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Revisiting the Manin-Peyre conjecture for
the split del Pezzo surface of degree 5

Tim Browning

ABSTRACT. An improved asymptotic formula is established for the number
of rational points of bounded height on the split smooth del Pezzo surface of
degree 5. The proof uses the five conic bundle structures on the surface.
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1. Introduction

This paper concerns the arithmetic of smooth del Pezzo surfaces X of degree
5 over Q. Such surfaces can be realised as the blow-up of P? along 4 points,
no 3 of which are collinear. We will focus here on the split del Pezzo surface
of degree 5, for which the 4 points in P2 are all defined over Q. There are 10
lines contained in X and we let U C X be the Zariski open subset obtained by
deleting them. The Manin-Peyre conjecture makes a precise prediction for the
asymptotic behaviour of the counting function

Nyu(P)=#{x € U(Q) : H(x) < P},

as P — oo, where H is the anticanonical height function. The conjecture first
appears in work of Franke, Manin and Tschinkel [7], and applies more broadly
to arbitrary smooth Fano varieties over Q, with a prediction for the leading con-
stant worked out by Peyre [12].

The split del Pezzo surface has proved a popular testing ground for this con-
jecture, with Manin and Tschinkel [10] establishing linear growth, proving that
Ny.p(P) = O(P(log P)®). In a very influential 1993 lecture “Counting rational
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points on del Pezzo surfaces of degree 5” in Bern, Salberger demonstrated how a
passage to the universal torsor can lead to the expected upper bound Ny, (P) =
O(P(log P)*), which agrees with the Manin conjecture, since Pic(X) & Z>. In
this setting, the universal torsor above X is an open subset of the Grassman-
nian G(1,4) parametrising lines in P*. This signalled the first use of universal
torsors to count rational points of bounded height, a point of view that has led
to industrial scale activity for singular del Pezzo surfaces, as summarised in [4],
for example.

For quintic del Pezzo surfaces, a breakthrough was achieved in the work of
de la Bretéche [1], who succeeded in establishing that

Nuu(P) = cyP(log PY*(1+ o(@)), 1.1)
where
2
oy = % p (1 - %)5(1 + % + #) (1.2)

is the constant predicted by Peyre [12]. De la Bretéche makes essential use of
the universal torsor approach discovered by Salberger. The purpose of this pa-
per is to explore an alternative approach to the Manin conjecture for the split
del Pezzo surface of degree 5, which is based on five conic bundle structures
X — P! that can be associated to X. This mechanism lies at the heart of the
resolution of the Manin conjecture for a smooth del Pezzo surface of degree 4,
in work of Browning and de la Bretéche [3]. The situation is simpler here and
will yield the following sharpening of (1.1).

Theorem 1.1. We have
Ny u(P) = ciyP(log P)* + O(P(log P)*(loglog P)?),
where cy; is the constant (1.2) predicted by Peyre.

It would be interesting to determine whether a conic bundle approach could
be used to handle some non-split del Pezzo surfaces of degree 5. The starting
point for the proof of Theorem 1.1 is a passage to the universal torsor, follow-
ing Salberger, followed by a translation of the problem from counting integral

points on the universal torsor to one that profits from the conic bundle struc-
2

tures on X. This is achieved in §2. For positive integers A, B < Ps, it leads to
counting rational points on the conics

Cap: AX*+BY?=(A+B)Z%

subject to certain conditions. Observing that [1,1,—1] € C,5(Q), for any
choice of A, B, we may carry out a uniform parametrisation of the conics. This
is the subject of §3. The outcome is a complicated lattice point counting prob-
lem, which needs to be accomplished with a sufficient degree of uniformity in
A and B. This is achieved in §4. Finally, in §5 the main term in our lattice point
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counting argument is evaluated asymptotically. In the present setting this es-
sentially boils down to a sum of the type

>, T(AB(A + B)),

(A.B)eZ*n%

where 7(n) is the divisor function and % C R? is a suitable expanding region.
Problems of this sort were first studied by Greaves [8] when AB(A + B) is re-
placed by an arbitrary irreducible binary cubic form F € Z[ A, B]. In §5 we shall
argue differently, using an alternative geometry of numbers approach worked
out by Browning [5].
The approach in this paper covers the rational points of height B on the split
4

del Pezzo surface of degree 5 by O(P5) conics C g C P2. Although it represents
a formidable technical challenge, it would be intriguing to determine whether
a version of Theorem 1.1 can be proved with a full power saving in the error
term.

Acknowledgements. This work was begun while the author was participat-
ing in the programme on “Diophantine equations” at the Hausdorff Research
Institute for Mathematics in Bonn in 2009. The hospitality and financial support
of the institute is gratefully acknowledged. The idea of using conic bundles to
study the split del Pezzo surface of degree 5 was explained to the author by Pro-
fessor Salberger. The author is very grateful to him for his input into this project
and also to Shuntaro Yamagishi for many useful comments on an earlier ver-
sion of this manuscript. While working on this paper the author was supported
by FWF grant P 32428-N35.

2. The conic bundle structures

Let X be a split del Pezzo surface of degree 5. It follows from the work of
Mumford [11] that X = ]0,5 arises as the moduli space of stable sets of 5
ordered points [x;,y;] € P!, for 1 < i < 5. Here stability (and semistability)
means that no 3 of the points coincide. The 10 lines on X are given by

Zl-’j=xiyj—xjyl-=0, (1<l<]<5),
and we write U for the complement of the lines on X.
There is a torsor 7 : 7 — X under the torus G;,. It is given as a quasi-
projective variety .7 C P° with coordinates z; jfor1l < i < j < 5such that

there are no three indices i, j, k for which

Zij=Zigx =0, 2.1
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and furthermore, the Grassmannian equations
212234 — 213224 + 214223 = 0,
212235 — 213225 + 21,5223 = 0,
212245 — Z14225 + 215224 = 0, (2.2)
Z13245 — 214235 + 215234 = 0,
233245 — 224235 + 225234 = 0,
are satisfied. One finds that 7~1(U) is given by these equations and the con-
dition that z; ; # O for 1 < i < j < 5. The torsor 7 : .7 — X extends in an

obvious way to a torsor 7 : .7 — X over Z. By properness X(Q) = X(Z) and
Grothendieck’s version of Hilbert’s Theorem 90 ensures that the map T(Z) -
X(Z) is onto. Thus, in order to count Q-rational points of bounded height on
U, it will be enough to count Z-integral points on T c P°withall z;j # 0. The

subset ﬁZ) C P°(Z) satisfies coprimality conditions

gcd(zl-,j,ziyk) =1, fordistincti,j,k €{1,2,3,4,5}, (2.3)
which correspond to the conditions (2.1) after reduction modulo primes. The
most natural choice of anticanonical height on UL@) is the one corresponding
to the function |z;32142,4255235| for the subset .7 (Z) c P°(Z). This univer-

sal torsor point of view underpins the approach taken by de la Bretéche and
ultimately leads to the result [1, Lemma 3], which we record here.

Lemma 2.1. We have Ny; (P) = 12M(P), where
(2.2), (2.3) hold }

M(P =#{z= Zi Dicicics € N1 :
P @ihsicjs Z13Z142242Z25%35 S P

We are now placed to translate the counting problem into one that takes ad-
vantage of the conic bundle structure of our split del Pezzo surface X. In this
capacity it will be useful to record the map 4 : .7 — .7, acting component-wise
via

8z j) = Zig,j15 (2.4)
for 1 < i < j < 5. (Here, as throughout this paper, we follow the convention
that z; ; = z;; = z;y5j = Z; j4s, fOr any indices i, j.) One checks that & leaves
the cardinality of S(P) invariant, where M(P) = #S(P), say.

For any z € S(P), we write

Cr=213224 C2 = 213225, C3 = 214225, Cy = 214235, Cs = 23423 5.

It is clear that
2 2 2
| | C = z1 3z1 422 4235255 S P (2.5)

and furthermore, Si(Cl) = C¢_;, for i (mod 5), where 6 is given by (2.4). Since
S(P) is left invariant under &, it follows that

s#{ze S(P) : C, < n;iln{Cl—}} <M(P) < 5#{ze S(P) : C; < mln{C 3.
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2 2
Once combined with (2.5), it follows that C; < P5 (resp. C, < Ps) for z € S(P)
belonging to the set on the left (resp. right). This therefore leads to the following
conclusion.

Lemma 2.2. We have 60M(P) < Ny y(P) < 60M (P), where

(2.2), (2.3) hold

Z13214Z24Z25735 S P

213224 < MIN{Z) 325 5,21 425 5, 21423 5, 2242358 (°
2

Z13Z34 < Ps

M(P) =#{ze N :

and M(P) is defined similarly, but with the symbol < replaced by < in the final
two lines.

This result is analogous to [1, Lemma 4] in the work by de la Bretéeche. We
henceforth focus our attention on estimating M(P), it being understood that
the final estimate we obtain remains equally valid for M (P). Everything is now
in place to translate our counting problem to one involving the conic bundle
structures associated to X.

