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Representations of the weak Weyl
commutation relation

S. Sundar

ABSTRACT. Let G be alocally compact, second countable, Hausdorff abelian
group with Pontryagin dual G. Suppose P is a closed subsemigroup of G con-
taining the identity element 0. We assume that P has dense interior and P
generates G. Let U := {U,} g be a strongly continuous group of unitaries
and let V' := {V_},cp be a strongly continuous semigroup of isometries. We
call (U, V) a weak Weyl pair if U, V, = x(a)V,U, for every y € G and for
everya € P.

We work out the representation theory (the factorial and the irreducible
representations) of the above commutation relation under the assumption
that{V,V; : a € P}is a commuting family of projections. Not only does this
generalise the results of [4] and [5], our proof brings out the Morita equiv-
alence that lies behind the results. For P = R?, we demonstrate that if we
drop the commutativity assumption on the range projections, then the repre-
sentation theory of the weak Weyl commutation relation becomes very com-
plicated.
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The classical Stone-von Neumann theorem that asserts the uniqueness of
the Weyl commutation relation UV, = e/*V,U;, where {U,}>( and {V,};>( are
strongly continuous 1-parameter group of unitaries is a fundamental theorem
in both quantum mechanics and in operator algebras. In [4] and in [5], a weaker
version of the above commutation relation was considered, where {V,},>q is
only assumed to be a semigroup of isometries. The representation theory (the
factorial representations and the irreducible representations) of such relations
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was worked out by Bracci and Picasso in [4] and in [5]. Bracci and Picasso con-
sider such a weak form of the commutation relation as the quantisation pos-
tulate for systems whose configuration space is semibounded like the half-line.
This is because, on the half-line, though the position operator generates a group
of unitaries, the momentum operator (which is not self-adjoint) generates only
a semigroup of isometries. The purpose of this paper is to extend slightly the
resuts to systems with d degrees of freedom where d > 2. We work in the more
general setting of subsemigroups of locally compact abelian groups.

Our proof is similar to the operator algebraic proof of the Stone-von Neu-
mann theorem. It is well known ([10], [14]) that the C*-algebra that encodes
the usual Weyl commutation relation is Morita equivalent to C. The Stone-von
Neumann theorem is then an immediate consequence of this Morita equiva-
lence. We establish a similar reasoning here. Based on the results obtained in
[13], we prove that the C*-algebra that encodes the weak version of the Weyl
commutation relation considered in this paper is Morita equivalent to a com-
mutative C*-algebra. Thus, it follows at once that every factorial representation
is a multiple of an irreducible representation and the irreducible representa-
tions are parameterised by the character space of the underlying commutative
C*-algebra. In the one-dimensional case, i.e. when P = [0, o) and G = R, the
commutative C*-algebra is Cy((—o0, oo]). This recovers the results obtained in
[4] and in [5].

The results obtained are next explained. Let G be a locally compact, second
countable, Hausdorff abelian group. We denote the dual group of G by G. We
use additive notation for the group operations in G. Let P C G be a closed
subsemigroup containing 0 such that P — P = G. Set Q := Int(P). We assume
that Q is dense in P. For x,y € G, we write x < yify —x € Pand x < y if
y—xe€Q

LetU := {U,},c¢ be a strongly continuous group of unitaries and let V' : =
{V}aep be a strongly continuous semigroup of isometries. We call (U,V) a
weak Weyl pair if U, V, = y(a)V,U, forevery y € G and for every a € P.

Let (U,V) be a weak Weyl pair. Fora € P, let E, := V,V. We say that
(U, V) has commuting range projections if {E, : a € P}is a commuting family
of projections. Note that if P = [0, o0) or, more generally, if the preorder <isa
total order, every weak Weyl pair has commuting range projections (for a proof
see, for example, Example 7.7 of [13]).

Examples of weak Weyl pairs with commuting range projections are given
below. Let A be a non-empty closed subset of G which is P-invariant, i.e. A +
P c A. Such subsets will be called P-spaces. Let K be a Hilbert space whose
dimension we denote by k. Consider the Hilbert space H := L?(A, X). For
X € G, let U, be the unitary on H defined by U, f(y) = x(»)f(y). Then,
U :={U,},cq is a strongly continuous group of unitaries on H. For a € P, let
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V, be the isometry on H defined by

f—a) ify—a€A,
Va(HY) 1=
0 ify—a ¢ A.

Then, V = {V,},ep is a strongly continuous semigroup of isometries on H. It is
clear that V has commuting range projections. It is routine to verify that (U, V)
is a weak Weyl pair. We call (U, V) the weak Weyl pair associated to the P-space
A with multiplicity k. If we want to stress the dependence of (U, V) on A and
k, we denote (U, V) by (UK, y(4K),

The main theorem of this paper is stated below.

Theorem 1.1. We have the following.

(1) Let Abea P-spaceandletk € {1,2, ---}U{oco} be given. The weak Weyl pair
(UWAR) ARy s q factorial representation. Moreover, it is irreducible if
andonly ifk = 1.

(2) Let A, B be P-spaces and let k,¢ € {1,2,---} U {o0}. The weak Weyl pair
(UWAR) ARy is unitarily equivalent to (UEY), VED) ifand only if A =
Bandk =¢.

