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Equivariant homology decompositions for
cyclic group actions on definite 4-manifolds

Samik Basu, Pinka Dey and Aparajita Karmakar

ABSTRACT. In this paper, we study the equivariant homotopy type of a con-
nected sum of linear actions on complex projective planes defined by Ham-
bleton and Tanase. These actions are constructed for cyclic groups of odd
order. We construct cellular filtrations on the connected sum using spheres
inside unitary representations. A judicious choice of filtration implies a split-
ting on equivariant homology for general cyclic groups under a divisibility
hypothesis, and in all cases for those of prime power order.
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1. Introduction

Simply connected 4-manifolds form an important category of spaces from the
point of view of both topologists and geometers. Their homotopy type is deter-
mined by the intersection form. The ones with positive definite intersection
form are homotopy equivalent to a connected sum of copies of CP2. This paper
studies the equivariant homotopy type of certain cyclic group actions on these
4-manifolds defined in [9], and splitting results for the equivariant homology
with constant coefficients.

Recall that a simply connected 4-manifold M possesses a CW-complex struc-
ture whose 2-skeleton is a wedge of spheres, and outside the 2-skeleton, there
is a single 4-cell. It follows that the homology is torsion-free, and non-zero in
only three degrees 0, 2 and 4, with Hy(M) = Z and H4y(M) = Z. If k is the
second Betti number of M, in the stable homotopy category, we obtain the de-

composition HZ AM, ~ HZ Vv (\/i.(:1 Y?HZ)V I*HZ.
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Homology decompositions akin to the above in equivariant stable homotopy
category have been studied for complex projective spaces in [12] over the group
Cp. The splitting therein is obtained with Burnside ring coefficients, which is
denoted by A. However, Lewis [13, Remark 2.2] shows that these decomposi-
tions are not likely if the group contains Cp. or Cp, X C,. On the other hand,
for cyclic groups of square free order these splittings do exist ([1], [2]). There
are generalizations of these results for the group C, for even cell complexes
([6], [7]), and with constant Z / p-coefficients [3]. Such results have also been
extensively studied for the group C, with constant Z/2-coefficients ([15], [11],
[10]). In this paper, we prove decomposition results for cyclic group actions on
a connected sum of copies of CP? with constant Z-coefficients.

The homology decompositions for X are usually proved by building up a cel-
lular filtration of X, and then showing that after smashing with the spectrum
HZ, the connecting maps are all trivial. For this purpose, the cells are taken
of the form D(V), a disk in a unitary G-representation V, so that the filtration
quotients are wedges of SV, the one-point compactification of V. There is a
different concept of G-CW-complexes with cells of the type G/H x D" for sub-
groups H < G, but they are not useful from the point of view of homology
decompositions.

In this paper, the G-manifolds X(T) are defined using admissible weighted
trees T [9], which are directed rooted trees with G-action, with each vertex
carrying a weight comprising 3 integers a, b, m of gcd 1 (see figure below).
The underlying manifolds CP?(a, b; m) are copies of CP?, which have an ac-
tion of the group C,,, by identifying CP? as the space of complex lines in a
three-dimensional complex representation of C,,. The numbers a, b are used
to describe the irreducible representations therein. We fix 1 as a complex 1-
dimensional representation where C,, acts via m!"-roots of unity, and in these
terms CP%(a, b;m) = P(A% + A% + 1¢). The admissible part of the definition of
the tree allows us to construct the equivariant connected sum in the figure.

Vo o w(vy) = (ag, by; 15)

X(T) = |CP%(ay, by; 15
o1 Kw(vy) = (ar. by 15) (T) = [CP* (a0, by 15)

#CP%(ay, by; 15)#CP2(ay, by; 15)]

v = -1
Z/j\w(%) ot #C1s X, CP(as,bs3)
U3 g2

o <] o U3
g U3

w(v3) = w(g - v3) = w(g® - v3) = (as, bs; 5) Cis=(glgP¥=1)
T

FIGURE 1.0. Example of an equivariant connected sum defined
using a tree.

For a cyclic group C,, of odd order, we prove two decomposition results (see
Theorem 4.5 and Theorem 4.9), where = HZ denotes HZ AS" . In the theorem
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below, the notation T, stands for the C,,-fixed points of T, and T4 refers to the
vertices whose stabilizer is C; for d | m.

Theorem A. o) If T is an admissible weighted tree such that all fixed vertices v
with weight w(v) = (a,, b,; m,) satisfy gcd(a, — b,, m,) = 1, then

HZ AX(T), ~HZ v+ HZ v (\/2*HZ)
T
vV Cu/Co AT “HZ)
[KIET 4/Cpdtm

where w(vy) = (ay, by; m) is the weight of the root vertex.
b) Let T be an admissible weighted tree such that for the root vertex v, with weight
w(vy) = (ay, bg; m), one of ay or by is zero. Then,
HZ AX(T), ~ HZVISM*2HZ vV ( \/  Cu/Cay A zi""’b"Hz).
[M]ETd/Cm

For example in Figure 1.0, if gcd(a; — b;, 15) = 1 for 0 < i < 2, we are in the
case a) of Theorem A which implies the decomposition

HZ AX(T), = HZV S HZ v (FPHZ)) v (C15/Cs, AT " HZ).

On the other hand if a, = 0, we are in case b) of Theorem A, and the second
summand here includes d = m. Also observe that the condition implies that
ag — by is relatively prime to 15. Therefore, we have

HZAX(T), ~HZ v Z*2HZ Vv *HZ v ¥ "HZ
\V Ziaz—szZ vV (ClS/C5+ A ZAQB_MHZ).