Let us write

L={X,Y,2)eQ®: X+Y,X+ZY+Z€cZ (2.6)

This defines a lattice of rank 3 and it is easy to see that L = Z3 U (Z + %)3. Let

Lprim denote the set of primitive vectors in L, where we say (X,Y,Z) € 73 is
primitive if and only if

min{v,(X),v,(Y),v,(2)} =0
for all primes p, and (X,Y,Z2) € (Z + %)3 is said to be primitive if and only if
min{u,(X), v,(Y), v,(2)} = 0
for all primes p > 2. (Note that v,(X) = v(Y) = 1,(Z2) = —-1if (X,Y,Z) €
(Z + %)3.) We let
L, ={X,Y,2) € Lyim : X,Y,Z positive and not all odd}.
Thus, any (X,Y,Z) € L, either belongs to (Z + %)3 or it belongs to Z3 with

2 | XY Z. Finally, we let N;rim denote the set of primitive vectors in N3,
Define the set

2
o ={(A,B,C)eN3_ _: C<Psand A+B=C}. (2.7)

prim
Our main aim in this section is to achieve a bijection between the vectors counted
by M(P) and elements (A,B,C;X,Y,Z) € o/ XL, such that

AX?+BY?*-CZ? =0, (2.8)
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subject to suitable height conditions, with
X-Z>0 (2.9)

and

gcd(2*C, X FY) < gedX £ Y, X + 2),
2.10

2%%C < ged(2*B, X + Z)ged(X £ Y, X + 2), (2.10)

for x € {0, 1}. We will henceforth refer to the latter set of relations as (2.10), in

order to stress the dependence on k. Once achieved, this transition will lead us

to tackle a counting problem involving a family of conics. The passage to the

conic bundle structure is achieved in the following result.

Lemma 2.3. We have M(P) = 2L(P), where

L(P) = #{(A,B,C;X, Y,Z)e o XL, : (2.8)~(2.10), hold }

CX+2)<P
Proof. Let z be a vector counted by M(P). We proceed to construct a point that
will be counted by L(P). Define

A=215234, B=12142535, C =232, (2.11)

Then it easily follows that (A,B,C) € &7, in the notation of (2.7). One now
defines

_ Z13Z35Z45 F 224215235 214225235 t 223215245

X= 2 B 2 ’
Y = 212235245 — 234215225  21,322,524,5 — 224215235
B 2 B 2 ’
_ 212235245 + 234215255 _ 214225235 — 22,321,524,5
2 2

The equalities in these definitions follow from the Pliicker relations in (2.2). It
is clear that (X,Y,Z) € Ly, where L is defined in (2.6). To see that 2 | XYZ
when (X,Y,Z) € Z3, we suppose that X, say, is odd. Then it follows that

213235245 + 224215235 = 214225235 + 223215245 = 2 (mod 4).

The conditions (2.3) ensure that either all four monomials are odd, or the first
two monomials are even and the remaining two are odd, or the second two are
even and the first two are odd. If z; 32, 524 5 and z; 42; 525 5 are both odd, then
they are both congruent to 1 or —1 modulo 4, which implies that Y must be
even. Alternatively, if z; 32, 5z, 5 and z, 471 523 5 are both even then z; 42, 525 5
and z; 3z, 524 s must be congruent to 1 or —1 modulo 4 and one concludes that
Z is even. In this way one deduces that (X,Y,Z) € Lyn, with 2 | XYZ when
X,Y,2) e 73.
To deduce the equation (2.8), we note that

2 o2y _
AX? —Z%) = 212234 214225235 * 22,321,524,

_ _ 2 2
= 214223 " Z1223,5%4,5 * 234215225 = B(Z* = Y?),
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which once combined with the relation A + B = C gives (2.8). Moreover, the
height condition z,3214224255235 < P transforms to C(X + Z) < P. Next, on
making repeated reference to the coprimality conditions (2.3), it is straightfor-
ward to check that the conditions in (2.10), are satisfied, which according to
our convention means that (2.10) holds with ¥ = 0.

Since z; ; > Oforalll <i < j <5 itfollowsthatX,Z > 0and X > Z, as
required for (2.9). We claim that there is no contribution arising from those z
counted by M(P) forwhich Y = 0. Indeed, in view of the coprimality conditions
(2.3), this can only happen when

Z15=2Zy5=Z35=2Z45=1, Z15=234=3S, Z13=2y4=1,

say. Now the inequality z; 32,4 < z; 32,5 implies that t = 1. Thus, the first
equation in (2.2) yields s> — 1 + z; 42,3 = 0, which clearly has no solutions
in positive integers. It follows that (X, |Y|,Z) € L,. We complete the proof of
the upper bound M(P) < 2L(P) by observing a symmetry between solutions
(A,B,C;X,Y,Z) for which Y < 0 and those for which Y > 0.

Turning to the lower bound M(P) > 2L(P), we let (A4,B,C;X,|Y|,Z) be a
vector counted by L(P), for non-zero Y € Z, and proceed to construct a point

z that is counted by M(P). This will be enough to complete the proof of the
lemma. We define

Z1, =8cd(A,Z+Y), z4=gcdB,X+Z), z3=gcdC,X+Y),
e A o B o C
7T ged(A,Z+Y) TP gedB,X+2) TP ged(C,X +Y)

and

z15=gdX —-Y,X - Z2), z,5=gcdX+Y,X +2),
z35=gcdX —Y,X +Z7), z5=gedX +Y,X—2).

We note that z = (z; j)1<i<j<s defines a vector in N9, We proceed by proving
that the components of z satisfy the coprimality conditions (2.3). Let us show,
for example, that gcd(z; 5,212, ;) = 1for 3 < i,j < 5. The cases i, j € {3,4}
follow from the observation that gcd(A,B) = gcd(A,C) = ged(B,C) = 11in
(2.7). Suppose next thati = j = 5. If p¥ | ged(z; 5, 21 5) then p* divides A and
Z+Y,X—-Y,X — Z. It therefore follows that pk divides gcd(A, 2X,2Y,27),
whence k = 1 and p = 2. But this is impossible since the definition of L,
means that at least one of X + Y,X — Y or X + Z must be odd. Similarly,
ged(zy,235) = 1.

Now it follows immediately from the definitions that (2.11) holds. Moreover,

ged(C, X% —Y?)
Z =
24 ged(C,X +Y)

=gcd(C,X —-Y),
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and so the first two lines in (2.10), translate into the inequalities involving
213254 in the definition of M(P). Next we must check that
X+Y =213255245, X +Z=2142,5235, Z+Y =21,2352Z5, (2.12)
X =Y =234215235, X —Z =1233215245 Z—Y =234215235. .
For this, it is useful to observe that X > |Y|, X > Z and Z > |Y|, as follows
from (2.8) and (2.9). We establish the first of these identities, the remaining
ones being dealt with similarly. It follows from the definitions above that

213235245 = ged(C, X +Y)ged(X + Y, X + Z)gcd(X + Y, X — 2)
= gcd(C,X +Y) ged(X + Y, X? — Z2),

since we clearly have gcd(X + Y, X + Z,X — Z) = 1. To see that the latter
expression is equal to X + Y, it is enough to check equality at prime powers.
Let p%||C, pP||X? — Z? and p?||X + Y for a prime p and integers , 8,y > 0. Our
task is to show that min{a, y} + min{g, y} = y. If aBy = 0 then this is clearly
trivial since y < o + 3. Hence we may assume that «t, 3,y > 1. In particular
Up(B) = v,(Y —X) = 0 and we conclude thaty = a + 3, from which the desired
equality flows.

Armed with (2.11) and (2.12), it is now easy to see that z,32,4224255235 < P.
It remains to deduce the 5 equations in (2.2). The first follows from (2.11) and
the fact that A + B = C. We derive the remaining 4 using (2.12). For example,
the second equation in (2.2) arises via

Y+Z _X+Y X-Z
Z45 Z45 Z45
This completes the proof of the lemma. O

212235 = = 213225 — Z1,522,3-

ThesetL,. N(Z+ %)3 is slightly awkward to work with, and it is more natural
to use the homogeneity of (2.8) to convert the problem to one involving N*. This
is easily done, as the following result demonstrates.

Lemma 2.4. We have
LP)= ) D #MP),
(A,B,C)eo xef0,1}
where
_ 3 (2.8)-(2.10),, hold, C(X + Z) < 2P
M,.(P) = {(X’ Y,Z) € Ny - ged(XYZ,2) = 217 }

Proof. Fix a choice of (A,B,C) € <. Then the set of (X,Y,Z) € L, n Z3
considered in Lemma 2.3 is equal to My(P). Thus, it remains to consider the set
of X,Y,Z2)eL.n(Z+ %)3. For these, we simply make the change of variables

X', Y',Z") = 2X,Y,2).