(3) Suppose (U,V) is a weak Weyl pair with commuting range projections.
Assume that thevon Neumann algebra generated by the set{UX, Vaix €
G,a € P}is afactor. Then, there exists a P-space Aandk € {1, 2, ---}U{oo}
such that (U, V) is unitarily equivalent to (UMK, (4K,

Thus, for weak Weyl pairs with commuting range projections, facto-
rial representations are completely reducible. Moreover, irreducible weak
Weyl pairs with commuting range projections are precisely those associ-
ated to P-spaces with multiplicity 1.

For P = [0, ), as already mentioned, every weak Weyl pair has commuting
range projections. Also, every P-space is either R or of the form [a, o0) for a
unique a € R. It is now clear that the results obtained in [4] and [5] for the
semibounded case follow from Thm. 1.1.

Morever, for irreducible weak Weyl pairs with commuting range projections,
we have the following uniqueness result. We need a bit of notation. Let U :=
{U,} vel be a strongly continuous group of unitaries on a Hilbert space H. Then,

U determines a representation 7y of Cy(G) = C*(G) on H. We denote the
unique closed subset of G that corresponds to the ideal Ker(7y;) by Spec(U).

Corollary 1.2. Let (U, V) and (U, V) be irreducible weak Weyl pairs with com-
muting range projections. Assume that (U, V) acts on H and (U, V) acts on H.
Suppose Spec(U) = Spec(U). Then, there exists a unitary X : H — H such that
for)(eCA}andaeP,

XUX*=U,; XV, X* =V,
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What about weak Weyl pairs which do not have commuting range projec-
tions? For P = Ri, we demonstrate that working out the irreducible weak
Weyl pairs is a complicated task. We explain a procedure (preserving factorial-
ity, type and irreducibility) that allows us to build weak Weyl pairs starting from
a representation of the free product cy(N) * c,(N). We also prove that Corollary
1.2 no longer stays true if we relax the commutativity assumption on the range
projections.

We end this introduction by mentioning that weak Weyl relations, for one
degree of freedom, in the unbounded picture were analysed extensively in the
literature. Some of the important papers that deal with the unbounded version
are [11],[12],[7],[1], [2], and [3]. We do not touch the unbounded version here.
The author is of the belief that the C*-algebra machinery may not be sufficient
to handle domain issues.

All the Hilbert spaces considered in this paper are assumed to be separable.
Moreover, we use the convention that the inner product is linear in the first
variable.

2. The equivalence between Isom (P) and Rep(Cy(Y,) X G)

For the rest of this paper, G stands for an arbitrary but a fixed locally compact,
second countable, Hausdorff abelian group. The letter P stands for a closed
subsemigroup of G containing the identity element 0. We assume that Q :=
Int(P) is dense in P. We also assume P — P = G. For x,y € G,wesay x <y
(x<yify—xeP(y—xeQ).

Let Isom.(P) be the collection (up to unitary equivalence) of isometric rep-
resentations of P with commuting range projections. In this section, we show
that there is a bijective correspondence between Isom.(P) and the collection of
non-degenerate representations of a certain crossed product. The proof is based
on the results obtained in [13].

Let C(G) be the set of closed subsets of G endowed with the Fell topology.
Let

Y, ={A€CG): A#0,-P+ A C A}
Endow Y, with the subspace topology inherited from the Fell topology on C(G).

Then, Y, is a locally compact, second countable, Hausdorff space. Moreover,
the map

Y, XG2(A,x) > A+x €Y,
defines an action of G on Y,. Set
X, :={A€eY,:-PCcA}={A€Y, :0e AL

Then, X,, is a compact subset of Y,,. Clearly, X,, + P C X,.
Let (s,) be a cofinal sequence in Q. We claim that

Y, = U(Xu — Sp)- (2.1)

n>1
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Let A € Y, be given. Pick a point x € A. Since (s,) is cofinal, there exists
a natural number n such that —x < s,,. Hence, —x — s, € —Q C —P. Since
—P + A C A, it follows that —s, = (—x — s,) + X € A. This implies that
0 € A+s5s,. Hence, A + 5, € X,,. Equivalently, A € X,, — s,. This proves the
claim.

Lemma 2.1. The collection {X,, + x : x € G} generates the Borel o-algebra of
Y,

Proof. Let B be the Borel o-algebra of Y,,. Denote the o-algebra generated by
the collection {X,, + x : x € G} by B,. Since X,, is compact, we have B, C B.
For a compact subset F of G and for an open subset O of G, define

U :={A€Y,: AnF =0},
Up : =A€Y, : AnNO# B,
:={A€eY,:AnO =0}

The sets Up N Up, N Up, N -+ Up, , as F and O;’s vary, form a basis for the Fell
topology on Y,. Moreover, Y, is second countable. Thus, it suffices to show
that for every compact set F and for every open set O, Uy, Ur € B,

Fix an open set O of G. Let D := {x,Xx,,---} be a dense subset of O. Let
A €Y, begiven. Observe that A + Q = Ua ca(a+ Q) is an open set contained
in A. Thus, A + Q C Int(A). Since 0 € Q, Int(A) is dense in A. Thus, for
A €Y,,AnO # @if and only if Int(A) N O # @ifand onlyif AnD # @.
Therefore,

Up = | JXu + x4)-
n>1
Hence, Uy € B, for every open set O of G.