The results in Theorem A depend on a hypothesis on the weights at vertices
which are fixed under the C,,-action. We further prove that these hypotheses
may be removed when the group is of prime power order. (See Theorem 5.7
and Theorem 5.10)

Theorem B. a) Let T be an admissible weighted Cp-equivariant tree such that
p 4 ag, by but p | a, — b, for some fixed vertex v. Then,

HZ AX(T), xHZVZ*HZ Vv ( \/ T*HZ)

¢(T)+1
v(V 2HZ)V(\/ Cple, A3?HZ).
B(D-1 T./C

b) Let T be an admissible weighted C ,»-equivariant tree. Suppose T > 0 is the
maximum power of p that divides a,—b, among the fixed verticesv and p } ay, by.
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Then

n .
HZ A X(—[]—)_'_ gHZ \V; 2/1+APTI_IZ v ( \/(Z/lp‘HZ)vWT(i))
i=0

lay—by
vV cp/Ca, AT MHZ),
[ﬂ]ETd/Cpn, d#p"n

In the statements of Theorem B, we observe that the complementary cases
are proved in Theorem A. The notations ¢(T), p(T) and W+ (i) are clarified later
in the document. The techniques used in the proof are the cellular filtration of
the manifolds X(T), and the following result about the RO(C,,,)-graded homo-
topy groups of HZ. (See Theorem 3.8)

Theorem C. Let a € RO(C,,) be such that || is odd, and |a'| > —1 implies
la¥| > ~1 for all subgroups K 2 H. Then nn(HZ) = 0.

1.1. Organization. In Section 2, we recall the equivariant connected sum
construction leading to the definition of tree manifolds associated to admissi-
ble weighted trees in [9]. In Section 3, we introduce the facts from equivariant
stable homotopy theory required in the subsequent sections and prove Theo-
rem C. In Section 4, we prove the homology decompositions over the group C,,
(Theorem A), and finally in Section 5, we prove the results over prime power
groups (Theorem B).

1.2. Notation. Throughout this paper, G denotes the cyclic group of order m,
where m is odd, and g denotes a fixed generator of G. Whenever the notation p
is used for a prime, it is supposed to be odd. For an orthogonal G-representation
V, S(V) denotes the unit sphere, D(V) the unit disk, and S” the one-point com-
pactification of V, which is @ D(V)/S(V). The notation 1¢ is used for the trivial
complex representation and 1 for the real trivial representation.

1.3. Acknowledgements. The first author would like to thank Surojit Ghosh for
some helpful conversations in the proof of Theorem 3.8. The research of the
first author was supported by the SERB MATRICS grant 2018/000845. The re-
search of the second author was supported by the NBHM grant no. 16(21)/2020/11.
The authors would like to thank the referee for detailed comments about the
exposition.

2. Tree manifolds

In this section, we discuss the construction of connected sum of G-manifolds
focussing on the special case of a connected sum of complex projective planes
in the case G = G. In the latter case, the construction is governed through a
system of explicit combinatorial data expressed as admissible weighted trees
(see [9] for details). We refer to these as tree manifolds.

2.1. Equivariant connected sums. Let X and Y be two smooth G-manifolds
of the same dimension n. The equivariant connected sum X#Y depends on the
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following data

1) Points x € X¢,y € YC.

2) An orientation reversing isomorphism of real G-representations ¢ : T, X —
T,Y.

Given the data above, one may conjugate ¢ with the exponential map to obtain
a diffeomorphism of punctured disks near x and y. This identification is then
performed on X \ {x} U Y \ {y} to obtain the equivariant connected sum X#Y.
One readily observes the following homotopy cofibration sequences

X\{x} > X#Y > Y, and Y \ {y} - X#Y - X. (2.2)

An additional feature in the G-equivariant situation is the orbit-wise connected
sum. Let X be a G-manifold and Y an N-manifold for a subgroup N. The data
underlying an orbit-wise connected sum is

1) A pointy € YV, and a point x € X such that the stabilizer of x is N.

2) An orientation reversing isomorphism of real N-representations ¢ : T, X —
T,Y.

The condition 1) implies that x induces the inclusion of an orbiti, : G/N —
X. Now we may again use the exponential map to conjugate ¢ and identify
punctured disks at points of G/N < X with those at points of G/N X {y} &
G Xy Y. The resulting connected sum is denoted by X#G X, Y. The direct

analogues of (2.2) are
GXyY
X\{x} > X#GXyY > ———,

and,
GXy (Y\{}) - X#G Xy Y = X /i, (G/N).

The second sequence has a refinement in the form of a homotopy pushout

GXy (Y =) —=GCGxyC(Y —{y} (2.3)
X#G Xy Y X.

2.4. Linear actions on projective spaces. The principal construction of in-
terest in this paper is the equivariant connected sum of projective spaces. A
method to construct a G-action on a complex projective space CP" is to write
it as P(V), the projectivization of a unitary representation V. We call these lin-
ear actions. If v is a 1-dimensional complex representation of G, there is an
equivariant homeomorphism P(V) = P(V ® v). In the case G = G, we fix the
following notation for its representations.

2.5. Notation. The irreducible complex representations of the group G are 1-
dimensional, and up to isomorphism are listed as 1¢,4,42,...,A™~! where 1
sends g to e2™//™ the m'" root of unity. The non-trivial real irreducible repre-
sentations are realizations of these. The realization of A’ is also denoted by the
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same notation. Note that A’ and 2™ are conjugate and hence their realizations
are isomorphic by the natural R-linear map z — Z which reverses orientation.

In this paper, our principal objects of interest are linear G-actions on CP?2,
that is, we write CP? as P(V) where V is a 3-dimensional complex represen-
tation of G. In terms of the notation above, V is a sum 12 + 1° + A¢ for some
integers a, b and c viewed (mod m). As P(V') = P(V ® v) for 1-dimensional v,
we may assume ¢ = 0 in the expression for V. We denote this by CP?(a, b; m).
Often we use the notation CP?(a, b;m’) for a divisor m’ of m. This denotes
the C,y-space P(1¢ + A% + AP). In this expression, note that the restriction of
CP?(a, b; m) to the subgroup C,, is CP*(a, b;m’).