This clearly produces a primitive vector in N®* with 2 } X’Y’Z’. By homogeneity
it is clear that (2.8) and (2.9) are left invariant, whereas (2.10), is transformed
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into (2.10),. Likewise, the height condition C(X+Z) < P becomes C(X'+Z") <
2P, and it follows that the set under consideration coincides with M;(P). This
completes the proof of the lemma. O

At this stage, it is convenient to show that the summation over A, B,C in
Lemma 2.4 can be restricted to A, B, C for which min{A, B} is of comparable
size to max{A, B}. This is achieved in the following result.

Lemma 2.5. ForJ > 2 define

2
oy ={(A,B,C)eN3 . : A4+ B=C < P5andmin{A,B} > J"!C}

prim °

Then for any € > 0 we have

4 P(logP)*
= Y Y #mp+o,(pir 4 L8
(A,B,C)es; k€{0,1} J3

b

where M,.(P) is as in the statement of Lemma 2.4.

Proof. The main tool in our proof of this result is [6, Cor. 2], which provides
a uniform bound for the number of rational points of bounded height on non-
singular plane conics. For the conic defined in (2.8), the underlying quadratic
form has discriminant —ABC. Moreover, the greatest common divisor of the
2 X 2 minors of the associated matrix is 1, since gcd(A,B) = 1. Finally, we
note that any (X,Y,Z) € M, (P) satisfies X,Z < 2PC~'andY < Z < 2PC~ .
The latter inequalities are a trivial consequence of (2.8) and (2.9). It therefore

follows from [6, Cor. 2] that
> #M(P) < T(ABC)(l + %)

x€{0,1} (AB)3C3
Our task is now to sum this over all (A,B,C) € & \ <. Thus, we must
2

consider the contribution from (A4, B, C) such that J min{A, B} < C < P5. This
gives
7(AB(A + B))

4
< P+ P 1 -,
A.B min{A, B}s max{A, B}3

1 4 1 5
on noting that (AB)3C3 > min{A, B} max{A, B}s and using the trivial esti-
mate 7(n) = O,(n®) for the divisor function. The first term here is satisfactory
for the lemma. Since 7(mn) < t(m)r(n), we see that the second term gives the
contribution

7(AB(A + B)) 7(B) 7(A(A + B))

<P ), s <P )

1

2 3B 2 B3 A<J-12B 3
JA<B<PS3 A3Bs3 p<ps B3 AS As

For any a € Nand § € [0, 1), we claim that

3 T (n(n + a))

— <5 pH(@)x'(log x)**7D, (2.13)
n

n<x
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where 7;(n) = ), dyed 1 is the generalised divisor function and we set

wim =TT (1+ %)

pln

for a suitable constant ¢ > 0, which is allowed to depend on k. Applying this
withk = 2and 6 = % it therefore follows that the second term makes the
contribution
P(log P)? *B)r(B P(log P)*
< (log P) Zqo()r()<< (log P)

2’
: 7 g

2
J: e
by a simple convolution argument.

It remains to establish the claimed inequality (2.13). Let Ss(x) denote the
sum that is to be estimated. Now for any a € N it is clear that the polynomial
f(t) = t(t + a) has degree 2 and discriminant a. Moreover, f(t) has no fixed
prime divisor if a is even. If a is odd then 2 is a fixed prime divisor of f, but we
may then break the sum into two sums according to whether 7 is even or odd
and make a corresponding change of variables, absorbing the additional factor
7,(2) into an implied constant. An application of [2, Thm. 2] now reveals that

er(p) Tr(m)er(m)
p )L

5

So) < x]] (1 -

p<x m<x

for x > a®, where ¢;(m) denotes the number of roots modulo m of the con-
gruence f(n) = 0(mod m). Let p” be a prime power and suppose that p“||a for
a > 0. When v = 1 we clearly have ¢ f(p) < 2. For v > 2 we claim that
[min{a,v}J
er(p’)<2p 2 . (2.14)
If « = 0 then this is a direct consequence of Hensel’s lemma. If « > v then

or(p”) = pv_[E] = plEJ. Suppose now that « > v. Then we are left with

counting the number of s (mod pv_[i]) such that

s(p'2ls + p*21la’) = 0 (mod p” 121,

where o’ = a/p* € Z is coprime to p. It easily follows from Hensel’s lemma
that there are at most 2 values of s modulo p”~%, from which the claim (2.14)
easily follows.

We may now deduce that

3 T (m)ey(m) <TI (1 N T (p)es(p) S rk(p”)ef(p”))

m<x m p<x p =2 pV
k—1 v
kes(p) " )e (")
con(3 D, 3 3 L 00,
DX psxv22
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Now

(p) kes(p) (k —Dey(p)
H(l_ﬁ)exp(z Qgp)gexp(zﬁ)

p<x p<x pex p
< exp( Z 2(k — 1))
px P

< (log x)*k=D),

by Mertens’ theorem. Using (2.14), the remaining contribution is seen to be

v+k 1)9 (p,,)
2 Z
psxv22
2(V+k—1) 2(v+k—1)p[%J
<o+ Y, ( > —’;+ZV—V)
plla 2<v<a p L v>a p
<1+ Z =
pla

since ("**71) < k”. We therefore obtain
4

T (m)gp(m) kes(p)
Y <#@en( Y =)

m<x p<x

whence

G{_IP&) < goi(a)x(log x)z(k—l).

So(x) < p¥(a)x exp ( Z

p<x

This is satisfactory for (2.13) when § = 0. When § > 0 the claimed bound
follows from partial summation. This therefore concludes the proof. O

Throughout the remainder of this paper, we will take
J = (log P)°.

In particular, it is clear that the error term in Lemma 2.5 is satisfactory from the
point of view of our theorem.

3. Parametrisation of conics

Fixing a choice of (4,B,C) € 7, our aim in this section is to carry out a
parametrisation of the conics appearing in (2.8). For given (A,B,C) € 47, it
will be convenient to denote by ¥ C P? the conic in (2.8). The crux of our
treatment is the observation that the conic bundle morphism X — P! has a
section. Concretely this is given by any of the points [+1,+1,+1] € %, which
we can use to parametrise the points on the conic. By considering the lines



1204 TIM BROWNING

passing through n = [1, 1, —1] with multiplicity 1, one establishes a bijection
between such lines defined over Q and the rational points on € \ {n}.
Let (A, B,C) € </ and define the binary quadratic forms

Q;(s,t) = At*> — Bs® + 2Bst,
Q,(s,t) = —Af? + Bs? + 2Ast,
Q;(s, 1) = At? + Bs>.

For s,t € Z, we let = gcd(Q(s, 1), Q,(s, 1), Q5(s,t)), A straightforward cal-
culation reveals that in terms of the set My(P) U M;(P), the bijection is given
by

(X,Y,Z) = (Ql(s, 1) Qys,1) Qsls, t)>’

AT AT 2
for coprime (s, t) € Z? such that t > 0. Moreover, we will have 2 | 171Q (s, 0)
for at least one index j € {1,2,3} when (X,Y,Z) € My(P), and 2 4 /1_1Qj(s, t)
for every j € {1,2,3} when (X,Y,Z) € M;(P). We will henceforth say that
a primitive integer vector (s, t) is “0-good” (resp. “l1-good”) if it satisfies the
first (resp. second) of these conditions. Finally, we observe that st # 0 in this
parametrisation since we are only interested in positive X, Y, Z.

We must now transform the counting functions #M,.(P) in Lemma 2.5 into
ones that involve the parameters s, t. We will show that

#M,(P) = #K, (P) + O(1), (3.1)

for x € {0, 1}, where K, (P) is basically the set M,(P) written in terms of s, t. The
error term O(1) arises from the (s, t) that correspond to the forbidden tangent
line in the bijection outlined above. We will defer writing down precise expres-
sions for Ky(P) and K;(P) until after we have analysed the quantity A defined
above, in addition to the relations (2.10),.

