being the group XV. Then the
[ p-brace A is isomorphic to some brace constructed in Theorem 5.5.

Proof. Let (4, +,0) be an F,-brace which is not right nilpotent with multi-
plicative group (A, o) being the group XV. Then (A, +, o) satisfies the relations
from the Multiplicative Table by Proposition 4.15 for some i, k,y € Fp,y # 0.
Let B be the brace constructed in Theorem 5.5 for the same i, k,y. Then B
satisfies the same Multiplicative Table as A, by Theorem 6.1. By Theorem 6.2,
item 3, braces which satisfy the same Multiplicative Table coincide, so A and B
are isomorphic braces. O

7. Some properties of the constructed braces

Recall that a brace is called prime if product of any two non-zero ideals in
this brace is non-zero.

Proposition 7.1. Let p > 3 be a prime number. Let A be a brace constructed in
Theorem 5.5 for fixed y, i,k € [Fp with 'y # 0. Then A is a prime brace. Moreover,
A contains a non-zero strongly nilpotent (i.e., both right and left nilpotent) ideal
A%

Proof. A non-zero ideal I in A contains a non-zero element ¢ = o;R + a,Q +
asP + a,S for some oy, ay, a3, 004 € Fp. If c ¢ A%, then when multiplying ¢
from the left several times by either R or Q we obtain some non-zero element
in A%, hence I contains S € A*. Since every ideal containing S contains Q, P
we get that A2 C I (since S * Q = —P, S * R = —Q + P — 27'yS). Notice that
A? x A% # 0since Q * Q # 0, s0 A is a prime brace, as every product of non-
zero ideals in A is non-zero. Moreover, (A% = A%) * A2 = A% % (A% x A®) =0,
so A? is a strongly nilpotent ideal in A. O

Example 7.2. Consider a vector space V spanned by the elements P,Q, R, S over
the field F , with p elements, with multiplication that satisfies

(a+b)c=ac+bcanda(b+c)=ab+ ac
foralla,b,cinV. Furthermore, the following relations hold in V.
PS=SS=QS=RS=PP=SP=QP=PQ=RQ=0QR=0,
RR = jP + kS, QQ = —yS, RP = yS, SQ = —P, PR = yS, SR = —Q,

where j, k, and non-zero y are arbitrary elements from [ ,. Now, itis easily checked
that this defines a pre-Lie algebra by verifying that

(AB)C — A(BC) = (BA)C — B(AC)
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is satisfied for any A,B,C € {P,Q,R,S}. Hence V is an example of a pre-Lie
algebra which is left nilpotent and not right nilpotent.

The relations in V were obtained using the formula found in [20] for obtain-
ing a pre-Lie algebra from a strongly nilpotent [ ,-brace to the brace defined in
Theorem 5.5, and some relations were guessed as to avoid large calculations.

8. Braces whose multiplicative group is XIV

In this section, we will show that all I ,-braces whose multiplicative group is
XIV are right nilpotent and strongly nilpotent provided that p is a prime num-
ber larger than 3. Recall that I, is the field of cardinality p.

Lemma 8.1. Let A be an [ ,-brace of cardinality p*, where p > 3 is a prime
number. Let i be such that A"™*' = 0 and suppose there is 0 # ¢ € Al such that
coa = aoc forall a € A. Then A is a right nilpotent brace.

Proof. Observe thatc * ¢ = 0 hence ¢/ = jc for j = 1,2,..., p. Denote Fpe =
{c : j=1,2,..,p}byI. Then I is an ideal in brace A,and I * A = A % [ =0,
sincel ={c/ : j =1,2,..., p}and ¢/ is a central element in A for every j (recall
that ¢/ = co---oc). Notice that A/I has cardinality not exceeding p3, hence
A/I is a right nilpotent brace by [2]. Now A * I = 0 yields that A is a right
nilpotent brace. (]

Lemma 8.2. Let A be an [ ,-brace of cardinality p*, where p > 3 is a prime
number. Suppose that the multiplicative group (A, o) is the group XIV. Denote by
W = {PoQ’ : i,j = 1,2,..., p}. Suppose that A is not a right nilpotent brace.
Then the following holds.
(1) A3 #£0.
(2) Suppose that Q € A% If A* = 0 and A3 # 0, then the cardinality of A? is
p? and A =W + A3. Moreover A% x A% = 0.
(3) Suppose that Q € A% If A> = 0 and A* # 0, then the cardinality of A? is
p’and A2 = W + A*. Moreover, A* x A% = 0.

