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Partial Poisson transforms on
SU(n, n)/SL(n, C) x R%

Wei Han and Xingya Fan*

ABSTRACT. In this article, we introduce a partial Poisson transform on the
affine symmetric space SU(n, n)/SL(n, C) x R} and prove that this trans-
form is a continuous SU(n, n)-homomorphism. We also give the form for
the Fourier transform of the Poisson kernel.
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1. Introduction

In a complex plane, the classical Poisson transform on the unit circle gives a
harmonic function on the unit disk. More generally, each eigenfunction of the
Laplace-Beltrami operator on the Poincaré disk can be represented by a gener-
alized Poisson transform of a hyperfunction on the unit circle. The notion of the
Poisson transform has been generalized to a Riemannian symmetric space G/K
of the non-compact type, where G is a connected real reductive Lie group and
K is its maximal compact subgroup (see [14, 15, 18, 23, 12] and the references
given there).

Now we recall the Helgason conjecture for the classical Poisson transform on
G/K.

Theorem 1.1. Every joint eigenfunction of the invariant differential operators on
G/K has a Poisson integral representation by a hyperfunction on the boundary of
G/K.
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In [14], Helgason proved Theorem 1.1 for Riemannian symmetric spaces
G/K of rank one, except for an explicitly given set of spectral parameters deter-
mining the eigenvalues. In the same paper, Helgason conjectured that this the-
orem can be extended to higher-rank spaces by replacing the (geodesic) bound-
ary with the Furstenberg boundary. In [15], Helgason proved such an extension
for K-finite functions. In [18], Kashiwara et al. give a proof, which is based on
the theory of boundary values for systems of differential equations with regu-
lar singularities developed by Kashiwara and Oshima in [17]. Recently, in [12],
Hansen, Hilgert, and Parthasarathy have given a new proof of a generic ver-
sion of Theorem 1.1. For a recent account of the theory, we refer the reader to
[25, 20].

The affine symmetric case remains an open one. In this paper we only con-
sider the affine symmetric space X = SU(n, n)/SL(n, C) x R%. It is possible
to define the Poisson transformation for some sets of parameters by an integral
resembling those for SU(n, n)/S(U(n) X U(n)) case.

Let (&, V(&))be theirreducible representation of M. Accordingto [13, p. 161],
we choose the form of w(M N H)w™!, which guarantees that the representa-
tion of w(M N H n K)w™! is trivial. Technically, by [6, Lemma 1] and Frobe-
nius reciprocity, we prove that the restricted representation Res&/[(l\,wq)w_1 14€3)

of M is isomorphic to Resﬁ?f[{m AK)w(-D V(&), where w € W and W is as in
subsection 3.2 below. Then, to prove that the Poisson transform is a contin-
uous SU(n, n)-homomorphism, we just need to prove (4.3) below. We calcu-
late the normalized coefficient of the Poisson transform by proving the limit
convergence of (4.3). As an interesting result, we give the form for the Fourier
transform of the Poisson kernel. We expect that some ideas of our article are ap-
plicable to Poisson transforms on more general semi-simple symmetric spaces,
asin [9, 23, 21, 1, 5, 7, 8, 11]. We also plan to address Theorem 1.1 on XX in
forthcoming publications.

Precisely, this article is organized as follows.

In Section 2, we recall the affine symmetric space of Hermitian type.

In Section 3, we calculate the restricted root system of SU(n, n) and obtain
their Weyl groups and orbits, respectively. Then we define the Poisson kernel,
Poisson transforms on these orbits, and obtain the normalized Eisenstein inte-
grals.

In Section 4, a continuous SU(n, n)-homomorphism of the Poisson trans-
form is obtained. Finally, we prove the relationship between the Poisson trans-
form and Fourier transform.
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2. Preliminaries

In what follows, we always define the conjugate transpose and the transpose
of the matrix by *« and T, respectively. The group SU(n, n) is a connected non-
compact semi-simple Lie group defined by

A B . %k * * *
SUmm =l o p ) A*A=C*C=1,D'D~B*B=1,,

B*A-D*C=0,A,B,C,D € Mn(C)}.