Since u’o is the complement of U, it follows that u(’) € B, for every open
set O of G. Let F be a compact subset of G. Choose a decreasing sequence of
open sets (O,,) such that {O,, : n > 1} forms a base at F. This means that if O
is an open set that contains F, then O,, C O eventually. Note that for a closed
subset A of G, AN F = @ if and only if A n O,, = @ eventually. Thus,

[So] (o)
ur=J () U,
m=1n=m

Hence, Uy € B, for every compact set F of G. This completes the proof.  []

Let Rep(Cy(Y,) X G) be the collection (up to unitary equivalence) of non-
degenerate representations of the crossed product Cy(Y,) X G. We construct,
in this section, maps

® : Rep(Cy(Y,) X G) - Isom.(P)

and
Y : Isom.(P) — Rep(Cy(Y,) X G)
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that are inverses of each other.

Let (7, W) be a covariant representation of the dynamical system (Cy(Y,,), G)
on a separable Hilbert space K and let R be the projection valued measure on
Y, that corresponds to the homomorphism 7. Then, we have the following
covariance relation: for a Borel subset E C Y,, and x € G,

W R(E)W? = R(E + Xx).

Set H := R(X,)K. Since X,, + P C X, it follows that the subspace H is
invariant under {W, : a € P}. For a € P, let V, be the operator on H defined
by V, := Wy|g. Then, V := {V, },cp is a strongly continuous semigroup of
isometries. Moreover, the collection {V,V} : a € P}is a commuting family
of projections on H. If we want to stress the dependence of V on (7, W), we
denote V by VW),

Define ® : Rep(Cy(Y,) X G) = Isom.(P) by

(7, W)) = VW),

The construction of the map W : Isom.(P) - Rep(Cy(Y,) X G) is based on
the results obtained in [13]. Let V' := {V,},cp be a strongly continuous semi-
group of isometries on a Hilbert space H. For a € P, set E, := V,V . Assume
that ¥ has commuting range projections, i.e. {E, : a € P} is a commuting
family of projections. Let z € G be given. Write z = a — b with a,b € P and
set T, :=V,V,. The following facts were proved in Prop. 3.4 of [13].

(1) The operator T, is well-defined and is a partial isometry.

(2) For z € G, denote the range projection of T, by E,. Then, the family
{E, : z € G}is a commuting family of projections.

(3) Themap G  z - T, € B(H) is strongly continuous. Consequently,
the map G o z —» E, € B(H) is strongly continuous.

For f € C.(G), set

E; 1= /f(z)Ezdz.
Denote the C*-algebra generated by {E; : f € C.(G)} by D. Note that for
f € Cu(G), if supp(f) C —Qand [ f(z)dz = 1, then Ef = 1. Thus, Disa
unital commutative C*-subalgebra of B(H). Let D be the space of characters of

D. By Prop. 4.6 and by Prop. 4.7 of [13], there exists an injective continuous
map D 3 P — Ay € X, denoted o, such that

¥( f f@)E.dz) = f f@Na,(2)dz

for every f € C.(G).

Lett : C(f)) — D C B(H) be the inverse of the Gelfand transform. Define
a unital *-homomorphism 7 : C(X,) - D C B(H) by #(f) = 7(fooc). Denote
the spectral measure of 7 by Q. By Lemma 7.1 of [13], we have the following
covariance relations. For a Borel set E C X,, and a € P,

V.QEW, =Q(E +a) (2.2)
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and
VaQE)W, = QUE —a)NXy). (2.3)
Let (W, K) be the minimal unitary dilation of V. This means the following.
(1) The Hilbert space K contains H as a closed subspace.
(2) W = {W,},c is a strongly continuous group of unitaries on K.
(3) ForaePand{ e H, W =V, 6.
(4) The union |J,_, WH is dense in K.
For the existence of the minimal unitary dilation of an isometric representation,
we refer the reader to Thm. 3.2 of [8].
Next, we construct a projection valued measure R on Y, taking values in
B(K). We will write operators on K in block matrix form w.r.t the decomposition
K = H @ H*". For a € P, since W, |y = V,, the operator W/, is of the form

V, =
wa=[ 7]

Let (s,,) be a cofinal sequence in Q. By replacing s, with ZZ=1 Sk, We can
make the sequence (s,,) increasing, i.e. s, < s, foreveryn. Since X,,+P C X,,,
we have X, — s, C X, —5,41. By Eq. 2.1, (X, = s,)p>1 /" Yy. Letn > 1be
given. For a Borel subset E C X, — s,,, define

Ry (E) := W [Q(E + 5n) O] W, .
n 0 0 n
Then, R, is a projection valued measure on X, — s,,.
Letn > 1begiven. Let E C X, —s, C X, — 5,41 be a Borel subset. We claim
that R,,,(E) = R,(E). Write s,,,; = s, + t,, with ¢, € Q. Then,
QUE+s,)+t,) O
[ OVl " 0 Wsn+tn
V, Q(E + sn)V;jl 0
0 0

Rn+1(E) = W_;kn+tn

=WiW;

n

W, Ws,

*

V: =|[Q(E +s,) O0][V, =
— * * t, n t,
-waw o P e i
0

=WIW.W, [Q(E(;r 0

] an w, W,

_ e [QE+s) 0
L [XE D Oy,

= R, (E).

This proves the claim.