Lemma 3.1. Let (s, t) be x-good. Then we have 2 = 217%, 1,15, where
A = ged(s,A), A, =gcd(t,B), A3 =ged(s+t, A+ B).
Proof. We begin with the observation that
A = ged(Qq + Q,,Q; — Q3,Q3) = gcd(2(A + B)st, 2At(s + t), At? + Bs?).
Let us write 4 = 2¥1” for v > 0and A’ € N odd. It will be convenient to write
(a,b), = 27v2(ecd@b) ged(a, b)
for the odd part of the greatest common divisor. Using the primitivity of (A, B, C)

and (s, t) it is now straightforward to deduce that A0 = /1';/13/12, where

A =(s,A), A =(B), A =(s+tA+B),.
Thus, it remains to calculate v, for which purpose we set

a =0,(A), B=0vy(B), 7 =04+ B)=0,),
o=0,(5), T=0,(t), E=uvy(s+1).
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Our expression for 4 therefore leads to the conclusion that
v = min{l + 7 + min{y + o, a + £}, v,(At?> + Bs?)}. (3.2)

There are three basic cases to consider depending on which of «, 8, y is pos-
itive. We will deal here only with the case @ > 1, the other cases being treated
similarly. In particular 3 =y = 0andso 4, = /13,13 = /lg. It therefore remains
to show that

22 =217, (3.3)

if (s, ) isx-good. If o = 0 then (3.2) implies that v = 0, and moreover, 27Q;(s, t)
isodd for 1 < j < 3. Hence, (s, t) is 1-good and clearly (3.3) holds in this case.
Suppose now that o > 1. Then a little thought reveals that

v = min{l + o, a}

in (3.2). We have two cases to consider according to whethera < 1+cora > 1+
o. A straightforward calculation reveals that for o > 1 the first inequality holds
if and only if (s, t) is 1-good and the second if and only if (s, ) is 0-good. When
(s,t) is 1-good, so that @ < 1 + o, it immediately follows that v = a, whence
2”/1'1 = 2"‘/1? = A,. Alternatively, when (s, t) is 0-good, so thata > 1 + o > 2,
we conclude that 2”/1? = 2”"/1*{ = 2A,. The establishes (3.3) and so completes
the proof of the lemma. O

It is now time to investigate how the conditions in (2.10), are incorporated
into the argument, for x € {0, 1}. It will be convenient to first collect expressions
for the various terms X + Y, X + Z,Z + Y. The bijection recorded at the start of
the section yields

X4y =24y y o 2H0URY
X+Z= 2t(A;—BS), X_7= —ZBs/l(s+t)’
Z+Y = @’ 7_y = 2Atf+t).

We may now establish the following result, in which we recall the notation for
A1, 45, A3 introduced in Lemma 3.1.

Lemma 3.2. For (X,Y,Z) € M,(P), we have

gcd(2¥B, X + Z) = 2¥A,,

gcd(2C, X —Y) = 2°A;,
x

ged(2*C, X +Y) = 2 C,
A3
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and gedX +Y,X +2)=ged(Z - Y, X +2) = 27:
gedX —Y,X - 2Z)=ged(Z-Y,X - 2Z) = zx(j:t),
gedX —Y, X +2) = gedZ+Y,X +2) = 2’%;1’338)
gedX +Y,X-2)=ged(Z+Y,X - Z) = ?

1

’

Proof. Thisall follows from direct calculation based on Lemma 3.1. In doing so
itis critical to observe that 1,, 4,, 15 are coprime to each other. We will illustrate
the sort of calculations involved by evaluating gcd(2*B,X + Z) and gcd(Z —
Y, X - 2).
Beginning with the former, we note that 1,4,4; | At — Bs. But then
2t(At — Bs))
2171 4,5
E o At — BS)
A’ Ay My
B At — BS)
Ay MAyAs

gcd(2°B, X + Z) = ged (2’<B,
= 2", ged (

=21, gcd (
= 2K/12.

Next we observe that

2At(s +t) 2*Bs(s + t))
MAAs T MAods
K
_ 26+ Cd(é.L E.i)

gedZ-Y,X-2) = gcd(

A3 Mo A Ay Ay
_2%(s+1)
==
The remaining cases are dispatched in much the same spirit, which readily
leads us to the statement of the lemma. O

We are now ready to return to (3.1) and to consider the effect of our argu-
ments on the expressions for Ky(P) and K;(P). This is the subject of the follow-
ing result.

Lemma 3.3. We have
0 < Q,(u,v),Qy(u,v),v>u

1 A,4,P
< 174243
D (P = #{wv) EN, v(Av +Bu) < ’
K€(0,1} max{C, 1,43} < v,

CAy max{d,, 13} < Av + Bu
+0(D),
where
A = ged(u, A), A, =ged(v,B), A3 =ged(u—v,A+ B).
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Proof. Drawing together Lemma 3.1 and Lemma 3.2, we see in (2.10), that
ged(2*C, X -Y)<ged X +Y,X +2)

ifand only if 1,45 < ¢t. Similarly,
gcd(2*C, X +Y)<gedX -Y,X +Z2)

At—Bs

ifand only if 111, < . Next we note that the pair of inequalities

22%C < gcd(2*B,X + Z)ged(X + Y, X + 2)

. At-B . L
are equivalent to C < t and ;45 < % The remaining expressions in (2.10),

give no new information. Invoking (2.9) we deduce that

( )

(s,t) is x-good and |s|,t > 0,

0< Ql(s5 t)’ QZ(S’ t)’ Q3(S9 t)9

) QI(S’ t) > Q3(S’ t)’ y

P)=NGDEZpim & Qus )+ Qs D <R, [

max{C, 1,43} < t,
At—Bs

Ay max{iy, A3} <

C
\ J

for x € {0,1}. Furthermore, Lemma 3.1 implies that 24 = 24,4,4; and we
observe that any (s, t) € Z?2 is either 0-good or 1-good. Thus, if we sum K, (P)
over x € {0, 1} then the right hand side remains the same, but with 24 replaced
by 24,1,15 and the first line replaced by the condition |s|, ¢ > 0.

Now it is clear that Q5(s, t) is always positive. Furthermore, if Q,(s,t) and
Q,(s, t) are both positive then certainly Q;(s, t) + Q,(s,t) > 0, whence s > 0.
We write (s,t) = (u,v) and observe that Q;(s, t) > Qs(s, t) if and only if v > u,
and Q,(s, t) + Qs(s, t) = 2v(Av + Bu). This completes the proof. O

4. Counting lattice points

In this section, we transform our problem into a lattice point counting prob-
lem for fixed (A, B,C) € 7 in the notation of Lemma 2.5. One sees that the
inequalities v > u and Q,(u, v), Q,(u,v) > 0 in Lemma 3.3 are equivalent to

u<v<u(1+\/1+§). (4.1)

(4.1) holds and v(Av + Bu) < X, 4.2)
a<vandf < Av + Bu ’ '

We define the region
H(A,B;A) = {(u, v eER? :

with
_ M AA3P

X
C b

a = max{C, 4,43}, B = CA max{d,, A3} (4.3)
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and C = A + B. The inequality v(Av + Bu) < X obviously implies Av? < X
and Bu? < X since v > u. We conclude that

(A, B;A) C (o, %() X (0, \/g) (4.4)
with X as in (4.3).

Forany ¢ € N,k = (ky, ky,k;) € N> and 1 = (1;,4,,1;) € N3, we will need
to work with the integer sublattice

(k, A, ) ={(u,v) € 72 : [kyA1,€] | u, [kaAy, €] | U, k3ds | u — v}, (4.5)

where [a, b] denotes the least common multiple of a,b € N. In view of the
fact that each (A, B, C) € 7 has pairwise coprime coordinates, it is clear that
for distinct choices of i, j € {1,2,3}, we have gcd(k;4;,kj1;) = 1, whenever
ki, | A, kyA, | Band k345 | C. We will make frequent use of this observation
in the remainder of this paper. Note that (k, 4, ¢) has rank 2 and determinant

kikyksAi 2,256
ged(kykykzdyAp45, €)'
a calculation that is implicit in the proof of Lemma 4.2 below.
Ultimately we will be led to estimate asymptotically the number of lattice

points that are constrained to lie in a suitable planar region. A useful compan-
ion in this endeavour will be the upper bound

det(k,4,¢) = (4.6)

meas %
det

which is due to Heath-Brown [9, Lemma 2] and valid for any rank 2 lattice
C 72 and any ellipse Z C R2.
Bringing together Lemma 2.5, Lemma 3.3 and (3.1), we obtain

L= > X > Ll(P)+o(P(1ogp)§),

(A,B,C)e; 1A 1B A5|C

#HZ:. N NR)< 4(

prim

+ 1), 4.7)

where L, (P) denotes the number of (u,v) € mem NZ(A, B; 1), in the notation
of (4.2) and (4.3), for which

Llu, A |v, A3|u-—v,

u A v B u—v A+B
gcd(z, Z) = gcd(z, Z) = ged(

o) Th

Applying Mobius inversion to remove the latter coprimality conditions, we eas-
ily arrive at the expression

= Y Y Y T ukLE)+0(PdogP)?),
(AB,C)E ky Ayl A koA B Kads|C
where u(k) = u(k;)u(k,)u(ks) and

L,(P) = #(23 ;N (k,4,1) N Z(A, B; 2)). (4.8)
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We now have three tasks remaining. Firstly, we must replace Z;r im DY 7% in
L,(P). Secondly, we must reduce the range of summation for k. The final task
is more subtle and arises from the observation that the quantity to be estimated
is zero unless 4 is constrained to lie in a certain region. For any R > 0 and

(A,B,C) € o}, let

C* < t5,15R,

Vel®) = C2t; < R for fi, j, k} = {1,2,3} } (“9)

3
teR?,

We have the following result.

Lemma4.1. LetK,L > 2 and lete > 0. Then L(P) is equal to

22 2 2 MGk, m)( ) 2 HOL(P)

(A,B,C)edls kiA11A kyA,|B k3A5|C
k1<K k<K k3<K €<P10

P(log P)®
—x )
where x(R) = x¢(R; C) is the characteristic function of (4.9) and

Ly(P) = #((k,4,6) N Z(A, B; 1)).