Proposition 2.6. The manifolds CP?(a, b; m) satisfy the following properties.
1) If ged(a, b, m) = d, then CP%*(a,b;m) = n*CPz(g, S; %) the pullback via
T:Cp,—C,/Ch= Cm/d-

2) There are G-homeomorphisms

CP?*(a,b; m) = CP?(a — b, —b; m) = CP*(—a,b — a; m),

and CP%(a,b;m) = CP%*(b, a;m).
3) The points p; = [1,0,0], p, = [0, 1,0], and p; = [0, 0, 1] are fixed by G. Their
tangential representations are given by

T, CP*(a,b;m) = Ab—a 4 q-a T,,CP*(a,b;m) = Ae=b 4 1-b
T,,CP*(a,b;m) = 1% + AP,

The proof of the above easily follows from the homeomorphism P(V) =
P(V ® v), and the identification of the tangent bundle of CP? as Hom(y,y'),
where y is the canonical line bundle. In this paper, we call the numbers (a, b)
associated to the representation A¢ 4+ A rotation numbers. As in [9], we assume
that for the manifold denoted by CP?(a, b; m), gcd(a, b, m) = 1.

We also denote S*(a, b; m) for the G-action on S* by identifying it with SA“+4".
This may also be described as S(1+21% + ), where 1 is the trivial real represen-
tation of dimension 1. This action has fixed points 0 and oo, and the tangential
representations are A¢ + A? and 17¢ 4+ 17 respectively.

We now list the conditions required to form equivariant connected sums of
copies of CP?(a, b; m) and S*(a, b; m).

Proposition 2.7. 1) The connected sum CP?(a, b; m)#CP?(a’,b’; m) may be
formed if and only if for one of the equivalent choices of (a’,b’) as in 2) of
Proposition 2.6, +(a’,b’) € {(a,—b),(a — b,b),(a,b — a)}. Once this condi-
tion is satisfied, there is a natural choice of data for the connected sum unless
a=>boroneofa,bisO.

2) The connected sum CP?(a, b; m)#S*(a’, b’; m) may be formed if and only if
+(a’,b") € {(a,-b),(a — b,b),(a,b — a)}. Here, CP?(a, b; m)#S*(a’,b’;m) is
G-homeomorphic to CP?(a, b; m).

3)Form’ | mbutm’ # m, the connected sum CP*(a, b; m)#Gxc _,CP*(a’,b’;m’)
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may be defined if and only if the following are satisfied

a) One of a, b, or a — b satisfies the equation ged(x, m) = m’.

b) One of @, b’, or @’ — b’ is 0, and the others are up to sign two of the numbers
in {—b, —a, b — a} not divisible by m’.

The statements 1) and 2) follow from the examination of tangential repre-
sentations at fixed points of CP?(a, b; m), and 3) follows from the results in [9,
§1.C].

2.8. Admissible weighted trees. The observations above inform us that the
G-connected sums of different CP?(a, b; m)s and S*(a, b; m)s may be formed
only when certain relations are satisfied between the weights involved. We now
lay down the sequence of combinatorial criteria which allow us to form such a
connected sum. These are written in the form of weights attached to trees with
a G-action satisfying required conditions, called admissible weighted trees.
Recall that a group action on a tree is given by an action on the vertices which
preserves the adjacency relation. We define two types of trees called Type I and

Type II.

Definition 2.9. An admissible weighted tree is a tree with G-action having the
following properties

(1) There is a G-fixed vertex v, called the root vertex of the tree. In case of
a type Il tree, v, is the unique G-fixed vertex.

(2) The vertices of T are arranged in levels starting from zero according to
the distance from the root vertex with edge length considered to be 1.
Observe that G preserves the levels and every edge goes from level L to
L + 1 for some L.

(3) Each vertex v is equipped with a weight w(v) = (a,, b,; m,) (defined
up to equivalence (a,, b,; m,) ~ (b,,a,;m,)) such that m, | m and
my, =m= |G|, and ged(ay, b,, m,,) = 1 for all v.

(4) For every vertex v, Stab(v) = Cp,, C G. Also w(g.v) = w(v), so that
weights of vertices in the same orbit are equal.

(5) In the case of type I trees, there are at most three vertices v of level 1
such that m, = m. Each of these vertices have distinct weights (up to
equivalence) among {+(a,,, —by, ), +(a,, by, — ay ), +(by , ay, — by )}.

(6) Vertices with the same weight (up to equivalence and sign) do not have
a common neighbour unless they are related by the G-action.

(7) Suppose there is an edge e from v in level L to u in level L + 1. Then
m, | m, and

(a) If m,, = m, and v is not the root vertex, then +(a,, b,) € {(a,, b, —
av)a (av - bw bv)}

(b) Ifm, # m, thenoneofa,, b,, a,—b, satisfies the equation gcd(x, m)
= m,, accordingly b,, = 0, and a,, is a value among + {—a,, —b,, b,—
a,} not divisible by m,,.

As far as Definition 2.9 is concerned, type II trees are only a special subset
of type I trees, but the construction of the tree manifolds associated to them
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Vo

&) = (ag, by;21)
— 4 .
vy P X(T) = S%(ay, by; 21)

& #Cy1 Xc, CP3(ay,by137)
w(vy) = w(g - vy) = w(g?-vy) = (a1,b137)

T
FIGURE 2.9. Example of a type II tree

will be different. In the case of type I trees (for example in Figure 1.0) the tree
manifold associated to it is a connected sum of copies of CP? with appropriate
weights. For type II trees (see Figure 2.9), the root vertex gives a copy of S*
in the connected sum and the rest of the vertices contribute CP2. One should
observe here that if the root S* is connected to a CP? associated to a fixed vertex,
one may express the resultant tree manifold as one arising from a type I tree.

Remark 2.10. The definition of admissible, weighted tree above is the same
definition as [9, §1.D]. To see this, one may observe the following

+ The tree as defined inherits a direction, where an edge e moving from
level L to L + 1 is directed so that dye lies in level L, and 0, e lies in level
L + 1. One also observes that a vertex in level L > 0 is connected to a
unique vertex in level L — 1.

