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Direct products of null semigroups and
rectangular bands in �ℕ

Yevhen Zelenyuk and Yuliya Zelenyuk

Abstract. We show that, for every m ∈ ℕ, the direct product of the m-
element null semigroup and the 2c×2c rectangular band has copies in �ℕ. In
particular, the direct product of the 2-element null semigroup and the 2 × 2
rectangular band has copies in �ℕ. We also point out a Ramsey theoretic
consequence of the latter fact.

The addition of the discrete semigroup ℕ of natural numbers extends to the
Stone-Čech compacti�cation �ℕ ofℕ so that for each a ∈ ℕ, the left translation
�ℕ ∋ x ↦ a+x ∈ �ℕ is continuous, and for each q ∈ �ℕ, the right translation
�ℕ ∋ x ↦ x + q ∈ �ℕ is continuous.

We take the points of �ℕ to be the ultra�lters on ℕ, identifying the principal
ultra�lters with the points of ℕ. For every A ⊆ ℕ, A = {p ∈ �ℕ ∶ A ∈ p}
and A∗ = A ⧵ A. The subsets A, where A ⊆ ℕ, form a base for the topology of
�ℕ, and A is the closure of A. For p, q ∈ �ℕ, the ultra�lter p + q has a base
consisting of subsets of the form

⋃
x∈A(x + Bx), where A ∈ p and for each

x ∈ A, Bx ∈ q.
Being a compact Hausdor� right topological semigroup, �ℕ has a smallest

two sided ideal K(�ℕ) which is a disjoint union of minimal right ideals and a
disjoint union of minimal left ideals. Every right (left) ideal of �ℕ contains a
minimal right (left) ideal, the intersection of a minimal right ideal and a min-
imal left ideal is a group, and the idempotents in a minimal right (left) ideal
form a right (left) zero semigroup, that is, x + y = y (x + y = x) for all x, y.

The semigroup �ℕ is interesting both for its own sake and for its applications
to Ramsey theory and to topological dynamics. The �rst application to Ramsey
theory was the proof of Hindman’s theorem: whenever ℕ is �nitely colored,
there is an in�nite subset all of whose sums are monochrome. An elementary
introduction to �ℕ can be found in [1].

In [3] D. Strauss showed that if ' is a continuous homomorphism from �ℕ
to ℕ∗, then '(�ℕ) is �nite and '(ℕ∗) is a group. In 1996 the author proved that
�ℕ contains no nontrivial �nite groups (see [1, Theorem 7.17]). In contrast, it
does contain bands (= semigroups of idempotents). For example, apart from
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mentioned already left (right) zero semigroups, it contains chains of idempo-
tents (x ≤ y if and only if x + y = y + x = x). A large enough class of �nite
bands that have copies in �ℕ was constructed in [4]. It includes, in particu-
lar, all �nite rectangular bands (= direct products of a left zero semigroup and
a right zero semigroup, so (x1, y1) + (x2, y2) = (x1, y2)). In [2] it was shown
that �ℕ contains even 2c×2c rectangular bands. The question of whether there
are �nite semigroups in �ℕ distinct from bands is equivalent to asking whether
there exist nontrivial continuous homomorphisms from �ℕ toℕ∗ and it was an
open problem since 1992. It was solved in [6] by constructing a 2-element null
semigroup (x+x = y+y = x+y = y+x = y) in �ℕ. In [7] it was shown that all
�nite null semigroups have copies in �ℕ and a connection of �nite semigroups
in �ℕ with Ramsey theory was established.

In this paper we modify construction in [7] and show that

Theorem1. For everym ∈ ℕ, the direct product of them-element null semigroup
and the 2c × 2c rectangular band has copies in �ℕ.

In particular, by Theorem 1, the direct product of the 2-element null semi-
group and the 2×2 rectangular bandhas copies in�ℕ. This fact and [7, Theorem
4.4] give us the following Ramsey theoretic consequence.

De�ne r ∶ ℕ → {1, 2, 3, 4} by n ≡ r(n) (mod 4).

Corollary 2. There exists a partition {A1, … , A8} ofℕwith the following property:
for any �nite partitionsℬi of Ai , there exist Bi ∈ ℬi and a sequence (xn)∞n=1 such
that xn ∈ Br(n) ∩ 2nℕ for each n ∈ ℕ and for each �nite F ⊆ ℕ with |F| ≥ 2, if
j = r(minF) and k = r(max F), then

∑
n∈F xn ∈ Bi , where

i =

⎧
⎪

⎨
⎪
⎩

5 if j ∈ {1, 4} and k ∈ {1, 2}
6 if j ∈ {2, 3} and k ∈ {1, 2}
7 if j ∈ {2, 3} and k ∈ {3, 4}
8 if j ∈ {1, 4} and k ∈ {3, 4}.