Since the sequence of projection valued measures (R,),>; is consistent and
the sequence (X, — s,)n>1 ./ Yy, there exists a unique projection valued mea-
sure, denoted R, on Y, that takes values in B(K) such that for a Borel subset
E C X, — sy, R(E) = R,(E).
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Let b € P be given. Suppose E C X,, — b is a Borel subset. We claim that

QE+b) 0

R(E):W;[ o

] Wy (2.4)

Choose n > 1such thats, > b. Note that X, —b C X,,—s, and R(E) = R,(E).
Write s,, = b + t,, for some t, € Q. A computation exactly similar to the one
required to prove Ry, |x,—s, = R, shows that

—Sp

0
0

QE+D) O

R(E) = W, [Q(E (;L Sn) ]Wsn - W;[ . 0] W,

This proves the claim.

Next, we prove that R(Y,) = 1. Let b € P be given. It follows from Eq. 2.4
that R(X,, —b) is the orthogonal projection onto WZH . Hence, R(Y,)K contains
W, H for every b € P. Consequently, R(Y,)K contains the union U pep Wi H
which is dense in K. Therefore, R(Y,,) = 1.

Let a € P be given. Let n > 1. Suppose E C X, — s, is a Borel subset. We
claim that W;R(E)W, = R(E —a). Note that E —a C X,, — (s, +a). By Eq. 2.4,
we have

QE-a)+s,+a) O
RE-a)=W; ,, [ 0 ol Wsita
— WZW;; I:Q(EJ‘ Sn) 8] Wsn Wa
= WiR(E)W,.

This proves the claim. Since (X,, —s,) /' Y,, it follows that for every Borel
subset E C Y,, and for a € P,

W*R(E)W, = R(E — a).

Since P — P = G, we have the following covariance relation. For z € G and a
Borel subset E C Yy,

W,R(E)W? = R(E + 2). (2.5)

Let 7 be the non-degenerate representation of Cy(Y,,) associated to the pro-
jection valued measure R, i.e. for f € Cy(Y,,),

7(f) = f fdR

Thanks to Eq. 2.5, it follows that (7, W) is a covariant representation of the
dynamical system (Cy(Y,,), G). To denote the dependence of (7, W) on V, we
denote (r, W) by (¥, W"). Define ¥ : Isom,(P) = Rep(Cy(Y,) X G) by

W) =7V, W").
Theorem 2.2. The map
® : Rep(Coy(Y,) X G) > (m,W) - VZW) e [som,(P)
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and the map
¥ : Isom.(P)2V — (x¥,W") € Rep(Cy(Y,) X G)
are inverses of each other.

Proof. Let (7, W) € Rep(Cy(Y,) X G) be given. Let R be the projection valued
measure on Y, associated to 7. Suppose that (7, W) actson K. SetV := V@W),
We need to show that (zV, W) = (zr, W).

First, we claim that W is the minimal unitary dilation of V. Recall that, by
definition, V actson H = R(X,)K and V = {V},¢p is the restriction of {W,},p
onto H. Thus, W isadilation of V. It is enough to show that Ua <p WoH isdense
in K.

Let (s,) be an increasing cofinal sequence in Q. Observe that the sequence
Xy = Swnz1 /Yy Thus, R(X,, —s,) = Wi R(X, )W,/ 1 strongly. Clearly,
R(X,, — s,) is the orthogonal projection onto Wy H. Thus, | J,., W H is dense
in K. This proves that W is the minimal unitary dilation of V. Thus, W' = W.

Next, we show that 7 = 7¥. Denote the projection valued measure associ-
ated to 7¥ by RY. By definition, for x € G, R(X,, + x) is the orthogonal pro-
jection onto W, H and by Eq. 2.4 and by Eq. 2.5, RV (X, + x) is the orthogonal
projection onto W, H. Thus,

R(X, +x)=R"(X, + x) (2.6)

for every x € G. By Lemma 2.1, R(E) = RY(E) for every Borel set E C G.
Hence, R = R and consequently, 7 = V. This completes the proof of the
assertion $Yo® = Id.

Let V € Isom.(P) be given. Suppose that V acts on H. Denote (7", W")
by (7, W) and let K be the Hilbert space on which (7, W) acts. Denote the
projection valued measure on Y, associated to 77 by R. Let V' = VW), For
a € P,V is the restriction of W, to H and V,, is the restriction of W, to R(X,,)K.
By Eq. 2.4, R(X,)K = H. Consequently, V' = V. Hence ®o¥ = Id. The proof
is now complete. ]

3. Proof of the main theorem

With Thm. 2.2 in hand, the conceptual explanation for Thm. 1.1 is quite
simple. Having a unitary group, indexed by G, implementing the Weyl commu-
tation relation is equivalent to having a unitary group implementing the dual
action on Cy(Y,) X G. Then, Thm. 1.1 is a straightforward consequence of
Takai duality. We explain some details below.

Let W,(P, G) denote the collection (up to unitary equivalence) of weak Weyl
pairs with commuting range projections. Consider the dual action of G on
Co(Y,) X G. We prove below that W,(P, G) = Rep((Co(Y,) X G) X G).

Theorem 3.1. There exist maps

¥ W.(P,G) — Rep((Cy(Y,) X G) X G)
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and
® : Rep((Co(Y,) X G) X G) » W.(P,5)

such that ® and ¥ are inverses of each other.