+ The partial order may be generated from the condition that dye < J,e.
This implies that two vertices are comparable if they are connected by a
sequence of edges, and in this case the order relation is determined by
the level.

» The weights w(v) = (a,, b,; m,,) are so defined that we obtain an equiv-
alent weight under the operations (a,, b,) — (b,, a,,). This is the equiv-
alence of weights referred to in the definition above.

« The conditions (5) and (7) above reflect the condition “pair of match-
ing fixed components” of [9]. As we shall see, this is a slightly stronger
condition that also includes the data required for us to form the corre-
sponding equivariant connected sum.

2.11. Notation. The number n(T) associated to an admissible, weighted tree
T with vertex set V(T) is defined as

_N\H#WV(T)) if T is of type I

T) =
D =) —1 T ifoftypelL

The significance of the notation n(T) is that we associate to an admissible
weighted tree T, a G-manifold X(T) whose underlying space is #*TCP2. We
will use the notation T, for TY, and T; = {v € T | Stab(v) = C,}. Observe that
G/C, acts freely on T,. Also note that T, is always a sub-tree of T, while T is
not.
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2.12. Construction of connected sums along trees. The construction of
X(T), the G-manifold obtained by the connected sum of linear actions according
to the data described in the tree T is carried out in [9, Theorem 1.7]. We describe
it’s main features below. For a vertex v € V(T), we use the notation

CP? := CP*(a,, b,; m,).

Proposition 2.13. Given an admissible, weighted tree T, there is a G-manifold
X(T) such that

(1) The underlying space of X(T) is #*DCP2.

(2) If T is of type I, then X(T) = a connected sum of copies of CP2 for every
vertex v of T. In case the vertex v is stabilized by a proper subgroup C,
of G, the CP;., assemble together equivariantly as G x¢, CP;.

(3) If T is of type II, then X(T) = a connected sum of copies of CP? for every
non-root vertex v of T, and a copy of S4(aUO, by,;m). Asin (2), if the
vertex v is stabilized by a proper subgroup C, of G, the CP;,U assemble
together equivariantly as G X¢, CP2.

(4) For a non-root vertex v in level L, which is connected to w in level L — 1
with m, = my, the points where the connected sum is performed are
[0,0,1] € CP2, and the one in CPZ determined by the condition (7)(a)
of Definition 2.9 if w is not the root vertex, or by (5) of Definition 2.9 if
w = vy.

(5) Foranon-rootvertex v in level L connected to w in level L—1 with m, <
m,,, the points where the connected sum is performed are [0,0,1] €
CP2, and some equivalent choice of point in CP2 determined by the
condition (7) (b) of Definition 2.9. Equivalent choices of the latter give
equivalent manifolds [9, Lemma 1.2].

We now elaborate further on (4) and (5) of Proposition 2.13 above. We start
with an example.

Example 2.14. In order to see if CP?(a, b; m)#CP?(a’,b’; m) is definable we
may apply 1) of Proposition 2.7. Another method of saying this is that there is
an expression of the second summand as CP%(a’, b’; m) such that +(a’,b") €
{(a,—b),(a — b, b),(a,b — a)}. Once this choice is made, say (a’, b’) = (a, —b),
we get a natural data for the equivariant connected sum as
(1) The point p € CP?(a, b; m) used in the connected sum is [0,0, 1], and
the corresponding tangential representation is A¢ + A°.
(2) The point g € CP?(a’, b’; m) used in the connected sum is [0, 0, 1], and
the corresponding tangential representation is 14 + A% = 1¢ + 17,
(3) The natural orientation reversing isomorphism

T,CP*(a,b;m) — T,CP*(a’,b';m)

is given by identity on the factor A* and complex conjugation on the
factor AP,
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In (4) of Proposition 2.13, the choice of (a,, b,) implies that
T[070,1]CP12) = lav + /1bU

equals one of 1% + Abw=w =0 4 J%w=bw pbw 4 3%=bw 2~bu 4 Jbu=0w in the
case w is not the root vertex. We also note the tangential representations

T[LO,O]CP%D = 1% +Abw—aw’ T[O,l,O]CPI%U — /’t—bw +law_bw_

Among all the possibilities for T[O,O,l]CPg, the first two are compatible with
T|1,00/CP%, and the second two are compatible with T}y o;CP. This demon-
strates how the weights imply the choice of connected sum point in CP2. The
argument in Example 2.14 applies here to construct a canonical orientation re-
versing isomorphism among the tangential representations. Finally the condi-
tion (6) of Definition 2.9 implies that the choice of connected sum point is not
the same as that of any other vertex.

We now look at (5) of Proposition 2.13. The condition m,, < m,, implies that
m,, is a proper divisor of m,,. Consider O = C,, /C,, , the orbit of v under the
Cp, -action. From (4) of Definition 2.9, we observe that all the vertices in O have
weight w(v). The connected sum formed here is CPﬁ)#me X CPZ, which

connects the manifolds at all the vertices in @ to CP at one go by writing

2 ~ 2 2
Cm, Xc,, CPP= I n-cPi= T[ cpri,.
heCyp,, /Chm, heCp, /Cm,

In this case, we have b, = 0 and m,, divides one of the numbers a,,, b,,, b, — a,,
but not more than one (unless m, = 1) as gcd(a,,, b,,, m,,) = 1. We may assume
gcd(by,, my,) = m, without loss of generality, and it implies a, = +a,,. The first
part of the equivariant data for the connected sum is the point [0,0,1] in CP?
with tangential C,, -representation A% +1¢ (as a complex representation). The
next part is a choice of connected sum point which is required to have stabilizer
Com,» and hence belongs to

P(A% +1¢) —{[0,1,0],[0,0,1]} C P(2% + AP + 1¢) = CP}.