Proof. Let S be a subsemigroup of ℕ∗ splitting into the direct product of a null
semigroup {a1, a0} and a rectangular band {b10, b00, b01, b11}. Enumerate S as

S = {q1, … , q8} = {a1b10, a1b00, a1b01, a1b11, a0b10, a0b00, a0b01, a0b11}.
Then for any j, k ∈ {1, 2, 3, 4}, one has qj + qk = qi, where i is as in statement
of Corollary 2. Pick a partition {A1, … , A8} of ℕ such that Ai ∈ qi. Let (zn)∞n=1
be a sequence guaranteed by [7, Theorem 4.4] and take the subsequence

z1, z2, z3, z4, z9, z10, z11, z12, z17, z18, z19, z20, …
as (xn)∞n=1. �

Notice that it is not true that if each of two �nite semigroups has copies in
�ℕ, so does their direct product. Indeed, the direct product of the 2-element
chain of idempotents with itself contains a 3-element semilattice which has no
copy in �ℕ [5, Lemma 3].
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In the rest of the paper we prove Theorem 1. In fact, we prove a bit stronger
result.

Any x ∈ ℕ can be uniquelywritten as x =
∑

n∈F 2
n for some �nite nonempty

F ⊆ !. Let supp x = F, �(x) = max F, and �(x) = minF. We shall need the
continuous extension �ℕ → �! of the function � and we denote it by the same
letter �. If x, y ∈ ℕ and �(x) < �(y), then �(x + y) = �(y). If �(x) ≤ �(y),
then �(x + y) ∈ {�(y), �(y) + 1}}, and if �(x) + 1 < �(y), then �(y − x) ∈
{�(y), �(y) − 1}}. It then follows that for any v ∈ ℕ∗ and w ∈ �ℤ, �(w + v) ∈
{�(v) − 1, �(v), �(v) + 1}, and if v ∈ ℍ, where ℍ =

⋂
n<! 2nℕ, and w ∈ �ℕ,

then �(w+v) = �(v) (see [1, Lemma 6.8 and Lemma 13.4]). The last statement
implies that for every u ∈ !∗, �−1(u) ∩ ℍ is a left ideal of ℍ (since �(2n) = n,
�(ℍ) = !∗).

Pick an increasing sequenceU0 ⊆ U1 ⊆ … ⊆ Um = ! of in�nite subsets of !
such thatUi+1⧵Ui is in�nite for each i ∈ {0, … ,m−1}. De�ne a function ℎ from
ℕ onto the decreasing (m + 1)-element chain 0 > 1 > … > m of idempotents
(with the operation i ∧ j = max{i, j}) by

ℎ(x) = min{i ∈ {0, 1, … ,m} ∶ supp x ⊆ Ui}
(heremax andmin refer to the usual order, and ∧ is the operation induced by
the order 0 > 1 > … > m) and let the same letter ℎ denote its continuous
extension �ℕ → {0, 1, … ,m}. If x, y ∈ ℕ and �(x) < �(y), then ℎ(x + y) =
ℎ(x) ∧ ℎ(y). Consequently, for any v ∈ ℍ and w ∈ �ℕ, ℎ(w + v) = ℎ(w) ∧
ℎ(v), in particular, the restriction of ℎ to ℍ is a homomorphism. For each i ∈
{0, 1, … ,m}, let Ti = ℎ−1({0, … , i}) ∩ ℍ.
Lemma 3. For each i ∈ {0, 1, … ,m}, ℎ(K(Ti)) = {i}, and K(Tm) = K(�ℕ) ∩ Tm.
Proof. This is [7, Lemma 3.1]. �

We thus have that T0 ⊆ T1 ⊆ … ⊆ Tm = ℍ is an increasing sequence of
closed subsemigroups ofℍ such that Ti ∩K(Ti+1) = ∅ for each i ∈ {0, … ,m−1}
and K(Tm) = K(�ℕ) ∩ Tm, and for every u ∈ U∗

0 , �
−1(u) ∩ T0 is a left ideal of

T0.
Pick an injective sequence (un)n<! inU∗

0 . Choose aminimal right ideal R0 of
T0, and for everyn < !, aminimal left idealL(n) ofT0 contained in�−1(un)∩T0,
and let p(n) be the identity of the group R0 ∩ L(n). Then {p(n) ∶ n < !} is a
right zero semigroup. Let p0 = p(0).