4
+ OE(PE”L + P(log P)*(log JKL) +

Proof. We begin by recording an upper bound for L,(P) in (4.8). Combining
(4.4) with (4.3), (4.6) and (4.7), it easily follows that

X 1 B P

: S (R S—
VaB kikaksdidx4s VABCk,kyk;

Armed with this it is now straightforward to show that the range of summation
for k can be reduced to max k; < K with negligible error. Indeed, if we let
E(P) denote the overall contribution to the main term arising from k satisfying
max k; > K, we deduce that

EP< D D > D>

(A,B,C)e) kyA1|A kydy|B k3A5|C ( \ ABCK )
The number of available k;, 4; in the sum is clearly at most 73(AB(A + B)).
Applying (2.13)withk = 3andd = ; together with the trivial estimate 75(n) =

L,(P)<1+ (4.10)

0O, (nf), we therefore obtain
P 3(AB(A + B))

E(P) <, P + =
. VAB(A+B)

AB<P5
‘ye . P(logP)* ¢*(B)t5(B)
< P =2 Zz N
B<P3 B>
4 P(log P)°
<<EPs+E+—( I§ ) ,

by a simple convolution argument.
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Next we deduce from (4.1) and (4.4) that any (u, v) under consideration in
L,(P) is contained in the region

X X CX
1<u<\/§, 1<U<\/Z, U—U<\/E, (4.11)

with X given in (4.3). In fact, we have a better lower bound for v available
through the fact that max{C, 1,15} < v in (4.2). This leads to the inequalities
AC3?® < 33A,A43P and ACA,A; < A4P. On recalling the definition of .7 from
Lemma 2.5, these imply that

C* S WA A5PJ,  C2A,05 < A,PJ.

Next we deduce from the the inequality CA; max{4,, 15} < Av+ Buin (4.2) that

max{CA; 15, CA A5} < V2VX(VA + VB) < VA A,45P,
whence
C?M 4, < A3PJ, C?A4A5 < 4,PJ.

Using the fact that max k; < K, our argument so far shows that L(P) can be
approximated by

D D D) u) XA, kot ki PIKDLy(P),
(AB.OYE, ki |A Kyl |B kas|C
k<K k<K ki<K

3
with an error of O(P(log P)2 + PK~1(log B)6), where y.(R) is the characteristic
function of (4.9).
We would now like to show that this estimate is valid with PL™! in place
of PJK?, with an acceptable error. To do so, it suffices to estimate the overall
contribution to the main term from values of 4 for which

(k1215 kas, k3ds) € Ve(PIK?) \ V(PLTY),

in the notation of (4.9). This forces 4 to satisfy one of four further inequali-
ties. Let us show how to handle the contribution E’(P), say, corresponding to 4
satisfying
ct C'L
———— < LW A3 < ———,
kykyksPTK2 Y ko ks P

the remaining cases being handled in an identical manner. Applying (4.10), we
see as before that

4
4 P
IR S S S M Y c—
(ABO)E, kih|AKA|B  kidslc V ABCkky ks
k<K k<K ky<K
(4.12) holds

(4.12)
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Suppose without loss of generality that B > A in the outer summation. Then
E'(P)is

4 1 1
+e
<L Ps""+P L
D R D>
max k; <K o 2 A2B2 kiA|AkyA45|B k3ds|A+B
JT BSALB<P5 (4.12) holds

gcd(A,B)=1

We write El’((P) for the inner summation over A, B and A.
To estimate El’{(P), we break the sum over A, B into dyadic intervals and in-
terchange the order of summation with 4. This shows that El’((P) is

1 ) L Ay < A<24,
<Y ——x#@aBez’ nkin: B < B < 2B, }

2 op2 4
Ao<Bo<P5 A} B
Ag>J 1B,

in the notation of (4.5), where the sum over A € N3 is restricted by the inequal-
ities

4 4
B
A <24,, A,<2B),, A;<4B,, — 0 < —.
PR270 M= ARe AR ok PIK2 T ks P
A repeat application of (4.6) and (4.7) now shows that El’((P) is
1 AyB,
< +1
Z : o2 ZA: (k1k2k3/11/12/13 )
= 2 2
Ap<By<Ps A B
Ag>J 1B,
1
logJKL Aj L B; 1
< ( g > o4 _= > _0) =
kykyks : 5 Pkikoks : s )
Ao<Bo<P5 B Ag<Bo<P5 Ay 24,,<P3

Ap>J71B,

1
(log P)*(log JKL) N J2L(log P)*
kyk,ks '

1
Pskikyks
Inserting this into the above gives

4
E'(P) <. P5"L + P(log P)}(log JKL),
thereby concluding the proof that
P
LPy= > > D D uEky (kl/ll,kz/lz,k3/13)(z)L2(P )

(A,B,C)et) ki1 |A kydy|B ksAs|C
k<K k<K ki<K

P(log P)¢

—x )

In order to complete the proof of the lemma, it remains to replace Z> . by
prim

Z? in the definition (4.8) of L,(P). But this follows from a direct application

4
+ OE(P§+EL + P(log P)*(log JKL) +
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of Mobius inversion and the deduction from (4.4) that L,(P) = 0 unless ¢ <
7
A/ )Z( < P for any ¢ dividing (u,v) € (k,4,1) N Z(A, B; A). O
In our work, we will take
J =K = (logP)’, L = (logP),

With this choice, the error term in Lemma 4.1 is satisfactory from the point
of view of our main theorem. Our task is now to estimate L;(P), which is the
object of the following result.

Lemma 4.2. We have

A, B: cd(€, A1 A A\ A1 A, A PT
Ly(P) = meas(Z(A, ’/1))+O ged(?, 11,43V Az A3 F.
det(k,A,¢) tC
where det (K, A, €) is given by (4.6) and
_ max{ly, 45,43} 1
- 112323 max{l;, A, A3}

Proof. Let = (k,A,¢) C Z? be the lattice defined in (4.5) and write Z =
H(A, B; A) for the region (4.2). For any (u,v) € ,we have D; | uand D, | v and
D5 | u — v, with

D= ([kl/‘lla f]a [kZAZ, f]s [k3l3s f])

The condition that (u, v) € % implies that (4.11) holds with X asin (4.3). More-
over, it is easily seen that gcd(D,, D,, D3) = €.

We make the change of variables u = D;o0 and v = D,7. Then we are inter-
ested in counting the number of vectors (o, 7) € N? for which

!/ [ !/
Dio—D;t=0 (mod D3)

and (D,0,D,7) € #, where D] = ¢7'D;. Note that gcd(Di’,D;) = 1fori # j.
We will estimate this quantity in two ways: first by fixing o and estimating the
number of available 7, and then by arguing in the reverse direction.

Let us fix a choice of o and estimate the number N, of available 7. It easily
follows that

| £
NO' = D_g + O(l)a

where V, = meas{r € R : (D,0,D,7) € %#}. We now wish to sum this over
the relevant o, which by (4.11) gives

_5 (Y _1 VX
#(n%)—;(D—g+O(1))_Dg;VU+O(D1\/§).

Here the summation is over all ¢ € N for which (D,0,D,7) € %, for some

VX

7 € R. On noting that V, < ——= for any o0 € R, as follows from (4.4), we

DA
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deduce from an application of partial summation that the o-summation is
VX )
DA

meas{(0,7) € R? : (D,0,D,7) € #} + O(

Putting everything together, we therefore conclude that

meas(,%j)JrO VX +O< VX )
D1D,D; DzDg\/Z D,\VB

If we begin instead by fixing r and estimating the number of available o, we are
led to the alternative estimate

meas(e%:)_i_o \/E +O( \/X)
D,D,D; DlD;\/E Dz\/z

So far, we made the change of variables (u,v) = (D;0, D,7) and considered
the congruence D}o — D)t = 0(mod D). We are obviously free to make the
change of variables (u, u —v) = (D,0, D57) instead and to consider the resulting

#(NX) =

#(NZX) =

congruence Djo — Dir = 0(mod D)), where now |Ds7| < \/% by (4.11).
One may now repeat the above argument more or less verbatim. Carrying this
out and combining the result with our previous estimates, we are led to the
expression

meas(%)
#HNZA + O(WXE
(NZ%) = D\D,D! (VXE),
where

1 1 1

D,D{\JA D,D)AB D,D\\B j
1 1 Ve }

DA DB D;\AB

It remains to insert the definitions of D;, Dl.’ that were recorded above. This
reveals that the main term is

E = max{

+ min{

meas(#) meas(Z)t _ meas(Z) ged(¥, kiky k3, 4,13)
D\D,D;,  [kidy, €1[kan, €1[k3A5, €] kykyksdy AzA562
meas(%#)
7 det

by (4.6), as claimed in the lemma. Moreover, the error term is O(\/_ XE), with
ety (VA VB VB (VA VB VE)\
v/ AB Az /12/13 /l 14,