For any point
q € P(A" +1¢) —{[0,1,0],[0,0,1]},

the tangential C,, -representation is 1¢ + 4%. We now have a canonical orien-
tation reversing isomorphism between T[O,O,I]CPﬁ and TqCPfU which is conju-
gation on A% if a, = —a,, or conjugation on the other factor if a, = a,,. As
P(AP» +1¢) —{[0,1,0],[0,0,1]} is connected, this defines the equivariant con-
nected sum up to diffeomorphism ([9, Lemma 1.2]). Note also that there is a
completely analogous version of the above if w was the root vertex of a type II
tree, and CP% was replaced by S +2"
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3. Equivariant homology for cyclic groups

In this section, we recall the definition of equivariant homology with coef-
ficients in a Mackey functor. The main objective is to describe a theorem on
Z-homology which allows us to construct the homology decompositions in the
following sections. Equivariant homology and cohomology possess the richest
structure when the coefficients are Mackey functors [5], which we summarize
in explicit terms below.

Definition 3.1. A G-Mackey functor’ M is a collection of commutative
G/H-groups M(G/H) for each subgroup H < G, accompanied by transfer

trg : M(G/K) — M(G/H) and restriction resg : M(G/H) - M(G/K) forK <
H < Gsuch that

(1) tr) = try tr} and rest! = resKresf! forall7 <K < H.
2) trg(y.x) = trf{l(x) forall x € M(§/K)andy € H/K.
B3)y- resg(x) = resg(x) forallx e M(G/H) andy € H/K.

4) resg trf x)=>] K res’ . (x) for all subgroups J,K < H.

ek Vs TnK

Example 3.2. The Burnside ring Mackey functor denoted A is described by
A(G/H) = A(H), the Burnside ring of H. This is the group completion of the
monoid of finite H-sets up to isomorphism. The restriction maps are given by
restricting the action, and the transfer maps are given by inducing up the action
:S— HXgSforK <H.

In this paper, we work primarily with the constant Mackey functor Z de-
scribed by

Z(§/H) = Z, rest! =1d, try =[H : K],

for K < H < G. One may make a dual construction to define the Mackey
functor Z* by

Z'(G/H) = Z, restl = [H : K], trlf =1d,
for K < H < G. For an Abelian group C, the Mackey functor (C) is described
by
C ifH=§
(CXG/H) = 0

otherwise.

The importance of Mackey functors from the point of view of ordinary coho-
mology in the equivariant case is due to the following result.

Theorem 3.3. [8, Theorem 5.3] For a Mackey functor M, there is an Eilenberg-
MacLane G-spectrum HM which is unique up to isomorphism in the equivari-
ant stable homotopy category.

IThisisa simplification in the case G is Abelian. Otherwise the double coset formula (4) has
a slightly more complicated expression.
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This Eilenberg-MacLane spectra are those whose integer-graded homotopy
groups are concentrated in degree 0 in the category of equivariant orthogonal
spectra [14]. The homotopy category of equivariant orthogonal spectra is called
the equivariant stable homotopy category, where one has desuspension func-
tors for one-point compactifications of orthogonal G-representations.

Example 3.4. For a G-spectrum X, the equivariant homotopy groups possess
the structure of a Mackey functor 5’91 (X), defined by the formula

aS(X)NG/H) := 7, (X7,
In fact, the grading may be extended over a € RO(9) via the formula
7I(X)(G/K) = Ho-G-spectra (S* A G/K,,X),

which is in fact equal to 7% (X). Analogously the cohomology theory and ho-
mology theory associated to Mackey functors are RO(G)-graded and may also be
equipped with the structure of a Mackey functor which on objects is described
as

H%(X; M)(/K) & Ho-G-spectra (X A G/K,, ZHM),

HJ(X;M)(G/K) = Ho-G-spectra (S* A G/K,,X A HM),

for « € RO(9). For the Mackey functor Z, the integer graded groups at /G
compute the cohomology of X /G, the orbit space of X under the G-action.

The Mackey functor Z has a multiplicative structure which makes it a com-
mutative Green functor [16, Chapter XIII.5]. The consequence of this multipli-
cation is that the cohomology H ;‘ (X; Z) has a graded commutative ring struc-
ture. The multiplicative structure also allows us to consider the Mackey func-
tors which are Z-modules, and examples of these are the homology and the

cohomology Mackey functors H (X; Z) and H ;X D).

Remark 3.5. For any M € Z-Modg, trIP{I resg equals the multiplication by in-
dex[H : K] for K < H < G[17, Theorem 4.3].

The spectrum H Z also has the following well-known relation after smashing
with representation spheres.

Proposition 3.6. If gcd(d, m) = 1, then
HZASY" ~HZ A S*,
Proof. We check that S™" A HZ is an Eilenberg MacLane spectrum up to

suspension, whose underlying MeEkey functor depends on k but not on d. For
this note that

7I(s™ AHZ)(G/L) = H'($*" 2)(9/L) = A '(s*" 2) = A7 (" /L; 2).
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Now observe that the orbit space Yo /L =~ S2, so that the groups above are Z
for i = —2, and 0 otherwise. Therefore, we obtain

S NHZ ~ 372HM,
where M(G/L) = Z for L < G. For a subgroup K = C,, of another subgroup
L =C, of G, the restriction M(G/L) — M(G/K) is induced by the quotient
s /K — Yo /L, which is a map of degree Ty golry k) rygollry k)
’ ry-ged(ry,dk) ry-ged(ry,k)
as gcd(d, m) = 1. The transfer maps are then determined by Remark 3.5. It
follows that S A HZ ~ S~ A HZ if ged(d, m) = 1, so that HZ A S ~
HZ ASM. O

which equals

We may observe from Proposition 3.6 that £~ HZ ~ HZ. This means in
the graded commutative ring 7, HZ (graded over RO(9)), there are invertible
classes in degrees 1¥ — 1% whenever (d,m) = 1. As a consequence the ring
m4HZ is determined from it’s values at the gradings which are linear combi-

nations of A€ for k | m. We recall the following computation of gip (HZ) [6,
Appendix B].