Let S(U(n) x U(n)) be the maximal compact subgroup of SU(n,n). The Lie
algebra of SU(n, n) is given by

3u(n, n) = {( g* g ) cat=—a, 8" =6, tr(a) + tr(6) = 0}.

Here and hereafter, a, 8, § € M,(C). Let 3u(n, n) = £ @ p be the Cartan
decomposition, where

f={Xesunn: 6X)=-X"=X}

={< : g ) S S § tr(a)+tr(5)=o}

and

p={Xesdunn: 6(X)=-X*=-X} (2.1)
={< é’* ﬁ ) :ﬁeMn(c:)}.

Define the involution (non Cartan involution) on SU(n, n) by
A B\ (D C
"We p))=™\B 4a)

where ( A € SU(n,n). Let ) + q be the decomposition of 3u(n, n) into

B
C D
the +1-eigenspaces of the involution 7, where
—_ a ﬁ . * I —_
h-{( 8 « ) rat=—a,f —6,tr(oc)—0}
and

q= {( _“6 _ﬁa ) Dot =—a, B = —ﬁ}. (2.2)

By (2.1) and (2.2), we have

e E
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The maximal Abel subspace of p N q is given by

(0 t .
ap={l< —t 0 ) : t =diag(ty, -+, t,), tieR}. (2.3)
The Lie group H of ) is defined by

H= {( ‘; fx ) : A,Be M,(C), A*A—B*B=1,, B*A = A*B}. (2.4)

Letp : h — 8I(n,C) @ RI, be an isomorphism of Lie algebras, namely,
14 (( g fc )) =a—f.And ¢ : H - SL(n, C) x R} is an isomorphism of

groups.

Lemma 2.1. SU(n, n)/SL(n, C)xRY is an affine symmetric space of Hermitian
type. Moveover,

SU(n, n)/SL(n, C) xRy ~ X :={(z, w) € Un) x U(n) : det(z —w) # 0}.

Proof. Since gc = 3l(2n, C) and the complexification of ) is

be = {( g g ) © & € My(C), B € My(C), tr(ax) =o},

then Definition 1.1(i) of [22] is natural. In what follows, condition Definition
1.1(ii) of [22] can be replaced by saying that - N q¢ has a non-trivial center. In
fact,

e ={< “ 9 ) .« e M,(C), 5 € M,(C), tr(a+5)=o}

and ’

ac=( 5 L) aem@.pem©]
Thus

ay 5=fcﬂqc:={< ‘(’,‘ _Oa ) : oceMn(C)},

which implies that q? has a non-trivial center:

0B
And hence Definition 1.1(ii) of [22] holds and SU(n, n)/SL(n, C) x R% is an
affine symmetric space of Hermitian type. Finally, similar to the proof of [16,

Lemma 2.6.11, p. 68 and the table on p. 58], the bounded realization of the space
SU(n, n)/SL(n, C) x R is obtained. O

cc={(a 0 ): &zaln,ﬁz—aIn,aeC\{O}}.

For the affine symmetric space of Hermitian type as in Lemma 2.1, we have
an equal description, namely, (8u(n, n), 8l(n, C)®RI,) is an affine symmetric
pair (also see [4]).
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3. Frobenius reciprocity
3.1. Minimal parabolic subgroup.
Lemma 3.1. The positive root system of A := A(g, ay) is given by
At ={y; 1 1<j<njulyixy; 1 1<i<j<nl (3.1)

with multiplicity m, = 2 for the short roots & = +(y; + y;) and m, = 1 for the
long roots & = +2y;, where
V-1 1
Yi W(Ei,nﬂ —Epi) and (7,75 = g%u (3.2)
Proof. Lete;; = E;j + Ej; and ¢;; = Ej; — E;, where E;; denote the n X n matrix
with 1 on the (i, j)-th entry and zero on all other entries. Then, fori < j, the
eigenvectors of £(y; — y;), respectively, are given by

aij _ ( el-j\/—l é'ij )
! —e;  ejV-1

; H (3.3)
ij —eij elj\/—l )