A Ay A3
Here we have dropped the dependence on ki, k,, ks, it not being useful in the
final analysis to retain their influence on E. Finally, we take max{A,B} < C
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and min{A4, B} > J~!C, as guaranteed by the definition of .Z;. This therefore
concludes the proof of the lemma. O

The remainder of this section will be concerned with showing that once in-
serted into the main term in Lemma 4.1, the error term in Lemma 4.2 makes a
satisfactory overall contribution. Let us write E(P) for this contribution. Note

that dn. ¢
S |u(f)|% < 7(n)logx,

t<x

for any x > 2. Carrying out the summations over ¢ and k we readily arrive at
the estimate

<VPIKlogP Y. Y Y2 Xl<Pf3)T(/11/12/132'\//11/12/13F

(A,B,C)e; 11|A A,|B 15C

for E(P), where y{(R) is the characteristic function of (4.9) and F is as in the
2

statement of Lemma 4.2. Note that \/JK3 logP < K* and PK3L™! < PL™5. We
open up the divisibility conditions by writing

A=Mhi, B=hu, C=2Aus.
It follows that

E(P) < \/FK“ Z 7(11/12/13)\//11/121:
awer Vs

>

where reference to (4.9) yields

ged(Auy, Aju;) = 1fori # j,
min{d; puy, Appp} 2 1_1/135“3,
¢ =14 eN 1 D+t = A < Ps, . (4.13)

2
A < /11/12PL_§, A Aspis < PL_i,

piAy < ,PL75, 3uid, < 4PL™:

Moreover, F is composed of two terms and can be written F = F; + F,, say. We
let E;(P) denote the contribution to E(P) from F; fori = 1, 2.

For given L = (L, Ly, L3), M = (M}, M5, M3) € R}, we will need to under-
stand the behaviour of the sum

S(L, M) = ) 1(14,43),
Ap

where the sum is over all 4, u € N? such that A, 4; + A,u; = 435 and
Li < /‘ll‘ S 2Li’ Mi < Mi < 2Mi’ gcd(/‘l“ul,l]’u]) = 1, (4.14)
fori<i<j<3.

2
Lemma 4.3. We have S(L, M) < (LL,L;M;M,M5)3(log L;L,L;)>.
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Proof. Taking 7(1;1,4;) < 7(4;)7(1,)t(43) and opening up the divisor func-
tion, it easy to see that

SLM)< Y >l1= > SuL,M),
G2 A e diy2L
say, where Sq(L, M) is the number of /l', H € N3 such that
L; 2L;
d—z <A< ?il, M; < u; < 2M;, ng(diA{Mi’dj/l;-#j) =1
and dl/li,ul + dzléﬂz = d3/‘lg/l3
Now for fixed d, it/, the latter equation forces u to lie on an integer sublattice
of rank 2. It follows from a result due to Heath-Brown [9, Lemma 3] that the
number of available u is

2
M;M,M M;M,M3)3
123+1<<(1231)+

el Sl el 1,
max dlA:Ml

(L LyL3)3
1
on taking max{a, b, ¢} > (abc)3 in the denominator. Summing over the A gives

2
(L1 L,Ls MM, Ms5)3 n LiL,L5

S4(LLM .
e dydod,

Repeating the process, but reversing the order of summation of  and A, one
obtains ,
(L L,LsM M, M3)s

L M
Sl M) < T ag;

+ MM, M3,

as a companion estimate.
Combining our two estimates, we may now conclude that

2
S(L,M) < (L1 L,L3M M, M3)3 (log Ly L, L)

L,L,L
+ > min { d1 d2 d3 : M1M2M3}.
d<yZE 16245
1 2
Taking min{a, b} < a3b3 in the second term, we thereby complete the proof of
Lemma 4.3. U

We are now ready to estimate E;(P) for i = 1,2. To do so, we will fix dyadic
intervals for the A, u, writing E;(P; L, M) for the overall contribution to E;(P)
2

for A, u such that (4.14) holds. Writing P, = PL’ 3, it is clear from (4.13) that
E;(P;L,M) = 0 unless
L§M‘3‘ < LL,P,, LL,L;M}; < Py,
L;M;L, < LyPy, LIMZL, < LiPy, (4.15)
max{L,M,,L,M,} < L:M;, L;,M;> 1.
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It will be convenient to write L = L,L,L; and M = M;M,M; in what follows.
Beginning with the contribution from F,, we deduce that

(A A4\ L1 L,y

i VLsM3max{L,,L,, L}

E,(P;L,M) <\ PK*

1 1
Now it follows from the fifth inequality in (4.15) that L;M; > L3Ms. Once
combined with the fact that max{L,, L,, L3} > /L, L,, we obtain

VLiL, 1 1

< < .
2
\VL3;M; max{Ly, L, L} \ L3 M3y M3 fé(MlMZ)%Mg
3

It now follows from Lemma 4.3 that

2 2 1 1
PK*(log P)’L3 M3 PK*(log P)’L>M>
EZ(P;L,M)«W (log PY’L3M5 _ VPK*(logP)*L> :

1 2 1

1 z Py
Ls(M;M,)s M M:

The middle pair of inequalities in (4.15) combine to give LM < L;M; < M;P,,
whence
1

1
E,(P; L, M) < VPK*(log P)*P; = PK*(log P)*L .
On summing over the O((log P)®) possible dyadic intervals for A, u, we conclude
1

that E,(P) < PKSL™ 5 < P, which is satisfactory for Theorem 1.1

Turning to the estimation of E;(P), which constitutes the contribution from
Fy, it will again be fruitful to analyse the contribution E;(P; L, M) from 4, u
restricted by (4.14). Furthermore, we may continue to assume that L, M are
constrained by (4.15). Applying Lemma 4.3, we deduce that

A A4 L,,L,, L
EI(P;L,M)<<\/EK4Z (14, 3)max{11 25 L3}

A LiM,L>
1 2
LEMg maX{Ll, Lz, L3}
L3M; '

< \/EK“(log P)3
Now it follows from (4.15) that

1 2
LsMs3 maX{Ll,Lz,L3}

~_1
< LyM;max{L;,L,,L;}L 2 < /P,.
L3M;

Summing over the O((log P)%) possible dyadic intervals for A, u, we therefore
1

conclude that E;(P) < PK°L™ 5 < P. This completes our proof that the error
term in Lemma 4.2 makes the overall contribution E(P) = O(P) to the main
term in Lemma 4.1, which is satisfactory for Theorem 1.1.
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5. A divisor problem for binary cubic forms

In this section, we complete the proof of Theorem 1.1, by studying the con-
tribution from the main term in Lemma 4.2 in Lemma 4.1. Recalling the def-
inition (4.2) of the region Z(A, B; 4), with X, a, 8 given by (4.3), the following

result follows from making the change of variables u = 4/ %s and v = 4/ )Z(t'
Lemma 5.1. We have

A A,A5P
meas Z(A, B; 1) = =2 meas.¥ +(’,B'),
\/;

ABC

where

C(’ _ max{ AC3 /12/13AC}§ ﬁ/ _ maX{CG/lllz C3/11/13}§
AP 4P ) AP ° 1,AP )’

and for any § > 0 we set

s<8t<s(1+v1+62),
s, f)=1(s,0) € (0,1)* : t(t+68s)<1,
a' <tandp' <t+8s

We now insert the main term described in Lemma 4.2 into Lemma 4.1. Let-
ting £, denote this contribution, the remainder of this paper will be devoted to
proving that

%, = ¢;P(log P)* + O (P(log P)*(loglog P)?), (5.1

where

2 5
01=876T40H(1—%) (1+£+i).

2
b P p
Inserting this asymptotic formula for Z; into Lemmas 2.2 and 2.3, we obtain
Ny u(P) € cyP(log P)* + O(P(log P)*(loglog P)*),

with ¢y = 60-2-¢;,asin (1.2). Asremarked after Lemma 2.2, the corresponding
lower bound is achieved with trivial changes to the argument, which thereby
concludes the proof of Theorem 1.1, subject to the verification of (5.1).

To begin with, we carry out the summation over ¢ in Lemma 4.1. For this,
we note that

gdnt) 1 ()
2 MO = g O ) &2
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for any n € N and x > 1, where ¢'(n) = len(l + i). Thus it follows from
(4.6) and Lemma 5.1 that for fixed A, B, C,k, A we have

meas Y\/g(oc’,ﬁ’)

Z M(f)meas(%(A,B;/l)) _ p
ot det(k,4,?) ¢WVABC K koks@T(kikaksdi4245)
+ O(1).