.
z if |a| =0, |a?| >0
z" if || =0, |a?| <0

ES"(HZ) =1(z/p) if|a| <0, |a?| >0, and |«| even (3.7)
(Z/p) if |a| >0, |a| < -1, and || odd
0 otherwise.

The homology decomposition theorems for G-spaces with even cells require
proving that certain odd degree homotopy groups of HZ are 0. In this paper,
we use the following result.

Theorem 3.8. Let « € RO(G) be such that |«| is odd, and |af!| > —1 implies
|a¥| > —1 for all subgroups K 2 H. Then 79(HZ) = 0.

Proof. The proof relies on [4, Proposition 4.3], where the same result is proved
for the groups C,» where p is an odd prime. Here, note that

n9(HZ) = H;%(S" 2),

so that the hypothesis in statement c) of [4, Proposition 4.3] corresponds to our
hypothesis on a over here.

We now suppose that the result is true for all subgroups of G and then prove
it for G. In this way, the result will be true for all cyclic groups of odd order. The
inductive hypothesis states that for all proper subgroups L of G and for all a €
RO(L) satisfying |af| > —1 implies |aX| > —1 for all subgroups L 2 K D H,
zl(HZ) = 0.
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Now suppose that « satisfies the hypothesis of the theorem, and let x €
nf (HZ). This implies that the restriction of « to a subgroup L satisfies the hy-
pothesis for L, so that by the inductive hypothesis we have zﬁ (HZ) = 0. As the
result has already been proved at prime powers in [4, Proposition 4.3], we may
assume that m is divisible by at least two distinct primes p and q. We now use
the inductive hypothesis for Cy,,, and C,, /4, and compute

— . — 9 g —
px =[G : Cp/plx = trcm/p rescm/P(x) =0,

as gg(HZ)(Q/Cm/p) = nsm/p(HZ) = 0, and analogously,

_ . _ .5 g —
gx =[G : Cpyglx = trcm/q rescm/q(x) =0.

It follows that x = 0. ([

Theorem 3.8 is useful to prove that cohomology of G-spaces which are con-
structed by attaching even cells of the type D(V), is a free module over the coho-
mology of a point E;‘ (8% Z). Such results have been proved in [12], [1], [2], in
the context of equivariant projective spaces and Grassmannians. A more care-
ful argument has also been used in [6] and [7], where the free module property
has been proved for all finite complexes obtained by attaching cells of the type
D(V) in even dimensions.

4. Equivariant homology decompositions for tree manifolds

In this section, we obtain homology decompositions for the tree manifolds
defined in Section 2. Recall that, CP?(a, b; m) serves as a building block for
these manifolds. We describe a cellular decomposition of complex projective
spaces, which has been studied along with cohomology of such spaces in [12,
§3] and [1, §8.1].

4.1. Cellular filtration of projective spaces. The equivariant complex pro-
jective space P(V) is built up by attaching even dimensional cells of the type
D(W) for the realization of complex representations W. To see this, let V,, be
a complex G-representation that decomposes in terms of irreducible factors as

V,= Z?:o ¢;, and let W,, denote the G-representation ¢, ' ® Z::Ol ¢;. Consider
the G-equivariant map D(W,,) = P(V,,) = P(¢;;' ® V,,) defined by

n—1
(20> 215 s Zn—1) P> [20, 215 oo » Zpp—1, 1 — Z |zl.2|],
i=0

where z; € ¢, ® ¢;. Restricting this map to S(W,,), we see that its image lies
in P(V,_;) (which may be regarded as a subspace of P(V,,) in the obvious way),
and it is a homeomorphism from D(W,) \ S(W,) to P(V,,) \ P(V,,_;). Thus,
P(V,)isobtained from P(V,,_;) by attaching the cell D(W,,) along this boundary
map. Observe that this filtration depends on the choice of the ordering of the

¢i’S.
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Returning to our example CP?(a, b; m) = P(A* @ 1> @ 1¢), we see that there
are six possible ways to build it. This choices will play a crucial role in proving
the homology decomposition theorems, as we will see below.

Example 4.2. Writing CP%(a, b; m) = P(1° @ A? @ 1) in this order, the cellu-
lar filtration above gives us the following cofibre sequence (using the fact that
PQe @A) = s2°7)
SA7 5 CP%(a,b;m) — SAH’.
Using the other orderings, we also obtain the following cofibre sequences
S* = CPX(a,b;m) — S+ s - CP%(a, b;m) — S*" "+,

The homology decomposition is obtained by smashing these cofibre sequences
with HZ and trying to prove a splitting. For example, in the cofibre sequence

Z‘/Ia_bHZ — HZ A CP?*(a,b; m) — Z’la”bHZ, (4.3)

the connecting map At HZ — $A"+1HZ is a HZ-module map which is
classified up to homotopy by 7 (zA*7"+1-4"=2" 1 7). This group is now analyzed

using Theorem 3.8 at & = —A97% — 1 + 1% + A°. Note that

—1 ifd does not divide any of a, bora — b
|(=A%P—142942P)¢| = {1  ifd divides exactly one of a, b but not a — b
—3 if d divides a — b but not a or b.

Observe that |a| = 1 > 0, so in order to show ngHZ = 0,weneed |at4| > -1
for all d | m. Under the condition ged(a, b, m) = 1, this is true if and only if
a — b is relatively prime to m, and in this case,

HZ ACPX(a,b;m) ~ ¥ "HZ v S** ' HZ ~ SAHZ v SA* " HZ.

The last equivalence follows from Proposition 3.6. Using the other two cofibre
sequences for CP?(a, b; m), we see that a homology decomposition is obtained
if one of a, b, or a — b is relatively prime to m.

In the case of connected sums, we carry forward the homology decomposi-
tion argument of Example 4.2. We illustrate this in the following example.