Proof. Let ((r,W),U) € Rep((Cy(Y,) X G) X G) be given. The projection val-
ued measure on Y, associated to 7z will be denoted R. Suppose that ((7z, W), U)
acts on K. Set V := V@W) By definition, V acts on H = R(X,)K. Since
U := {U)(};(e@ commutes with 7(Cy(Y,,)), it follows that U, commutes with

R(X,) and consequently maps H onto H. Clearly, (U|, V™")) is a weak Weyl
pair on H with commuting range projections. We define
(7, W), U) = (U, V=),

Let (U,V) € W.(P, G) be given. Suppose that (U, V) acts on H. By Thm.
2.2, there exists (1, W) € Rep(Cy(Y,) X G) such that V = VW) Suppose that
(r,W)actson K. Then, H = R(X,,)K where R is the projection valued measure
associated to 7. Recall that W is the minimal unitary dilation of V.

Let y € G be given. We claim that there exists a unique unitary operator [7}(
on K such that

(C1) for§ € H,U,¢ =U,¢, and
(C2) forx € G, ffXWx = )((x)WxﬁX.
Conditions (C1) and (C2) together with the fact that Ua cp WoH isdense in K
clearly determine the operator ffx uniquely.
We show below the existence. Define U, on the dense subspace Upep WaH
as follows: for £ € W}H, set
ﬁ)('g = X(a)W;U)(Wag'

Leta,b € P andlet § € W;H N W, H be given. Since W, H C H for x € P,
it follows that WoH n W, H c W’ H. Calculate as follows to observe that

XK@+ DWW, U Warnk = x(a+ DWW U, W, Wé
= x(a+DWiWIU, VW, (since W ¢ € H)
= X(a + DWWy x (DU, W
= (@WEWW,U, W& (since U, W ¢ € H)
= X(@WIU,W,E.
Similarly, mWZ U Warné = MWZ U,Wp&. This shows that U, is
well defined. It is clear from the definition that ﬁ){ is an isometry on D :=

U, <p WoH and maps D onio D. Thus, [7)( extends to a unitary operator on K
which we again denote by U,.
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By definition, U;{ restricted to H coincides with U,. Next, we check that on
the dense subspace D := J,_, W, H

ﬁ)(Wa = )((a)WaﬁX
fora € P.

Let a € P be given. Suppose b € P and § € W H. Then, W;§ € W, H.
Calculate as follows to observe that

WU, Wit = x(a+ D)W W:, U, Wop Wik (by the defn. of U,)
= x(a) x(O)W, U, Wp§
= x(a)U ¢ (by the defn. of U,).

Thus, W, I7XW§ = )((a)ff}( on the dense subspace D. Consequently, we have
U,W, = x(@W,U, forevery a € P.
Since P spans G and {W,},c¢ is a group of unitaries, it follows that

U,W,=xxw,U,

for x € G. Thus, we have established the existence of the unitary operator ﬁx
on K for which (C1) and (C2) are satisfied.

Note that for x € G, R(X,, + x) is the orthogonal projection onto W, H. Let
x € G be given. By the definition of U;(’ U;{ maps W;H onto W H for every
a € P. Thus, [7)( commutes with {R(X, —a) : a € P}. Let x € G be given.
Write x = a —b with a, b € P. Then, R(X,, + x) = W, R(X,, — b)W}. Thanks to
the Weyl commutation relation and the fact that [7)( commutes with R(X,, — b),
it follows that U}( commutes with R(X,, + x) for every x € G. By Lemma 2.1,
U, commutes with R(E) for every Borel set E C Y. Thus, U, € (Co(Y,)) -

We leave it to the reader to verify that U := {[7%} ec 1s astrongly continuous
group of unitaries on K. We have now proved that ((z, W), U) is a representa-
tion of the dynamical system (Co(Y,) X G, G). Set

(U, V) = ((r, W), D).

Then, ¥ and @ are inverses of each other. We omit this routine verification.

O

Next, we show that the maps ® and ¥ of Thm. 3.1 take factorial represen-
tations to factorial representations and take irreducible representations to irre-
ducible representations.

Let ((r, W), U) be a representation of (Cy(Y,) XG, G) and let K be the Hilbert
space on which itacts. The projection valued measure on Y, associated to 7z will
be denoted by R. Let ®((r, W), U) = (U|y, V) where H = R(X,,)K. Denote the
von Neumann algebra generated by {7(¢),W,,U, : ¢ € Co(Y,),x € G, x €
G} by M and the von Neumann algebra on H generated by {V,, Uylg - a €

P,x € G}byN.
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Proposition 3.2. Keep the foregoing notation. The map
M 3T->T|yeN

is an isomorphism of von Neumann algebras. Consequently, the maps ® and ¥
map factorial representations to factorial representations and irreducible repre-
sentations to irreducible representations.

Proof. Let T € M be given. Since T commutes with {z(¢) : ¢ € Cy(Y,)}, it
follows that T commutes with R(E) for every Borel subset E C Y,,. In particular,
T commutes with R(X,,) which is the projection onto H. We decompose K as
K = H@®H*' and write operators on K in block matrix form. Since T commutes

. 1 0 .
with [ 0 0], T is of the form

[Ty, ©
T_[O Tl].

Let y € Ganda € Pbe given. Then, U, and W, are of the form

Uly O
v, =" ]

U)(lHJ_
and
|V %
Wa—[o ]

Since T commutes with U, it follows that T, commutes with U, |y. Since T
commutes with W, and W}, it follows that T commutes with V', and V. Hence,
To,eN'.

Thus, the map M '5T - To=T|lg €N "is well defined. Writing operators
in M in the block diagonal form as above and performing routine computa-
tions, we see that the map

M 3T->Ty=T|geN

is a *-algebra homomorphism.
LetT € M. Suppose T|y; = 0. Leta € P and £ € H be given. Since T
commutes with W7, it follows that

TWiE = WiTE = 0.