2 —el'j\/ -1 —eij
bl =< eiV—1  —¢; )
e eyV—l1

bijz( —€j _eijV_1>
ST

The eigenvectors of +(y; + y;), respectively, are given by

U A €ij di = "Nl ey
1 el'j —el‘j V -1 ! eij eij V -1

N TR Jo & &Vl
c2 ~ ~ ’ 2 ~ ~ .
€ -1 €;j eij -1 —€;

J J

The eigenvectors of +2y;, respectively, are given by

ol = ( Eyiv -1 Ej; ) fi :( —-Ezv—-1  Ey )
Ey  —EyV-1 Ej; Eyv -1

Now we prove (3.2) holds true. Let ad be the adjoint representation of ... Then,
foranya € ay, we have

adg’aiji = =7 @), adéb = G- 7)),

adga, = (ri = 7)%(@)ay), ( adaby = (i —7,*(@)b;),
adgey) = (i +7) @), adid) = 0+ 7X@,
adee; = (i +7))M@)(e). ( adady = (i +7,)%(@)(dy),

(3.4)
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and
adge’ = 27, (a)(e’),
ada f! = 2y)*@)(f.
In particular, we let iy, e, € a,, be as follows:
hk = \/__1(Ek,n+k - Ek+1,n+k+1 - En+k,k + En+k+1,k+1) (3-5)
for1<k<n-1,and

ex = V—UEyn+k — Ensick)
for 1 < k < n. From this, the equations above and the Killing form (x, y) =
Tr(adad,), it follows that
(hi, hy) = Tr(adp, adp, )
=4 3 [Gi— )+ @i+ r) +2 35 2y ()
1<i<j<n 1<i<n
=44 +2n—-2)+2(n—2))+24+4)
= 16n
and
(ex.ex) = Tr(adekadek)
=4 > [ri—rD)e)+Gi+r)Hed] +2 D) @rer)
1<i<j<n 1<i<n

= 8n.
Moreover, if i # j, then (¢;, ¢;) = Tr(adel_adej) =0.

Let i — Yip1 = Shi, ¥k = SN—1(Ein+k — Enyii)- Together with (y; —
. 1
Y1) (hy) = (shy, hy) and (v — y41)(hy) = 2, imply that s = an And hence

1
Vie = Vk+1 = —g— (Exn+k — Exs1n+k+1 — Entick + Ensi41,641)

for 1 < k < n — 1. Processing continues in this same way, we obtain

V-1 1

- —, l= i
Vi = i (Exn+k — Entrx) and (yi,yj) = (e;, ej) ) J

64n2 0, i#]j
This finishes the proof of Lemma 3.1. (]

Let n := n(A*) be the sum of the root spaces corresponding to the roots in
this set, and put N = N(Z*(g, a,)) := exp n. Let M; denote the centralizer of
ay in G, and put P’ = P'(Z*(g,ap)) := M;N. It is easily seen that M; normal-
izes N and hence P’ is a subgroup of G. Let 1t be complementary to n N § in n,
and write U = exp u. Here we assume that u is a unipotent radical. Let L be
the centralizer of ay in SU(n, n), namely,

L={geSU(n, n):gag™' =a,a €ayl. (3.6)
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Motivated by [19], we have the minimal 76-stable parabolic subgroup as fol-
lows:

P=LU. (3.7)

3.2. Weyl groups and P-orbits. Since 67 = 76, 3u(n, n) has a 67 decompo-
sition g, @ g_, where

g, ={Xesun,n): 6rX)=Xi=GHNHS@NP) (3.8)

andg_ ={X €su(n,n): 6r(X) =-X}=0Hnp)® (qnt). Note that g, isa
Lie subalgebra of 3u(n, n). In fact, since g, is the subspace of 3u(n, n), then,
for any X,Y € g,, the bracket operation [X, Y] is bilinear, and [X,Y] € g,,
[X,X] = 0forall X € g,, and Jacobi’s identity holds. And hence g, is a Lie
subalgebra of 3u(n, n).