Example 4.4. Let
X = CP?*(a, b; m)#CP?(d’,b";m)

where gcd(a’—b’, m) = 1and ged(a—b, m) = 1. We assume that the connected
sum point p in CP?(a’, b’; m) has tangential representation A7 @AY asin 1) of
Proposition 2.7. Example 4.2 shows that

HZ ACP¥(a,b;m) ~ S¥**"HZ v SAHZ.
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To compute HZ A X, we use the cofibre sequence (2.2). We note that

CP2(d,b';m) \ {p} =~ P(A¥ @ ') = 52° "

Therefore, we obtain a cofibre sequence of HZ-modules

I_b/ a
A" P HZ > HZAX - SF* " HZ v S HZ.

.. /la/_b’ y .
From Proposition 3.6, we have X HZ ~ ¥*HZ, and now Theorem 3.8 im-
plies that the above sequence splits. Consequently, we obtain

HZAX, ~HZ VI Hz v HZ v $*HZ.

We now prove the main theorems of this section. Example 4.2 points out the
necessity of the hypothesis in the theorem.

Theorem 4.5. If T is an admissible weighted tree of type I with G-action such
that for all verticesv € T, with w(v) = (a,, b,; m,), gcd(a, —b,, m,) = 1, then,
the HZ-module HZ A X(T), admits the decomposition

HZ AX(T), ~HZ V3" Hz v (\/2*HZ)
To

vV 9/Co T HZ)
[1l€Ty/G.d#m
where w(vy) = (agy, by; m). If T is of type II,

HZ AX(T), ~ HZ v A+ HZ v ( \/  9/Ca, A 21““”"‘Hz).
[KIET,/S. dzm

Proof. We proceed by induction on L(T), the maximum level reached by ver-
tices of the tree. The induction starts from a tree with only the root vertex. In
the type I case, this is computed in Example 4.2. In case of type II, the manifold
is S*(ay, by; m), for which we have the following decomposition

HZ A S*(ag, bo;m), ~ HZ Vv S+ " HZ.

Assume that the statement holds whenever L(T) < L. We prove it for trees with
L(T) = L + 1. Given a tree T we denote by T(L) the part of it up to level L, so
that the result holds for X(T(L)). We attach orbits of the level L + 1 vertices one
at a time. We write down the argument for a type I tree, as the other case is
entirely analogous. Let Oy, ..., Q) denote the orbits of the level L + 1 vertices.
It suffices to prove the case when an orbit (; is added to T(L) together with the
attaching edges, which we denote by T(L) + O;. The stabilizer for the vertices
in O; can be either the whole group G or a smaller subgroup C,;. We deal these
cases separately.

Case 1: The stabilizer for the vertices in O; is G, that is, O; = {v;}. Suppose
w(v;) = (a;, b;; m). By Proposition 2.13, this implies that the tangential repre-
sentation at the connected sum point of CPgi is A% @ AP. We have the following
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cofibre sequence from (2.2)
CP?(a;, bi;m) \ D(A% @ %) - X(T(L) + ;) — X(T(L)).

The left hand term can be simplified further as
i—b
CP2(a;, b;;m) \ D(A% @ Ab1) = P(A% @ Abr) ~ SA“ .
—b:
We now apply Proposition 3.6 to note that A Z ~ $*HZ. Applying the
induction hypothesis on X (T(L)), we get a cofibre sequence of HZ-modules

SAHZ —» HZAX(T(L)+ 0;) —» A+ HZ v( \/ 9/Ca, /\ZAHZ). (4.6)
TL)a/9
In the second summand of the right side of (4.6), d is also allowed to equal m.
Next we observe that the cofibre sequence splits by showing that up to homo-
topy, the connecting map from each summand of the right hand side of equa-
tion (4.6) to AM1H Z is zero. For the first summand, this follows from Example
4.2. In the second summand, if d = m, the connecting map is classified up to
homotopy by an element of 77 1(H Z) = 0. If d # m, this is classified by an el-
ement of 7 1(H Z)(G/C,), which is also 0. Using Theorem 3.8 in this manner,
we obtain the required homology decomposition for X(T(L) + O;).
Case 2: The vertices in O; have stabilizer C,, < G and w(v;) = (a;, b;; m).
Here, we are considering the connected sum of the form

X(—I]—(L))#g Xcmi CPZ(ai, bl’ ml').

Consider the following homotopy pushout square of G-spaces (2.3)

i—b; i—b;
Gxe M — Gxe C(SPT)

u u

X(T) + 0;) — X(TW)),

i—b; i—b; :
where C(Sla ) denotes the cone of S*“™™ Note that the C,,-representation

A is also the restriction of a C,,,-representation that we have denoted also using
. . . . i_bi
A. Further using the shearing homeomorphism, we may write G x¢ ST

i—b; . .
G/Cp, X AT n G-spectra, this gives rise to the cofibre sequence

G/Cry, A sﬂ;-bi - X(T(L) + oi)+ VG/Cr,, = X('[I'(L))+.

We use
ai—bi al-—bl-
G/Cm, , A ST~ (G/Crm,, A ST v $/Cm,

to deduce the cofibre sequence

G/Cr AT S X(T@)+0), - X(T@)),.

m,-+
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Now we take the smash product with HZ to get the following cofibre sequence
of HZ-modules

G/Cp, ANE"HZ ~ HZ AX(TW) + 0), » HZAX(TD),.  (47)

Note that the summands of the right hand side of the form Z*HZ and G/C, WA
AUy Z support a trivial connecting map using Theorem 3.8, and the facts
a) |[(1" = 25— DX| > —1if |K| | r but not s.

b) |(A" — A% — 1)X| < —1if |K| | s but not .