Enumerate {2n ∶ n ∈ U1 ⧵ U0}∗ without repetitions as {r� ∶ � < 2c}.
Lemma 4. (p0 + r� + Tm) ∩ (p0 + r� + Tm) = ∅ if � ≠ �.
Proof. This is [7, Lemma 3.2]. �

For every � < 2c, choose a minimal right ideal R1,� of T1 contained in p0 +
r� + T1, and choose a minimal left ideal L1 of T1 contained in T1 + p0, and let
p1,� denote the identity of the group R1,� ∩ L1 and p1 = p1,0. Then by Lemma
4, p1,� ≠ p1,� if � ≠ �, p1,� + p0 = p0 + p1,� = p1,�, and {p1,� ∶ � < 2c} is a left
zero semigroup.
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Inductively, for each i ∈ {2, … ,m}, choose a minimal right ideal Ri of Ti
contained in pi−1 + Ti and a minimal left ideal Li of Ti contained in Ti + pi−1,
let pi denote the identity of the group Ri ∩ Li, and for every � < 2c, let pi,� =
p1,� + pi. Then pi + pi−1 = pi−1 + pi = pi, so p0 > p1 > … > pi is a chain, and
pi,0 = pi. By Lemma 4, pi,� ≠ pi,� if � ≠ �, and since pi,� ∈ K(Ti), it follows
that all elements pi,�, where i ∈ {1, … ,m} and � < 2c, are distinct.

We then obtain that pi,� + p0 = p0 + pi,� = pi,� and
pi,� + pj,� = p1,� + pi + p1,� + pj = p1,� + (pi + p1) + p1,� + pj

= p1,� + pi + (p1 + p1,�) + pj = p1,� + pi + p1 + pj = p1,� + pi∧j
= pi∧j,�.

For every i ∈ {1, … ,m} and � < 2c, let Di,� = {pi,� + p(n) ∶ n < !} and pick
qi,� ∈ Di,� ⧵ Di,�. Notice that �(pi,� + p(n)) = �(p(n)) = un. (It is easy to see,
although it is not directly important to us, that Di,� is a right zero semigroup.)

Lemma 5. qi,� + p0 = pi,�, and so qi,� + pj,� = pi∧j,�.

Proof. Since the right translation by p0 is continuous and
(pi,� + p(n)) + p0 = pi,� + (p(n) + p0) = pi,� + p0 = pi,�,

one has qi,� + p0 = pi,�. Then
qi,� + pj,� = qi,� + (p0 + pj,�) = (qi,� + p0) + pj,� = pi,� + pj,� = pi∧j,�.

�

De�ne Q ⊆ ℕ∗ by
Q = {pi,� + qj,� ∶ i, j ∈ {1, … ,m} and �, � < 2c}.

Using Lemma 5, we obtain that
(pi,� + qj,�) + (pk,
 + ql,�) = pi,� + (qj,� + pk,
) + ql,� = pi,� + pj∧k,� + ql,�

= pi∧j∧k,� + ql,�.
Now we shall show that all elements pi,� + qj,� of the semigroup Q are dis-

tinct.
An ultra�lter p ∈ ℤ∗ is
(i) prime if p ∉ ℤ∗ + ℤ∗, and
(ii) right cancelable if the right translation of �ℤ by p is injective.

An ultra�lter p ∈ ℤ∗ is right cancelable if and only if p ∉ ℤ∗ + p (see [7,
Lemma 3.5]). Thus, every prime ultra�lter is right cancelable.

Lemma 6. Let D be a countable subset ofℍ and suppose that � is injective on D.
Then every q ∈ D ⧵ D is prime.

Proof. Assume the contrary. Then q ∈ ℤ∗ + v for some v ∈ ℤ∗. Since −ℕ∗

is a left ideal of �ℤ, one has v ∈ ℕ∗. Let Z = {n ∈ ℤ ∶ n + v ∉ ℍ} and let
D′ = {p ∈ D ∶ �(p) ∉ {�(v) − 1, �(v), �(v) + 1}}. Notice that |ℤ ⧵ Z| ≤ 1 and
|D ⧵D′| ≤ 3. We then have that q ∈ D′ ∩Z + v, so by [1, Theorem 3.40], either
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n + v ∈ D′ for some n ∈ Z or p ∈ Z + v = Z + v for some p ∈ D′. In the �rst
case, n + v ∈ ℍ. In the second, p = w + v for some w ∈ Z, so

�(p) = �(w + v) ∈ {�(v) − 1, �(v), �(v) + 1}.
In either case we have a contradiction. �

Statement (3) of the next lemma tells us that all elements pi,� + qj,� of the
semigroup Q are distinct.