Proposition 3.2. Let g, be asin (3.8). Then
Ay i=Agy, ap) ={x=(ri—yy) 1 i<}

is the corresponding set of restricted roots of A with multiplicity m, = 2 for the
roots o = +(y; — ¥ ), where

n—1 . .
= ey )
Vi= W(Ei,nﬂ —Epy) and (y,7) = in% i#j. )

Proof. By (3.8), we have

a0, = {( Aoy ) . X € M,(C), Y € M,(C),Y* = —Y, X* = —X}.
Let Z, (ay) be the center of ay, in g,. Then, by the form of g,, we see that
g+ = a, + m + n*, where n* = EKJ. 8+(y,—y, and

V-1t 0 _ .
m = Z( 0 \/—_lt : t =diag(ty, by, -, ), t; € R C Zg+(ay).

From this and Lemma 3.1, it follows that A; = {+(y; —y;) : 1<i<j<n}

Now we prove (3.9) holds true. For i < j, the eigenvectors of +(y; — y;) are
as in (3.3). Let ad be the adjoint representation of g,. Then, by (3.3) again, for
any a € ay, we have (3.4). In particular, we let hy, ¢, € a,, be as in (3.5). From
this, (3.4) and the Killing form (x, y) = Tr(adad,), it follows that

(hi, hye) = Tr(adpady) =4 D) (r; — 7)) = 4(4 + 2(n — 2)) = 8n,

1<i<j<n

(e, ex) = Tr(ad ad, ) =4 D (y;—7;)*(er) = 4(n—1)

1<i<j<n
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and, if i # J, (ei,ej) = Tr(adeiadej) = 4y — Yj)(ei)(l/i - J/j)(ej) = —4. Let
Yk—Yk+1 = Shi. Together with (i —y41)(hy) = (shy, hy) and (v —Yi1)(hy) =
2, implies that s = ﬁ. And hence

-1
Ve = Vet = 5 Bionvk = Brevintks = Envick + Bnsierrirn)

for 1 < k < n — 1. Processing continues in this same way, we obtain (3.9). This
finishes the proof of Proposition 3.2. O

Let H be as in (2.4) and
K = S(U(n) X U(n)) = {( ‘3 g ) . A, D € Un), det(AD) = 1}.

Then

A 0

r— —
L —KnH—K 0 A

) . Ae U(n), det(A) = il}.

Notice that L' is a maximal compact subgroup of G, = expg,. Since g, =
(h N ¥) & (q N p) is the Cartan decomposition of g, as in (3.8), we can apply

the theory of L’ A;L’ decomposition to G, and obtain that a,, is unique up to
conjugacy by L', where A_; is the closure of Ay, AT = expa, and aj is the
Weyl chamber defined by a; ={t€ay: fp—ty >0, k <} The positive root
system A} of A is given by AT = {yx — y¢; k < ¢}. The Weyl group associated
with the restricted positive roots AI’ is

WLI = WL’(9+’ (lp) = NL’(OP)/ZL’(GP)’

where Np,(ay,) and Z;,(ay) are the normalizer and centralizer of ay, in L', re-
spectively.
Define the Weyl group of a, in $u(n, n) associated with A* by

W :=W(8u(n, n), a,) = Ng(ay,)/Zx(ay),

where Nk (ay,) and Zg(a,) are the normalizer and centralizer of a;, in K, respec-
tively.
Lemma 3.3. The Weyl groups W and W, are isomorphic to the semidirect prod-
uct groups (Z/2Z)" X S, and S,, respectively, where S, is the n-th symmetric
group.
Proof. Let ay, be asin (2.3). The root system of (81(n, n), a,) is A asin Lemma