The overall contribution from the error term here makes the satisfactory con-

4
tribution Og(PEH) to (5.1), by the trivial estimate for the divisor function. It
follows that

P 1 ‘e
=—— > —I+0/(P5), (5.3)
¢(2) (A,B,C)est; VABC

Zy

where

L= 2 X

-
Ky 2l A ko |B kada|C kikokspT(kikyksdiA,45)
k1<K k<K k3<K

P
u(k)x (kl/ll,kzlz,k3/13)(z) meas .’ \/@(06', 8"
A

We proceed by simplifying the dependence on . ﬁ(a’ ,’), as in the following
A
result.

Lemma 5.2. We have

P
B ) KUKty b5 i) (T)

L=f 7
( A kl%A ko kimic Kikaks@T(kikaksdi A,13)
k<K ko<K ks<K

‘o (T(A)T(B)T(C)(log K)3) ’
log P

where, for any & > 0 we set

log(1 + 62)

1 =2

Proof. We seek to remove the conditions o’ < tand B’ < t + 4/ ES from
57 \/7(05’ ,B’). First, we show that the volume of this region can be taken over
A
(s,t) € (ﬁ, 1)? with an acceptable error. For this we note that the contribu-
og
tion to X, from s € (0, L) is
log P

1 < 7(A)t(B)t(C)(logK)?
kikaks log P ’

< —1 P
081" 1 T4 ks Ay|B s Zs|C

k1<K k<K ki<K
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But, we may now note that for (s, t) € (ﬁ, 1)? we automatically have a’ < ¢
og

and B’ <t+ \/gs for any k, 4, A, B, C featuring in X,, since they are subsumed
by (4.9). Indeed, we have

1w

1 1

AC3? \; 3 c* K>
—/— V<K ———m ) <=«
(/11/12/1313) ’ (klxllkz/lzk3/13P) S <
and the remaining inequalities are checked similarly.

Repeating our argument, we restore the range of integration to (s, t) € (0, 1)?,
with an acceptable error. This leads to the statement of the lemma with

f(8) = meas{(s,t) € (0,1)> : s <5t < s(1 +V1+82), t(t +5s) < 1L

log(1+62)

It remains to prove that f(8) = . To see this, we note that for fixed ¢,

the variable s is restricted to lie in an interval I, say, with

. - ot
meas(]) = max {0, mln{T, St} — —}
t 1+V1+62
1
(2, ifo<t<(1+8Y)72,
1+V 1462 . .
=11 1 . o—2 -
——(= <
5 ( Hm)t if(1+6%) 2 <t <(A+6%) 4,
0, otherwise.
A tedious but routine calculation now completes the proof. O

Returning to (5.3), it now follows from Lemma 5.2 that

f (\/7 ) M) X (e 2, Jey, k3/13)(£)

P
1= 5o 2
¢ (g e, VABC k1/11|A kB ke Kikaks@T (kikaksdi A,45)
k<K k<K ki<K

+ 0 (P(log P)*(loglog P)?),

since the error term makes the overall contribution
P(logK)? Z 7(A)T(B)r(A + B)
log P : VAB(A+B)

by an application of (2.13) with k = 2 and § = % Next, we can extend the

< P(log P)3(loglog P)3,

A,BLP

summation over k to infinity with error < K~'P(log P)® < P log P.
For any arithmetic function & and any N € N, we have

k)h(kA k
> MOED - 3 hw 3 42 = 3 o mnen,
kAN n|N kln n|N
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where p*(n) = len(l - %). It follows that we may write

f(\f ) s e
p p*(n;)
1= 75 IDIP Xn( )H T
¢( )(ABC)EciJ VABC A n B mIC i #7(m)
+ O ((log P)*(loglog P)*) .

Now the only possible choice of (A, B, C) € o/; with A = B is the vector (1, 1, 2).
This term contributes O(P) to X, . For the remaining contribution, we break the
summation over (A, B, C) € .« into those vectors for which B > A and those
for which B < A. This allows us to take

P ——3%; + O (P(log P)>(loglog P)?),

L =
4@))
with B
F(=) 3
" *(ny)
23 = Z C2 Z ( )H T n
(A,B,C)e nenN? i=1
B>A ni|A, ny|B, ns|C
and where

F(u) = (f(\/Z)Jrf(%))(‘/a“L %) (5.4)

“1+1)),

for any u > 1. In particular it is clear that F(u) < log u.
In terms of Dirichlet convolution, we clearly have —— g ) = (1 % h)(n), with h
Pi(

given multiplicatively by

1, ife=0,
h(p®) = p‘—fl ife=1, (5.5)
0, otherwise.

Forany ¢t > 1, let
={xeRZ 11X <X <X;+X <1, X3 2T7Hxg + x)}
and define the linear forms
Li(x) =x;, LX) =X, L3(x)=x +x;

Adopting the notation X% = {Xx : x € %} for aregion #Z C R?, and reserving
ifora generic index from the set {1, 2, 3}, we may now write

2= {(2) Z h(my)h(my)h(m3)Z5(1) + O (P(log P)*(loglog P)*), (5.6)
1enN3

ged(m;,m;)=1
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where
F(2)
P
>.(1) = o Py
3( ) Z 2 (xl + X2)2 d§|3 X(dlmladZmz,d3n’I3)(L)
XEZ2NP5 B €
gcd(xl,xz):ll dilm; Li(x)
m;|L;(x)

Before evaluating Z;(1) asymptotically, it will be useful to have an upper
bound which is uniform in all of the relevant parameters. Recall the defini-
tion of ¢ from (5.2). The main result in [2] implies that for X > 2 there exists
an absolute constant ¢ > 0 such that

O R e

1 [ ]x2 | <X
m;|Li(x)

for any € > 0, where Q = m;m,m3. Here we have used the fact that the condi-
tions m; | L;(x) define a lattice = (1,1,1), in the notation of (4.5), which (4.6)
confirms has determinant Q. We now observe that

Z |h(my)h(my)h(ms)|

—d+¢
< T
(mymym3)°

max m;>T

and
3

2, |hmph(m)h(my)| =| >, [r(m)]| < (logT)",

max m;<T max m<T

for any §,T > 0. Furthermore, we have F (%) < log(%) < loglogP in our
1 1

expression for Z;(1). With these estimates to hand, we deduce from (5.7) that
the overall contribution to Z; from max m; > log P is

< PloglogP Y,  |h(my)h(myh(my)|

log P<max m;

T(LI(X) )T(Lz(x) )T(L3(X))
m; m, my

X

2 (X1 + X2)2
|x1[,|x2|<P5
m;|Li(x)

< P(log P)3(log log P).

This therefore makes an acceptable contribution to the error in (5.6).
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Let Py = PL™',t > 1,X > 2 and let1 € N° such that ged(m;, m;) = 1. Our
asymptotic formula for Z;(1) hinges upon an investigation of the sums

Sx:h= )] D Xdmdymydimy(Po)

x€Z’°nX%;  deN?
ged(xy,x)=1 d;|m; " Li(x)

m;|L;i(x)
di | mi_lLi(x)9

= D, #ideN: +udev, ,
XE(m)ﬂX%’t ng(dimi, djm]) =1
ged(xp,x;)=1

where (m) = {x € Z? : m; | L;(x)} and
5 = log d; _logm £ = log L;(x)
" logP, "' logPy” ' logP, ’

and finally,

v, £ 1+ 0+ 0, + 03,
V=4vel0,1]°: 2v4+v;+0v; <1+uyfor{i,j,k}=1{1,23}
j
max{v;, Uy, U3} < Uy

Note that V = V* x [0, 1]? for an appropriate subset V* C [0,1]*. Estimating
this sum is the focus of the following result.

Lemma 5.3. We have

S,06G1) = g(m)(log Py)? f f dzdx + O,(Egn(X, P)),
xXEX B, J{reR3 :(1,£)eV}

7
where Ep, (X, P) = (mymym3) ' X%(log P)* + X4 and
1 3

g(m)=mlm;2m3 H (1+%—#)_ 1;[(1—%) (1+E—i).

plmymyms

Proof. To estimate S,(X;1) we appeal to work of Browning [5], which is con-
cerned with sums of the shape

2. T ()T (L)) T (L3 (X)),

for arbitrary non-proportional linear forms L; € Z[x;,x,] and x = (xy,X;)
running over integers restricted to a suitable expanding region.

Let us write S(X) = S,;(X;1) for short. Removing the coprimality condition
on x using Mobius inversion, we obtain

SX) = Y. u(@)S(X),
=1

where S, (X) is defined as for S(X) but with gcd(x;, x,) = 1 replaced by ¢ | x.
We have S,(X) <, ¢72X**¢ for any ¢ > 0, using the trivial estimate for the
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1
divisor function. Hence, we can restrict to ¢ < X+ in the above sum with error

7
0.(X+7).
In our analysis of S,(X) for fixed ¢ we will need to arrange things so that
we are only considering small divisors in the summand. It is easy to see that
the overall contribution to the sum from d such that d}z. = mJTIL j(x) for some

jef1,2,3}is
3
<X Y #xeZ’nXB, ¢ |x Lix) = m;d’} < e-1x2"E
djSﬁ

It follows that we may write

sx)=> > s;")(X)+oE(X§+S), (5.8)

1 oe{+1}3
e<xi {1}

where Séa)(X ) is the contribution from o;d; < ;4/m; ' L;(x).
We indicate how to estimate Sél’l’_l)(X ) = S, (X), say, which is typical.
Putting m;'Ly(x) = d; f3, we see that f3 </ mj'Ly(x) and

B log(m3 f3'L3(x)) _ . logfs
3T log P, >3 log P,

H3.