Therefore, T vanishes on Ua cp W:H which is dense in K. Hence, T = 0. This
shows that the map M '5T > To=T|g €N "is injective.

Let U, € N’ be a unitary operator. We claim that there exists a unitary oper-
ator U on K such that

(D1) for & € H,U¢ = Uyé€, and

(D2) forx e G, UW, = W, U.
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The construction of U is similar to the construction of U){ done in Thm. 3.1.
We define U on the dense subspace D := | J ,_, W;H as follows: for § € W;H,
set

U§ = WU W,
Calculations similar to the one carried out in Thm. 3.1 show that U is a well
defined unitary operator that satisfy (D1) and (D2).

Since U agrees with U, on H, it follows that U maps H onto H. Moreover, U
commutes with W, for every x € G. Thus, U maps W, H onto W,H for every
x € G. Consequently, for x € G, U commutes with the orthogonal projection
onto W, H which is R(X,, + x). By Lemma 2.1, it follows that U commutes with
R(E) for every Borel subset E C Y,,. Thus, U € ﬂ(CO(Yu))/.

Let y € G be given. Suppose a € P and § € W;H. Observe that U, § €
W:H. Calculate as follows to observe that

UU & = WiUgW,U ¢
= X(G)Wz UOU)(Wag
= x(@WLU,UW,€ (since W €Hand U, Uy = UyU,nifn € H)

= X(@ (@)U WEUW &
= U,U¢.

Thus, UU, and U, UAagree on the dense subspace | J ., WzH. Therefore, UU,, =
U,U forevery y € G.

We have now shown that U € M’ and by (D1), U|yg = U,. This shows that
every unitary operator in N' lies in the image of the homomorphism M "ST >
T|y € N'. Consequently, the map

MST->T|yeN

is surjective. This completes the proof. 1

Thm. 1.1 is an immediate consequence of Thm. 3.1, Prop. 3.2 and Takai
duality. Takai duality asserts that (Co(Y,) }G) X G = Cy(Y,) @ K(LA(G)). Asa
consequence, Rep((Cy(Y,) X G) X G) ~ Rep(Cy(Y,)). The proof of Thm. 1.1 is
essentially transporting the representation theory of Cy(Y,) to W (P, 6) using
Thm. 3.1 and by making using of the explicit isomorphism between the C*-
algebras (Co(Y,)XG)XG and Co(Y,,) @K (LA(G)). For the explicit isomorphism
involved in Takai duality, we refer the reader to either [9] or [14].

Proof of Thm. 1.1. We denote the set {1,2,---} U {oo} by N. Suppose X is
a Hilbert space of dimension k € N. Let K := L?*(G,X). Fix an element
B € Y,,. Define a representation 78% of C(Y,,) on K by

2 BR()E() = f(B + x)E(x).
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For x € G, let W, be the unitary on K defined by
W () = —x).
For y € G, let U, be the unitary operator on K defined by

U, §0) = x(MEW).

Let V := V@® ™ and let R := R be the projection valued measure
associated to 7(B%). Observe that for £ €K,

R(X,)E(x) = 1x, (B + x)§(x) = 15(=x)§(x) = 1_(x)§(x).

Thus, R(X,)K = L?>(—B,X). By definition, V is the compression of the left
regular representation onto L*(—B, X). Thus, V coincides with the isometric
representation VV(=5) defined in the introduction. Clearly, the restriction of
{Uy},eq to the subspace R(X,)K = L*(—B, X) coincides with U5 defined
in the introduction. Thus,
o((x B0, W), U) = (UBL, v =Bk,
By Takai duality, it follows that {(zBX, W), U) : (B,k) € Y,, x N} form a

mutually inequivalent exhaustive list of factorial representations of (Cy(Y,) X
G) X G. By Thm. 3.1 and by Prop. 3.2, it follows that

(B0, W), 1)) : (B,k) € Yy, X Ngo},
which coincides with the collection
{(UCER, VEBRY = (B, k) € Yy X Noo,

form a mutually inequivalent exhaustive list of weak Weyl pairs with commut-
ing range projections that are factorial.

Again by Takai duality, it follows that {(z®Y,W),U) : B € Y,} form a
mutually inequivalent exhaustive list of irreducible representations of the C*-
algebra (Cy(Y,,) X G) X G. Thanks to Thm. 3.1 and Prop. 3.2, it follows that

{@((zBV,W),0)) : BeY,}
which coincides with the collection
{(UEBD, VEBD)  Bey,},

form a mutually inequivalent exhaustive list of irreducible weak Weyl pairs
with commuting range projections. This completes the proof of Thm. 1.1.

O

What about weak Weyl pairs which do not have commuting range projec-
tions? If we drop the assumption that the range projections commute, then
we show that, for P = Ri, we can construct weak Weyl pairs that generate
a factor of both type II and type III. Moreover, we also illustrate that classify-
ing all the irreducible weak Weyl pairs is a complicated task, a task that is at
least as hard as classifying the irreducible representations of the free product
co(N) * co(N). More precisely, we explain a procedure (preserving factoriality,
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type and irreducibility) that allows us to build weak Weyl pairs starting from a
non-degenerate representation of the free product c,(N) s co(N).