3.1. Thenyy, ¥, -+, ¥y isafamily basis of ay,. Leth = X171 + X7, + - +x,7, €
ay, where x; € R for 1 <i < n. Define the reflections by

20y,h)

) =R Gy T
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By (3.2), we see that
Fay, (W) = h = 2X37, = D, X7 — XY
J#
Notice that Ty tay;, = Ty T2y, We let W, be the subgroup of GL(n, R) gener-

ated by the reflections r,,, for 1 < i < n. Then W is isomorphic to (Z/22)".
Similarly, define the reflections by

2(yi—vj,h)
Gi—7jvi— 7))

r}’i—}’j(h) =h- i — yj)-

Then
ryi—yj(h) =h—(x;—x)yi—7)= Z XkVk + XV + X7
k#i,j
Let W, be the subgroup of GL(n, R) generated by the reflections Tyimy; fori # j.

From this, it follows that W, is isomorphic to the symmetric group S,,. Since
r2yj(yi - 7]) =Y+ yj’ SO ryl-+7/j = r2yjryi—yjr2yj:

2y, ifk#1,j, oy itk #1,j,
Tyi—y; Qri) =14 27, ifk=1i, Tyiyit2ryimy; =4 Ty ifk=1i,
2)/17 lszja l"zyi, lfk:J.

Let W be the Weyl group of A which is generated by W; and W,. Then W is
isomorphic to the semidirect product of (Z/2Z)" X S,,.

Moreover, let A; 1= {+(y; —y;) : i # j}be asin Proposition 3.2. Similar to
the proof above, for h = x;y, + X7, + - +x,¥, € apand x; € Rfor1 <i < n,
we consider the reflections

2i—vph
Gi—7pYi— 7))

ryi—yj(h) =h- (YI - YJ)

Then, by (3.9), we have
Ty, (W) =h— (X —x)(yi —¥j) = Z XkYk + XY + XY
k#i,j
Hence Wy, is isomorphic to S,,. U
Remark 3.4. It is worthwhile to discuss the quotient group W /W,. By using

Lemma 3.3, we see that the quotient W /W, has 2" elements, which, together
with [13, Theorem 3.3], implies that SU(n, n)/H have 2" open P-orbits.

The following lemma is just [21, Theorem 1].

Lemma 3.5. Let P be a t6-minimal parabolic subgroup of SU(n, n) as in (3.7).
Forj=1,2,..,2" welet Oj := Pm;H, where m; € Ng(ay). Then the following
holds:

(i) OjisopeninSU(n, n).

(i) O;n0O; =0,i #j.
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(iii) @12; O, is dense in SU(n, n).

In Remark 3.4, the open P X H double cosets on SU(n, n) are given by Pm H
for our fixed set W of representatives m; € Ng(a,) for W/W,, where j =
1, 2,...,2" (see [6, p. 521]). The map W > w — PwH sets up a bijective corre-

spondence of W with @12:1 O;.

3.3. Frobenius reciprocity. Since L = M Ay, then M is a unique 7-stable sub-
group M C L, where L is as in (3.6) and A, = exp a,,. From the local structure
theorem as in [19, Theorem 2.3], it follows that

P-zy = MA,N -z, (3.10)

where N = exp n and z, = eH denotes the origin of the affine symmetric space
of Hermitian type SU(n, n)/H. Given an irreducible unitary representation &
of M, we denote it by V(&). We have the formal orthogonal sum

V() = @ g

wew

of the spaces of w(M N H)w~!-fixed vectors for £ (also see [6, (5)]). Note that
conjugation by an element w from Ng(ay) leaves M invariant, and that hence
M/(wMnNH)w™) =M/(MnwHw™!) is a symmetric space.