Proof. (1) follows from Lemma 8.1, since P = R~ 'oS~!oRoS € A? by
Lemma 4.4 and P is a central element in (A, o).
(2) Notice that since Q € A2, then W C A% By Lemma 8.1, we have
W n A3 = 0, since W consists of central elements. Therefore, W +
A3, A30W C A2, and since A2 # A and W + A has cardinality p3, it
follows that A% has cardinality p* and A2 = W + A3 = A%oW.
Observe now that

A A=A x(W+A)=A3+«W+A+xA3=W=xA3CA*=0.

(3) Notice that since Q € A2, then W C A% By Lemma 8.1, we have
W n A* = 0, since W consists of central elements. Therefore, W +
A* A%W C A2, and since A2 # A and W + A* has cardinality p3, it
follows that A% has cardinality p3 and A2 = W + A% = A%W.
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Observe now that
At A2 =A* s (WH+AH =A* s W+ A« A =W x A* CAS =0.
O

Lemma 8.3. Let A be an F,-brace of cardinality p*, where p > 3 is a prime
number. Suppose that the multiplicative group (A, o) is the group XIV. Suppose
that A is not a right nilpotent brace. Suppose that Q € A?> and R ¢ A?. Then
P+R=Rx*xP=0.

Proof. Notice that A/A? has cardinality p, by Lemma 8.2. Therefore, SoR! €
A? for some i, since R ¢ A2. Let W be as in Lemma 8.2. By Lemma 8.2, we have
SoR! = cow for some w € W and some ¢ € A’ where A1 = 0. Therefore,
S’ = SoRiow™! € A! (where A™! = 0). Recall that w is a central element, so
RoS’ = S’oRoP. This implies that

0=S"*R+S" *P+S" *(R*P)+R*P+P.

Notice that S’ * A> = 0by Lemma 8.2,50S’ * R+ R * P+ P = 0.

Observe now that (RoS’) * R = (S’oRoP) * R. Therefore, R % (S’ * R) =
R % (P * R)+ P % R, since S’ + A> = 0. Substituting S’ * R = —(R * P + P)
in the left hand side we getR % (R % P) + R % P = 0, so Ax(R * P) = 0, hence
R % P =0, as the map 4,(b) = a * b + b is an invertible map in any brace. [

Lemma 8.4. Let A be an [ ,-brace of cardinality p*, where p > 3 is a prime
number. Suppose that the multiplicative group (A, o) is the group XIV. Suppose
that A is not right nilpotent. Suppose that Q € A> andR € A%. Then S ¢ A% and
Px«S=S+*P=0.

Proof. Notice that S & A? as otherwise (4, o) would be generated by elements
from A2 implying A = A2, which is impossible as then

A=A2=A%xA’=A3=A*=4=0.

Notice that R € A? implies that R = aow for some a € Al,w € W, where
Al = 0, by Lemma 8.2. Therefore, R’ = Row™! € A, Notice that since w is
central in the group (A4, o), we get R"oS = SoR’oP. Consequently, R’ * S = S x
P+PsinceA*R =0andR' % P C R’ % A> = 0 by Lemma 8.2.

Observe now that (R’oS) * S = (SoR’oP) % S, hence

Rx(S*S)=S*R xS)+S * (R % (P % S))+S * (P x S)+R" % (P x S)+P * S.
Recall that R’ * A2 = 0and A * R’ = 0 by Lemma 8.2; consequently,
0=S*R *S)+P*S+Sx*(P=*09).
Substituting R" « S = S * P + P in the right hand side we get
0=S*(S*P+P)+PxS+S*(P=*S),
therefore 245(S * P) = 0,50 S * P = 0. (|
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Proposition 8.5. Let A be an [ ,-brace of cardinality p*, where p > 3 is a prime
number. Suppose that the multiplicative group (A, o) is the group XIV. Suppose
that A is not a right nilpotent brace. Then Q ¢ A>.

Proof. Suppose on the contrary that Q € A% IfR ¢ A% thenP %= R = 0
by Lemma 8.3. Observe that A = F,R + A%, since A/A? has cardinality p, by
Lemma 8.2. Observe now that for x,y € A we have (Pox) % y = (xoP) * y,
and by Lemma 4.4 we get

Px(xxy) = x*(P*y)gx*(P*([FpR+A2))
= x*P%x(A)Cx*xA*CA>=0

(since P = R7'oS~'oRoS is in group XIV). Consequently, P * A% = 0, and
since P * R = 0, then P * A = 0. Since P is a central element, we get that
I = F,Pisanideal in A. By [2], every brace of cardinality not exceeding plis
right nilpotent, hence A/I is right nilpotent. Now A % P = 0 yields that A is
right nilpotent.