For the rest of this paper, we assume that P = Ri = [0, 0) X [0, ) and
G = R2. We identify G with R? in the usual way. Let {P,,,},,>; and {Q,},>; be
two sequences of projections on a Hilbert space K such that P;P; = §;;P; and
QxQy = 6;¢Qy. Writing down two such sequences of projections on a Hilbert
space K is clearly equivalent to defining a representation of the free product
co(N) * cg(N) on K.

Denote the set of projections on K by P(K). Define F : Z?> — P(K) by

ka=1Pk ifm>1andn =0,
ZZ=1Qk ifm=0andn >1,
1 ifm>1,n>1,

0 otherwise.

F(m,n) =

Note that if (m, n) € Z* and (p,q) € N?, Fuipniq) = Fimn)-

LetR :=[0,1] x [0, 1] be the unit square and suppose that 1 is the Lebesgue
measure on R. Consider L*(R,dA) as a C*-algebra and let X be the character
space of L*°(R, dA). Fixa,b,c,d € (0,1) such that a < b and ¢ < d. Fix a point
z, € X such that l[a,b]x[c,d](zo) # 0.

Defineamap E : R2 — P(K) as follows. Let (s, ) € R be given. Let m be
the integral part of s and let n be the integral part of ¢. Set

Ry(s,t) : =[0,m+1—s]x[0,n+1—¢]

Ri(s,t) : =[0,m+1—s]xX[n+1—1t,1]

Ry(s,t) i =[m+1—-s5,1]%x[0,n+1—t]
= ] ]

Ri(s,t) : m+1-s,1]X[n+1-t,1].

Define Ey ) by the following formula.
E(sp) i =1Ry(5,)(Z0)F (m,n) + 1r,(5,0)(Z20)F (m,n+1)
+ 1R2(s,t)(ZO)F(m+1,n) + 1R3(s,t)(ZO)F(m+1,n+1)'
Since {1 Ri}?=0 is an orthogonal family in L*(R, dA) that sum up to 1, exactly one
term survives in the above expression. Consequently, E ;) is a projection.

Lemma 3.3. With the foregoing notation, we have the following.
(1) The map E : R — P(K) is increasing, i.e E¢s ) < E(sys, 141, fOr (5,1) €
R? and for every (s, ty) € R2.
(2) Foré&,n € K, the map
R2 5 (s,t) = (Expéln) € C
is Lebesgue measurable.

(3) Let (m,n) € N? be given. The set {(s,t) € Ri : Esp) = Fyn )} contains
a Lebesgue measurable set of positive measure.
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Proof. The proof of (1) is a case by case verification. Let (s, t) € [R{i be given.
Suppose s; > s. Let m be the integral part of s, p the integral part of 5; and n
the integral part of ¢.

Casel: m < p.

Letr :=m+1—sandr=p+1-—s.

Case (a):r <r,.

Case (i): 1 (5)(29) = 1. In this case, E(; ;) = F,, ). Note that Ry(s;, t) con-
tains Ry(s, £). Thus, 1 (51) < 1gy(s,,) in L*(R, dA). Consequently, 1g (s 1(2o) =
1. Therefore, E(5, 1y = F(p n)- Since F(, ) > Fy p), We have E( ) > Egp).

Case (ii): 1g (5)(20) = 1. We can argue as in Case (i) and deduce E( ;) >
E(S,t)'

Case (iii): 1g,(5)(29) = 1. In this case, E;;) = F(pni1,0). Note that the
union R,(sy, t) U Ry(sy, t) contains R, (s, t). Therefore, either 1 (s 1y(2o) = 1 or
1R,(s,,)(Z0) = 1. This means that E ;) is either F(, ) or F(,; ). Both F(,
and F(p, ) are greater than F,,, ., ) as F is increasing and as p > m+1. Thus,
B0 2 B

Case (iv): 1g,5)(29) = 1. In this case, Es) = Fpy1n41)- Note that the
union Rs(sy, t) U Ry (sy, t) contains Rs(s, t). Therefore, either 1 (s 1y(2o) = 1 or
1R, (s,,H(Z0) = 1. This means that E, ) is either F(,,1 1) OF F(p 441)- In either
case, E(Sl,t) > E(S,t)-

Case (b): r > r;. The analysis here is similar and we can conclude E ;) <
By

Case 2: m = p. The analysis here is similar to Case 1 (in this case, Case (a)
does not arise) and we can conclude that E ;) < Eg 1.

Thus, we have proved that E ;) < E(s4, 1) for every (s, t) € Ri and for every
So > 0. An exactly similar argument shows E ;) < Eg 14, for every (s, 1) € Ri
and t, > 0. Hence, the function E is increasing. This proves (1).

To prove (2), thanks to the polarisation identity, it suffices to show, that for
every ¢ € K, the map R2 3 (5,1) - (E;¢1€) € R is Lebesgue measurable.
To that effect, let £ € K be given and define ¢ : R? — [0, 00) by

(Esnélé) if(s,1) e RZ,
o(s,t) 1=
0 if (s, 1) ¢ R2.

Then, ¢ is increasing, i.e. if s; < 5, and t; < t,, then ¢(s1,t;) < P(sy,t5). It
follows from Thm. 4 of [6] that ¢ is Lebesgue measurable. This proves (2).
Let (m,n) € N2. Let

A ={s,)emm+1)X[nn+1):(m+1—-s,n+1—t)€e(b,1)x(d,1)}.