By using Lemma 3.5 and (3.10), we have the following definition.
pC
be half the sum of positive roots. Let C(¢ : 1) be the induced M-representation
which is the set of all continuous functions 7 € V(§) satisfying, for w € W,

lEe a;’c and j =1, 2,...,2",

Definition 3.6. Let a;‘; ¢ be the dual of the complexification of ay,. Letpp € a

a**PrE(myn,,  if manwh € 0,

J .
X3 (n)(manwh) := 0, otherwise.
The following theorem is the Frobenius reciprocity.

Theorem 3.7. Let V(£) and C(& : A)Y be as above, representations denote by
€1, €, and F(¢ the representation of w(M N H)w™!. Then there is a canonical iso-
morphism

Homy, (V(€), C(§ = ) = Homynsmut (ReShunmw-V(E): 7).
where ReSIL\v/I(MnH)w,lV(é' ) denotes the restriction of V(§) to Jte.

Proof. By Definition 3.6 with ma € MA,N wHw™!,[13,p.140] and 1 € a; c
the evaluation map e, : C(§ : )F — J¢ given by e, (F) = F(w) for F €

C(¢ : M)H, satisfies, forallmy € wM NH)w='and F € C(¢ : DH,
ew(§(mo)F) = (§(my)F)(w) = F(myw) = F(w) = e, (F),
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namely, e,, is a morphism of representation of w(M N H ywl. Let V(&) be a
representation of M and .‘]C/j1 D V(&) = C(€ : DHH be a morphism of represen-

tation of M as in Definition 3.6. Then the composition ewoﬂC/J1 is a morphism of

Res’L\U/Iavmﬁ,)w_1 V(&) into J{;. Denote the linear map A : IIC/{ - ewoﬂC/]1 by

Homy, (V(£), C(¢ : D) & Homymnmyw (Res]f(MnH)w_IV(g), ?(g).

Letv € V() and g : V(§) — }(;”(MHH)“)_I be a morphism of representation

of w(M N H)w™!. Then, we now consider the function F, : M — F ?(MOH)wﬂ

given by F,(m) = ¢(£(m)v) for any m € M. First, for m; € w(M n H)w™! and
any m € M, we have

Fy(mom) = @(§(mem)v) = p(§(mp)§(m)v) = p(§(m)v) = F,(m),
which implies that F,, is a function in C(¢ : A1). Write the map JC/]1 V() -
C(¢ : )M given by JC/{(U) = F,. Clearly, foreach v, vy € V(§)and anym € M,

Fypp,(m) = @(§(m)(v + vg)) = p(§(m)v) + p(§(m)vy) = F,(m) + Fy (m).

Then JCi(v +vy) = JC/{(U) + JC/{(UO). In addition, for any m € M, a € C
and v € V(£), X;(av)(m) = ap(é(m)v) = aX;(v)(m), which implies that
JC/]I(ocv) = oc:lC/jl(v). From this, it follows that JC/{ is a linear map V(§) < C(¢ :
A)H. Moreover, for all m’ € M,

(E(MNEM)L) = p(E(m'm)v) = I} (V)M m).

And hence, for any m € M and v € V(§), Ki(%’(m)v) = §'1(m)5C/{(v). There-
fore, JC/{ is a morphism of representations V(£) and C(¢ : 1)H of M.
On the other hand, denote the map B : ¢ — JC/{ by

Homy w1 (ReSy -1 V() Hp) & Homy (V(E), C(§ = )).

M

Clearly, forany ¢ € Homw(MmH)w_l(Reswa\,mq)w_1

v e V(&),
(AeB)Y@)(V) = (AKD)(©) = KI(v)(W) = F,(w) = p(v).
Thus AoB is the identity map. By this, for any m € M, Ki(é’(m)v)(w) =
E(m)(K(0))(w) and K] € Homy, (V(£), C(€ : VM), we have
(BoAYI)(©))(mw) = (BACK ) () (muw)
= A(J)(E(mv)
= I (0)(mw).