Suppose now that R € A2. Then by Lemma 8.4 we have that S ¢ A2, S *
P =P % S = 0. Observe that A = F,S + A?, since A/A? has cardinality p, by
Lemma 8.2. Observe now that for x,y € A we have (Pox) * y = (xoP) * y,
and by Lemma 4.4 we get

Px(xxy) = x*(P*y)gx*(P*([FpS+A2))
= x%P%x(A>)Cx*xA*CA =0

(since P = R7'oS~'oRoS is in group XIV). Consequently, P * A% = 0, and
since P * S = 0,then P + A = 0. Since P is a central element, we get that
I = F,Pis anideal in A. By [2] every brace of cardinality not exceeding p?is
right nilpotent, hence A * R is right nilpotent. Now A % P = 0 yields that A is
right nilpotent. ]

Proposition 8.6. Let A be an [ ,-brace of cardinality p*, where p > 3 is a prime
number. Suppose that the multiplicative group (A, o) is the group XIV. Suppose
that Q & A2 Then A is a right nilpotent brace.

Proof. Notice that P € A% by Lemma 4.4, since P = R~'oS~!oRoS in the group
XIV. By Lemma 8.2 we have that A/A? has cardinality p, so SoQ' € A%,RoQ’ €
A2, for some i, j, since Q & A%. We have now the following cases.

Casel. P ¢ A3, A% # 0. Notice that this implies that A%/A3 has cardinality
p, and so there are k, I such that S’ = SoQ!oP* € A3 and R’ = RoQJ/oP! € A3,
Notice that since Q, P are central elements we get P = R"~1oS’~1oR’0S’, hence
by Lemma 4.4 we have P € A*. By Lemma 8.1 we find that A is right nilpotent.

Case 2. P ¢ A3, A* = 0. Denote by S’ = SoQ! € A%, R’ = RoQ/ €
A2, We know that R’,S” € A2 Notice that since Q is central we get P =
R'71oS’~1oR’0S’, hence by Lemma 4.4 we have P € A3. By Lemma 8.1 we
find that A is right nilpotent.



518 D. PULJIC, A. SMOKTUNOWICZ AND K. NEJABATI ZENOUZ

Case 3. P € A3. Notice that A* # 0 and P ¢ A* by Lemma 8.2 since P is
central. By Corollary 4.2 we have A’/A™*! has cardinality p for i = 1,2,3,4.
Therefore, A> = F,P + A*and A = F,Q + A°.

Suppose that there are R’, S’ such that R’oS’ = S’oR’oP, and either S’ €
A%, R € A*or S’ € A*and R’ € A%. We will show that P = Q = 0.

Suppose first that S’ € A* and R’ € A2. Observe that

(R'0S") * Q = (S"oR’oP) % Q,
hence P * Q = 0, because S’ * Q =Q xS’ € A> =0,

A%*(P+Q)CA*(QxP)CAS=0,

xR Q) =8 %Q*R)CS xA>=5"x(FpyP+A*")=Fy(S = P)=0,

since S’ * P=P % S" C A>=0.
Suppose now that S’ € A% and R’ € A* Observe that (R'oS’) * Q =
(S’oR’oP) * Q,hence P * Q =0sinceR' * Q =Q * R’ € A°> =0,

AsP*xQ CA*x(Q*P)CAxA*CA =0,

R#(S*Q=R*Q=S)CR xA>=R *(F,P+A") =F,(R' «P) =0,

sinceR' * P=P+ R C A>=0.

We will now show that P % Q = 0 implies that A is a right nilpotent brace.
Observe that P x A = P * (F,Q + A?) = P % A?, so we need to show that P *
A? = 0. Notice that (Pox) * y = (xoP) * y since P is central. Consequently,

Px(xxy) = x*(P*y):x*(P*([FpQ+A2))
= Fpx* (P*Q)+x* (P *(A%) =0,

since P * A2 C A* by Corollary 4.6,and P * Q = Q % P € A*.

We will now show that it is possible to find such R’, S’. We know that RoQ’
and SoQ! are both in A%. Suppose that RoQ/ € A3. Then RoQ/oP* € A* for
some k, and we can take R’ = RoQ/oP¥ and S’ = SoQ' (since P, Q are central).
If SoQ! € A3, then SoQ!oP* € A* for some k, and we can take S’ = SoQ!oPk
and R’ = RoQ/.