Then, A is a Borel set of positive measure. Let (s,t) € A be given. Note that
Ry (s, t) contains [a, b] X [c,d]. Since 1[q pixie,d)(Z0) = 1, 1gy(s,)(20) = 1. Con-
sequently, for (s,t) € A, Ey) = F(nn). This proves that A is contained in
{(s,t) € R2 : E(54) = F(nm} The proof of (3) is complete. O
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Extend E to the whole of R? by setting B = 0if (s,1) & Ri. Then, the
extended map E : R? — P(K) is still increasing and Lebesgue measurable.

Let L := L?(R?,K) be the space of square integrable Lebesgue measurable
functions taking values in K. For (x,y) € R? let U, ) be the unitary on L
defined by

U f (w,0) = €05+ f(u, v).
For (s, t) € R?, let W be the unitary on L defined by
W(S,,)f(u, v)=f(u—s,v—1t).
Define a projection E : L — L by
Ef(u,v) = Eg f(u,v).

Set H := Ran(E). Note that Uy, ,, commutes with E. Thus, U, ,,y maps H onto
H. We denote the restriction of U, ,) to H again by U, .

Using the fact that E is increasing, it is routine to verify that if (s, t) € R2,
then EW(SJ)E = W(s’t)E'. In other words, the subspace H is invariant under
{Wisp © (s,1) € R2}. For (s, 1) € R?, let V() be the isometry on H defined by

Vst = Weol

Then, V := {V(s,t)}(s,r)eRi is a strongly continuous semigroup of isometries
on H. Similarly, U := {U y)|m}(x,y)er2 is a strongly continuous group of uni-
taries. Clearly, (U, V) is a weak Weyl pair.

Let us fix notation. Define

MO .= W*{U(x,y)lH’V(s,t) . (X,y) € Rza(ss t) € Ri}a
M, = WUy, Wi E @ (x,y) € R%,(5,1) € R?},
N : = W*Fnn : (m,n) e N} = W*{1,P,,,Q, : meN,n e N}.

Note that M, acts on H, M; acts on L and N acts on K. For a bounded operator
T on K, let T be the operator on L defined by

Tf)=Tf(Q).

Proposition 3.4. With the foregoing notation, we have the following.

(1) ThemapN 3T >T € M'1 is an isomorphism.

(2) (W, L) is the minimal unitary dilation of V.

(3) Lett € {I,1I,1II}. The von Neumann algebra M, is a factor of type t if
and only if N is a factor of type t.

(4) The weak Weyl pair (U, V) is irreducible if and only if N' = C.

Proof. From a routine computation, we see thatif T € N, then T € M ; Let
SeM ; be given. Note that

WUy Wisn © (%, ) € R%,(s,1) € R?} = BL*(R?)) ® 1 € B(L*(R?*) ® K).
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Therefore, there exists T € B(K) such that S = T. The fact that S commutes
with E translates to the equation

TE(S,[) = E(s,t)T

for almost all (s,t) € Ri. By (3) of Lemma 3.3, T commutes with F,, ) for

every (m,n) € N?. Thus, T € N . This completes the proof of (1).
By definition, (W, L) is a dilation of V. Let Q be the projection onto the

closure of the subspace U(s eR? W* H. Note that Ran(Q) is invariant un-
, T (s

der U, ) and W, for every (x,y) € R? and for every (s,t) € R?. Thus,
Q € {Upy)y, Wiy (x,¥),(s,1) € R2}. Consequently, Q = R for some projec-
tion R on K.

The condition Q > E translates to the fact that R > E(, ) foralmostall (s, t) €
Ri. Thanks to (3) of Lemma 3.3, R > F(; ;) = 1. Thus, R = 1 and hence Q = 1.
This proves (2).

As in Prop. 3.2, it is not difficult to prove using the fact that (W, L) is the
minimal unitary dilation of V' that M 1 ST ->T|lgeM (') is an isomorphism of
von Neumann algebras. Now, (3) and (4) follow from (1). O

Remark 3.5. We conclude this paper with the following remarks.

(1) Thanks to Prop. 3.4, we can construct an irreducible weak Weyl pair start-
ing from an irreducible representation of the free product cy(N) * cy(N).
Moreover, inequivalent irreducible representations of co(N) * co(N) lead
to inequivalent weak Weyl pairs. Thus, listing out all the irreducible weak
Weyl pairs is at least as hard as describing the dual of cy(N) * cy(N). Up to
the author’s knowledge, a “good description” of the dual of co(N) * co(N)
(or even the dual of some of its natural quotients like C*(Z,, * Z,,)) is not
available in the literature.

(2) Observe that for theweak Weyl pair (U, V') constructed in Prop. 3.4, S pec(U)
is independent of the underlying representation of the free product cy(N)
co(N) aslong as F,, ) # 0 for (m,n) € N2\{(0,0)}. Thus, Corollary 1.2 is
not true without the commutativity assumption on the range projections.

(3) Prop. 3.4 allows us to construct weak Weyl pairs that generate a factor of
both type II and type III. This is because cy(N) * co(N) admit factorial
representations of type II and type III as the C*-algebra cy(N) = cy(N) is
not of type L.

(4) Let P be a closed convex cone in R% which we assume is spanning, i.e.
P — P = R% and pointed, i.e. P N —P = {0}. Assume d > 2. Building on
the two dimensional case, it is not difficult to construct, in this case, weak
Weyl pairs (U, V) that generate a factor of both type II and type III. Also, it
is possible to construct a continuum of irreducible weak Weyl pairs which
do not have commuting range projections.
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