V(&), H £), we obtain, for any



1442 ‘WEI HAN AND XINGYA FAN

Hence, we have (BoA)(JC/{) = JC/{ for all Ki and BoA is also the identity map.
O

Corollary 3.8. Let J; = C" be the trivial one-dimensional representation of
w(M N H)w™. Let CO(M /w(M n H)w™', C") be the space of continuous func-
tions M/w(M n H)w™' — C" with M-action given by left translation. Then

CE: DV ~C'M/wMnH)w™!, C") (3.11)
and the multiplicity of V(&) in CO(M /w(M n H)w™!, CV) is equal to 1.

Proof. By using Theorem 3.7, we see that (3.11) holds true. Moreover, we also
have

dim Homy, (V(&), C(& @ D)
= dim Hom gyt (1aes1‘w4awm)w_1 V&), CW) .
Notice that Resi\f(MnH)w_lV(é' )=H ?(MHH)w_l
[13, p. 140], it follows that

. From this and Lemma 5.3 as in
. wMnHw™  ~w) _
dime Homy,agnpryw-1 (f}( p ,C ) =1
This finishes the proof of Corollary 3.8. O

Corollary 3.9. Forany w € W, if V(&) is non-zero then the restriction of & to
M n K is irreducible and

M MnK
Res, a1V (6) = Res, vnHnK)w-1 V().

Proof. By [6, Lemma 1] and [13, Lemma 3.2, p.115], we see that M /w(M N
H)w™! for w € W is a compact symmetric space and

M/wMnHw!'~MnK/wMnHNK)w,
which, together with [6, p, 522], implies that Corollary 3.9 holds. O

4. Partial Poisson transform

By Theorem 3.7, Corollary 3.9 and [13, p. 161], we consider the principal se-
ries with the trivial w(M N H N K)w~!-type 1 for H-invariant function on X.

Definition 4.1. Forallm € KNM, k € K, the spaces C*(K : £) =C®(K : 1)
and C~®(K : 1) are the set of all smooth and generalized C"V-valued functions
on K, respectively, transforming according to f(mk) = £(m)f(k) = f(k). The
Hilbert space L(K) is defined similarly and the inner product is given by

(f. g) = f (FR), g(k))dk
K

with respect to invariant measure on K.
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Definition 4.2. Let pp be as in Definition 3.6. The Poisson kernel is given by,

forw e W,/lea;‘;candj=1, 2,..,2",

a***r, if manwh € 0},

J .
p;(manwh) := 0, otherwise.

The following lemma is just [13, p. 145, Proposition 6.1].

Lemma 4.3. For j = 1, 2,...,2", let p/{ be as in Definition 4.2. Suppose that
(Red + pp, a) < 0, wherea € A" and A" is as in (3.1), then, forn,, € CV, pﬁnw
asa C*®(K : 1)-valued function of A is a holomorphic function.

Let D(XX) be the commutative algebra of invariant differential operators on
X. LetS (aP)W be the W-invariant symmetric algebra. By [13, Lemma 4.6, p. 130],
we have an algebra homomorphism y,, of D(X) into S(aP)W. This is indepen-
dence of the choice of A* asin (3.1).

By using Definition 4.2 and Lemma 4.3, for any x € X, (Red + pp, o) < 0

and any f € C*(K : 1), we now define the Poisson transform ?/Jl as follows:
J — J (-1
P i) = fK FGop! (e d, 1)

where pfl' for j =1, 2,...,2" is as in Definition 4.2.

The following lemma is just [13, Proposition 7.4, p. 162].
Lemma 4.4. Forany D € D(X), 1 € a;‘;,c and f € C®(K : 1), D?/{f =
y{)(D, A)?if, where ,‘Pif isasin(4.1) for j = 1, 2,...,2", and y{](D, A) denotes
the eigenvalue of D.