If SoQ!, RoQJ ¢ A3, then (SoQ!)o(RoQ’)! € A3 for some ¢, and then

(SoQ)o(RoQ)) 0Pk € A*

for some k. Therefore, we can take S’ = (SoQ!)o(RoQ/)!oP¥ and R’ = RoQ/.
Observe that R’oS” = S’oR’oP, as required. O

Corollary 8.7. Let A is an [ ,-brace for a prime number p > 3. If the multiplica-
tive group of A is isomorphic to the group XIV, then A is right nilpotent.
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9. Conclusions and applications

In this section, we give some motivation for constructing concrete example of
braces of a given cardinality. Two main applications of braces are set-theoretic
solutions and Hopf-Galois extensions. The connection between braces and
Hopf-Galois extensions was first observed by David Bachiller in [3]. This topic
was subsequently investigated in [21], [12] and many other papers by Truman,
Kohl, Byott, Childs and others. The following exposition follows the above lit-
erature on the topic.

9.1. Hopf-Galois extensions corresponding to a brace. All Hopf-Galois

structures of type (A, +) arise as regular subgroups of Hol(A, +), cf. [3,2,12,13]

for relevant definitions and further details. Now for each brace (A, +, o) we

have that (A, o) embeds in Hol(A, +) as a regular subgroup through the map
m : (A, o) — Hol(A4,+), a+r— ad,.

Isomorphic braces correspond to regular subgroups which are conjugate by an
element of Aut(A, +) inside Hol(A, +). On the other hand, each regular sub-
group G C Hol(A, +) gives a bijection

Pp:G— (A +), g+— g(0),
through which we can define a multiplication on (A, +) by

aob = (p~(@)p~' (D))

which yields a brace (A, +, o).
Therefore, given a brace (A, +, o) and an automorphism y € Aut(A4, +), we
can create, another isomorphic brace (4, +, o,) by embedding

(4,0) —% G c Hol (A, +)

:
Y
G, =yGy™' —— (A, 4).

The new circle operation is through

ao,b =9 (P~ (@)~ (b))

in terms of holomorph. This corresponds to defining

ao,b =y~ (y(a)oy(b))

as in this case (A, +, 0) and (A, +, oy) are isomorphic as braces, so they corre-
spond to regular subgroups inside holomorph which are conjugate by y.

Now if y € Aut(A4,+,0), then (A, +,0) and (A, +,0,) are the same and
that means G, = G inside the holomorph. For a brace (A, +, o) and for each
coset representative y € Aut(A, +)/Aut(A, +, o), we find a distinct Hopf-Galois
structure (A4, +, oy). As we move through the braces with additive group (4, +),
we get all the Hopf-Galois structures of type (A, +).
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Therefore, we can summarise on how to construct Hopf-Galois extensions
corresponding to a given brace as follows:

(1) Let (A, +, o) be a brace.

(2) Let y; be the automorphisms of the abelian group (A, +).

(3) Check which y; are also automorphisms of the whole brace (A, +, o).

(4) We find coset representatives of Aut(A4, +)/Aut(A, +, o) and call them
&1, &, .... Recall that o and 3 are the same in Aut(A, +)/Aut(A, +, o) iff
a = By for some y € Aut(A, +, o) (so a(a) = f(y(a)) for all a € A).

(5) For the automorphisms &; of the group (A, +) from our list above we
find the brace (Aiw +,0 Ei)’ with the same set Ag, as the set A and with
the same addition and with the multiplication

aogb = gi_l(gi(a)ogi(b))

(6) For the brace A, the corresponding Hopf-Galois extension is the regu-
lar subgroup (a, 4,) (denoted above as a4, ) of the holomorph Hol(A, +)
where

Aq(b) = aogb —a.

Since we now know how to construct Hopf-Galois extensions corresponding to
the given brace, we can now obtain all Hopf-Galois extensions of type (A, +)
with Galois group G. Following the beginning of this chapter, it can be sum-
marised in the following way.

(1) Find all non-isomorphic braces (B, +, o) whose additive group (B, +) is
isomorphic to the group (A4, +) and whose multiplicative group (B, o) is
isomorphic to G.

(2) We list these non-isomorphic braces as B, B,, .... All these braces have
the same additive group, which is isomorphic to (A, +), and the same
multiplicative group, which is isomorphic to G.

(3) For each brace B; from our list we will construct corresponding Hopf-
Galois extensions.

(4) To get all Hopf-Galois extensions of type (A, +) with Galois group G
we need to collect all the Hopf-Galois extensions constructed for every
brace B;. All these Hopf-Galois extensions are distinct.

The above reasoning can be applied to any brace, so in particular can be applied
to all braces constructed in our paper. This would involve some calculations
to characterise automorphisms of the constructed braces, so we omitted the
calculations and only explained the main ideas in this chapter.
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