Lemma 7. (1) All subsetsDi,�, where i ∈ {1, … ,m} and � < 2c, are pairwise
disjoint.

(2) All elements qi,�, where i ∈ {1, … ,m} and � < 2c, are distinct.
(3) All elements pi,� + qj,� , where i, j ∈ {1, … ,m} and �, � < 2c, are distinct.

Proof. (1) Assume on the contrary that Di,� ∩Dj,� ≠ ∅ for some (i, �) ≠ (j, �).
Then either Di,� ∩ Dj,� ≠ ∅ or Di,� ∩ Dj,� ≠ ∅. It su�ces to consider the �rst
case. Since Di,� ∩ Dj,� = ∅, it follows that pi,� + p(n) = q for some n < ! and
q ∈ Dj,� ⧵ Dj,� . But by Lemma 6, q is prime, a contradiction.

(2) is immediate from (1).
(3) Suppose that pi,� + qj,� = pk,
 + ql,�. Then by [1, Corollary 6.21], either

qj,� ∈ �ℕ + ql,� or ql,� ∈ �ℕ + qj,� . In either case qj,� = ql,�, since both of
them are prime and in ℍ, so by (2), (j, �) = (l, �). We thus have that pi,� +
qj,� = pk,
 + qj,� . But then pi,� = pk,
, since qj,� is right cancelable, and so
(i, �) = (k, 
). �

We have constructedQ as a subsemigroup ofℕ∗. We now describe it without
mentioning ultra�lters.

Given a semilattice I and a cardinal �, let S = S(I, �) denote the semigroup
whose underlying set is I × � × I × � and the operation is de�ned by

(i, �, j, �) + (k, 
, l, �) = (i ∧ j ∧ k, �, l, �).
The semigroup S decomposes into the semilattice I of the subsemigroups

St = {(i, �, j, �) ∈ S ∶ i ∧ j = t},
where t ∈ I (that is, Si + Sj ⊆ Si∧j). For every (i, �, j, �) ∈ St, if i = t, then

(t, �, j, �) + (t, �, j, �) = (t, �, j, �),
so (t, �, j, �) is an idempotent, and if i ≠ t, then

(i, �, j, �) + (i, �, j, �) = (t, �, j, �)
= (i, �, j, �) + (t, �, j, �) = (t, �, j, �) + (i, �, j, �),

so {(i, �, j, �), (t, �, j, �)} is a null semigroup.
If I is a decreasing chain 1 > … > m, we write S(m, �) instead of S(I, �).

For each t ∈ {1, … ,m}, the component St of S = S(m, �) is the union of � ×
({1, … , t} × �) rectangular band

Bt = {(t, �, j, �) ∶ j ∈ {1, … , t} and �, � < �},
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which is the smallest ideal of St, and the subsemigroup

St,t = {(i, �, t, �) ∶ i ∈ {1, … , t} and �, � < �}.

The intersection of Bt and St,t is � × � rectangular band

Bt,t = {(t, �, t, �) ∶ �, � < �},

which is the smallest ideal of St,t, and St,t is a disjoint union of t-element null
subsemigroups {(i, �, t, �) ∶ i ∈ {1, … , t}}, where �, � < �, so St,t is isomorphic
to the direct product of t-element null semigroup and Bt,t.

De�ne " ∶ S(m, 2c) → Q by

"(i, �, j, �) = pi,� + qj,� .

Then " is an isomorphism. Furthermore,

"(m, �, j, �) = pm,� + qj,� ∈ K(�ℕ)

because pm,� ∈ K(�ℕ), and

"(i, �,m, �) = pi,� + qm,� ∈ K(�ℕ)

because qm,� ∈ Dm,� ⊆ K(�ℕ) and K(�ℕ) is an ideal of �ℕ [1, Theorem 4.44].
Thus, we have established the following result.

Theorem 8. Let m ∈ ℕ and S = S(m, 2c). Then there is an isomorphic em-
bedding " ∶ S → ℕ∗. Furthermore, " can be chosen so that "(Sm) ⊆ K(�ℕ) and
"(K(Sm)) ⊆ K(�ℕ).

Since Sm,m is isomorphic to the direct product of the m-element null semi-
group and the 2c × 2c rectangular band, Theorem 1 is a partial case of Theorem
8.
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