Definition 4.5. For 1 € a;‘; o> We define A(X, M) to be the space of functions

J’fll f € C®(X) satisfying the system of differential equation: M, ; : DTﬁ f=
yi,(D, /1)5’f1 f,where D is as in Lemma 4.4.

Theorem 4.6. The Poisson transform ?i for j = 1,2,..,2" is a continuous
SU(n, n)-homomorphism from C*(K : 1) to A(X, M_;).

Proof. For any f € C®(K : 1), let ?i f be as above. Then, by [21, Theorem
1.2, Lemma 1.3] and [24, Lemma 7.6.6], we have

P f(x) = fK fGelop! (k) dk. 42)
In fact, let (k) = f(xk)pi/l(k) and Y(mk) = (k). Then,

f $(k) dic = f P(x1K)) exp(~20p(a(x- 1K) dk,
K K
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where x(x~'k) € K and a is the Iwasawa projectiona : xK — ay,. From this,

P(e(x7k)) = feer(xk)p!  (k(x71K)),

the change of variables xx(x~'k) — x(x~'k) and the M-invariant (left action)
of 1 on K, it follows that

[ recrtionp! o0y expt-2pnate o) di
K
= [ st o
K

which implies that (4.2) holds true. And it means that ?/Jl is an SU(n, n)-
homomorphism.

We prove the continuous of SU(n, n)-map. Let P, P be two minimal 76-
stable parabolic subgroups. If, for any « € A™, there is a constant C > 0 such
that (Red, a) > C, then, forany f € C*(K : 1), A(P : P : 1 : A)f(g) =
Ji f(gn) dn converges absolutely (see [13, Proposition 5.5, p. 144]). From this,
[13, Theorem 5.6,p.144] and A(P : P : 1 : A)f extends to a meromorphic
C®(K : 1)-valued function of A4 in a;‘;,c, it follows that A(P : P : 1 : A)is
a continuous intertwining operator from C™®°(P : 1 : )toC™®(P : 1 : A).
Then, the normalization of J’ﬁ f is given by

P! f(gH) = f £, p’ (g,
K

where | pf L= pi , for some meromorphic function ¢=*(1). Now we cal-

culate the constant ¢~!(1) via the asymptotic of the properties P P! 5S> where 2 P! S
isasin (4.1). Let 1 € ap with ReA strictly dominant and w € W From [10
Section 6], [2, p.316] and [3, pp. 276-278], it follows that

lim a**r P! flaw) = cDf W) A = Ay, -+, 4) = D Ajyj,  (43)
J

where

I, +3)

c(d) = Hru H(AZ AL

i<j

Moreover, by using [13, Proposition 7.7, p. 167], we have

lim a*~#% P! f(aw) = f(w),

a—oo

which, together with (4.3), implies that ?ﬁ f = c(/l)o?/{ f. And hence | p]; 1=
cl)p’ ,- This finishes the proof of Theorem 4.6. O
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The Fourier transform of f € C°(X) is given by, for j =1, 2,...,2",
7@ Hak) = fx £, X (xk)dx, (4.4)
where Oﬂciﬂ(n) = c(/l)ﬂci/l(n) and Jcil(n) is as in Definition 3.6.

Theorem 4.7. Let & = {/1 € a; .- Vae At, Re(1 + pp, a) < 0}.Let/1 € &.

Then, forw e W, j =1, 2,...,2",
f (1 2 D)K)dk = () f P a)dy.
K X

Proof. From (4.4), it follows that

f (1 D)) dk = f [ f Oxg(n)(y—lk)dyl dk.
K K X

Notice that, as the function of variables y Oﬂci A(n)(y_lk) is continuous with
compact support it is integrable. By Lemma 4.3 and Fubini’s theorem, we have

| [ s somotioaya = [ [ %2 oo kodkdy
KJX X JK
= () f Py,
X

this completes that proof of Theorem 4.7. O
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