On relabelling the variables, we may therefore write S;’“L’_(X )as asum

X di | m'Li(x), d; < 4/mLi(x),
Z #:d e N : (5’ %—) c V+,+,_(m), ,

XE(II;)&X t ng(midi’ mjdj) =1

where

Vig-(m) ={(,8) €R® : (8, + u1, 8, + i, &3 — 63, 6) e VL

Let D; = [myd;, ¢] and D] = ¢7'D;. Since ged(m;d;, m;d;) = 1 each pair Di’,D;.
is coprime. Interchanging the order of summation, we obtain

SPPTX = Y #Exe®nX% i Eev,, (md)},

denN?
ng(mldl,dej)=1

where{ € V, , _(m;d)ifand onlyif (§,&) € V., , _(m)and 26; +y; < §;. The
underlying region that appears here is a compact subset of R? whose boundary

is a piecewise continuously differentiable closed curve with absolutely bounded
length. Making the change of variables x = ¢y and applying [5, Lemma 1], we
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deduce that
S (x) = Z meas{x € X%, : £ €V, . _(m;d)}e(D’)
‘ den? (¢D}D;D})>
gcd(mldl,m}dj)=1
7
XZ+S §+5
+0(=— +X2")

7
The error term makes the overall contribution O, (X Z+E) once summed over £ <
1

X 4. Moreover, it is easy to see that
o(D) 1 _ged(¢, mymymsd, d,d,) 1

(¢DDIDL? ~ ¢2D!DLD) ¢2 mymymsdidyd,’

by [5, Lemma 3].
Bringing in the summation over ¢, we set

StPI(X) = Y wOS)TT(X).
r<X4

Let
1

- ¢ymymymset (mymyms)’

Cm
in the notation of (5.2). It therefore follows from this that

meas{x € X%, : £ €V, _(m;d)}fi,(d)

St (X)=c
" d%:\p d,d,d;
7
+0,(X+79)
_ f Xv (81 + py, 0y + 2, €5 — 13, &) fm(d)
=Cm dx
XEXZ,  den? dy dyds
26+ <€
7
+0.(X57),

where yy is the characteristic function of the set V' and

30 pl(ged(dimy)) .
Hi:l W, lfng(midi, m]d]) = 1,

0, otherwise.

fm(d) =

We now write fi,, = hy, * 1 as a convolution, for a multiplicative arithmetic
function hy,. The condition ged(m;, m;) = 1 is automatic. Let us calculate the
function f,, at prime powers. Writing m; = p% and d; = p’i, and assuming
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without loss of generality that o¢; > 0 and a, = a3 = 0, we see that
1, ify; =y72=73=0,
1, ifa;,y; >21andy, =y; =0,
fpal,paz,p“S (ph, pyz, p}/?’) = 1 -1 . — — —
(1+;) , ifyy>2landa; =y, =v3=0,

0, otherwise.

Let us write h(pP1, P, pP) = hpa pe pe (pP1, pP2, pPs) for short. Continuing
under the hypothesis that «¢; > 0 and a, = a3 = 0, we find that

L ifa =0
h(l,p,1)=h(1,1,p)={p+’ 1 7

hp11y =l Ta=0
-1, ifo; 21, 0, ifog 21,
- , if(xl = 0, 1_—p, if(xl = 0’
h(p,p,1) = h(p,1,p) = P h(1, p,p) = | P*!
0 ifa; > 1, 1, ifa >1,
and
E, if 061 = O,
h(1,1,1) =1, h(PaPap) =4 Pl
0, ifa, > 1,
with h(pP1, pP2, pPs) = 0in all other cases.
Opening up the convolution, we obtain
h(k 7
SHHT(X) =cm Y, m(k) MX)dx + 0,(X+%),
keN? kikaks Jxex,
where for x; = 98k e set
log P,
M(X) = Z Xv (01 + py + %1, 05 + Uy + %5, €3 — 03 — 3, §)
=, dydyd;

26;+21+ <€

This sum depends on m, k, x in addition to X. It is now clear from repeated

applications of Euler—-Maclaurin summation that M(X) can be approximated
by

logt logt logt

XV(l;)g L 1, E = o =, €)
f g Py log P, log P, dt
2B 2 hbots
+O0((log P)?),
uniformly in m, k, x. Making the change of variables
logt, logt, log t;
T = U tx, 2= +t M+ Ky, T3 =83 —
1 log P, H 1 2 log P, ) 3=4§3

logPy 3



1226 TIM BROWNING

we obtain

M(X) = (10gPo)* pr, <t Xv (T, €)dT + O((log P)?).
20,60+
213>E3+u;
We now reintroduce the summation over k and the integration over x. This
gives the asymptotic formula

him(K)
ke N3 17253 Jxex 3, 272<§2+#2
213> 83+3

for ST+t~ (X), where E,,(X, P) is as in the statement of Lemma 5.3.
Our final task involves summing over the various m in (5.8), assuming anal-
ogous formulae for all the sums S***(X). This shows that S(X) is

m(k
klk(zkz lex% -[eu;gs xv(z, &)drdx + O(E (X, P)).

We are now free to carry out the summation over k, finding that

hm (k) 12 1\~ 301
k§\13k1k2k3=p+11_[ (1_5) (1+§) (1+___>

cm(log P0)3 2

keN?

My m,yms p p2
1 2
x J] (1 - E) .
plmym;m;

Multiplying this by c,, readily leads to the function g(m) defined in the state-
ment of the lemma. 0

It is clear that x restricted to ﬁ%t make an overall contribution
og

< (mym,m;)~'X%log P < Epy(X, P)

to the main term in Lemma 5.3’s estimate for S;(X; m). Recall that V' = V* X
[0, 1]? for an appropriate subset V* C [0, 1]*. Hence, we have that S,(X; m) is

g(m)(logP0)3fX€X@t f dzdx + O.(E,(X, P)),
X+a> 0 {reR3:(z.5)eV*}

log x1+x,

where now ¢ = . But a simple change of variables shows that this is

log Py
equal to

g(m)X?(log Py)* meas(%, p) dr

freR?:(z,: 1°gX e

+ O(E, (X, P)loglog P),
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1 o
where #,p ={XE€ %, . x1+x, > ﬁ}' Now it is clear that
og

1 1 1 1
meas(%, p) = meas(%;) + O(logP) = T+ D + O(logP + 7),

‘We therefore conclude that
g(m)X>(log Py)* /
2+ 1) (reR?: (r, )X )eye)

log Py

+ O(Ep (X, P)loglog P).

S,(X;D) = dr

Note that F(u) = F(1) + flu F'(v)dv for any u > 1in (5.4). Furthermore, we
may write (x; + Xx,) 72 = P_g +2 fxlixz w~3dw. Hence, we deduce that
% ;
(1) = 2 f (F(l)Sl(w; m) + f F'(0)S,(w; m)du)‘:u—f +0(8),
where 1 1

£ p 3 T(Ll(x))T(LZ(X))T(L3(X))F(ﬁ).

my my ms X1

xeN?
2
Jlx,<x;<x,<P5
m;|Li(%)

We have F (%) < log % < loglog P here. Applying (5.7), we easily deduce that
1 1

(log P)*loglog P
m;mpni3 *

2
& <, P,

which makes a satisfactory overall contribution to X, in (5.6).
We now call upon our work above to estimate the sums S; (w; m) and S, (w; m)
in the integral. One finds that F’(v) > 0 for each v > 1, whence

J
|[F(1)] +/ |F'(v)|dv = F(J) < loglog P.
1

The error term thus makes a satisfactory contribution to ;. Once substituted
into (5.6), we deduce that
:

f drdw
g dogwy 0 W
{T€R3.(T,@)€V }

P
2 = CUooc‘)localp(logp)3'/‘
1

+ O(P(log P)*(log log P)*),
on extending the summation over m to infinity, where
1
Blocal = 7033 Y, h(mp)h(my)h(ms)g(m)

leN?
ged(m;,m;)=1
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and w,, = - + flj FT(?dv. Now it follows from (5.4) that
v
F(v)
, (L+1)?
Moreover, on recalling the definition (5.5), an easy calculation reveals that

Wiocal = H (1 - %)5(1 + é + i)
p

p p?

logJ 2
Weo = dv + O(i) = % + O((log P)~> loglog P).

J

Finally, we find that

2
ps
dzd 2
f / Tw _ meas{(f,u) eV*iu<g —}logPO
1 {reR%(r,%)eV*} w 5

_logPpy
T 360
This completes the proof of (5.1), and so the proof of Theorem 1.1.
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