We now note that if the stabilizer C,,, of a vertex v satisfies m,, < m, then
m,, must divide q; or b, under the given hypothesis. In the case of type II trees,
this is clear from (7)(b) of Definition 2.9 as the maximum value of m,, is reached
among the vertices at level 1. For a type I tree, the analogous role is played by
vertices v with m,, < m that are joined to a vertex w of T,. The same condition
now implies that one of a,,, b,,, a,, — by, is divisible by m,,. The hypothesis rules
out the third case. Now we repeatedly apply condition (7)(a) of Definition 2.9
along the path from w to the root vertex v, with the hypothesis ruling out the
fact that m,, divides a,, — b, for any vertex u along the path. It follows that m,
divides either a, or b, for every vertex along this path. Therefore, m, divides
either a, or b,. Now by Theorem 3.8 using the fact that m; divides either a, or
b,, the connecting map on the summand 34 +A% by Z is 0. This completes the
proof. O

Remark 4.8. Observe that Theorem 4.5 has no hypothesis if the tree T is of
type II. Henceforth, we prove further results for trees of type I. The hypothesis
in Theorem 4.5 is required crucially in the proof. For example, observe that
if ag — by = 0 (mod m), then the the cofibre sequence (4.3) gives rise to the
connecting map

ZAaO+AbOHz_) 23HZ,
which is determined by

9
790 b0 -3 (HZ).

This group may be non-zero.

In the following theorem, we observe that if one of the rotation numbers
at the root vertex is 0, then we obtain a decomposition result with no further
hypothesis on the weights.

Theorem 4.9. Let T be an admissible weighted tree with G-action of type I such
that for the root vertex v, with w(vy) = (ay, by; m), one of a, or by is zero. Then,
HZ A X(T), admits the following decomposition

HZAX(T), = HZVZ*?HZV (\/ §/Cq, AT HZ).
[KIE€Ta/S

Note that in the rightmost summand d may be equal to m.
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Proof. We proceed by induction on L(T), the maximum level reached by the
tree as in Theorem 4.5. We may assume b, is zero, so we have, gcd(a,, m) = 1.
At the initial case L(T) = 0, X(T) = CP?(a,, 0;m), and for this manifold, the
cellular decomposition gives us the following cofibre sequence of HZ-modules

sA“HZ — HZ A CP¥(ay,0;m) — SA°*2HZ. (4.10)
Note that Z** HZ ~ S*HZ. The connecting map in (4.10),
ZA+2HZ_) 2/1+1HZ
is trivial up to homotopy, hence the cofibre sequence splits and we obtain
HZ A CP*(ay,0;m), ~ HZV Z**?HZ v 3*HZ.

For the inductive step, assume the statement is true for the tree up to level L,
T(L) and we attach one orbit O; of the level L + 1 vertices to T(L). We prove
the case when the stabilizer for the vertices in O; is G. An analogous reasoning
applies to the other cases.

Suppose O; = {v;} and w(v;) = (a;, b;; m). As in the proof of Theorem 4.5,
we get the following cofibre sequence

lal‘—bl‘

S - X(TW) + ;) —» X(T(L)).

Applying the induction hypothesis on X(T(L)), we get a cofibre sequence of
HZ-modules

PHZ > HZAX(TW) + 0) > PHZV( \/  §/Cay ATV HEZ).
[KIET(L)g/$
(4.11)

We claim that the connecting map is zero from each summand of the right
hand side of the equation to S*“ " +1HZ. For the first summand note that the
group

9 —
T a1 (HZ) =0

as it satisfies the condition given in Theorem 3.8. To show the map
2% by A%i—bi 1
G/Cq, NZ HZ — X HZ
is trivial consider the group
ngd(HZ), o = A%bu — pai=bi _q

Then || = —1, and for all subgroups C;, |«®/| < 1. Equality holds if and only
it j | (a, —b,) and j t (a; — b;). Then for any subgroup C, > Cj, k does
not divide (a; — b;). So |a®| > —1. Thus, a satisfies the condition given in
Theorem 3.8. Hence, the cofibre sequence in (4.11) splits and we obtain the
required decomposition. This completes the proof. O
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5. Homology decompositions for G = Cpn

In this section, we derive homology decompositions for tree manifolds in
the case § = C,,» without any restriction on weight. We start with an example
pointing out the need for a judicious choice of cellular filtration and later, we
discuss how a reorientation may help to solve this. As a result, we observe
some dimension shifting phenomena among the summands in the homology
decomposition.

Example 5.1. Let p | a — b. We know from the cellular filtration of projective
spaces (Example 4.2) that CP?(a, b; p) = P(1% @ 1. @ AP) gives us the cofibre
sequence

SMHZ — HZ A CP¥(a,b;m) - S "HZ ~ 3M2HZ.
Since the connecting map is zero, we obtain
HZ ACP?*(a,b;m) ~ 3**2HZ v 2*HZ. (5.2)

One may also write CP2(a, b; p) = P(1¢ @ A® @ 1) which yields the cofibre
sequence

M "HZ ~ S2HZ — HZ A CPX(a,b;m) - S*HZ. (5.3)

We claim that the connecting map of (5.3) is non-zero. Suppose on the contrary
that the connecting map is trivial. Then we have the splitting

HZ A CP*(a,b;m) ~ 3*HZ v X’HZ. (5.4)
The Mackey functor
z/f" (HZ A CP?*(a, b; m))

is isomorphic (3.7) to Z from (5.2), while isomorphic to Z" @(Z/ p) if (5.4) were
true, a contradiction. Hence, the connecting map of (5.3) should be non-trivial.

Recall from Proposition 2.13 (4) that for a non-root vertex v € V(T), the
connected sum is performed at the point [0,0,1] € CPg. At the root vertex
vy with weight (ag, by; m) we may change the weights to (—a,, by — ay; m) or
(ag — by, —by; m) to obtain a G-homeomorphic manifold. This fact will be used
in the proof of the theorems below.

The following example summarizes how a reorientation is performed and
the resulting modifications of weights. We also demonstrate how this allows us
to make a judicious choice of cellular filtration of X(T).

Example 5.5. Suppose we have an admissible weighted G-equivariant tree T
depicted as in the left of the figure below with root vertex vy, w(vy) = (ay, bg; M),
and all other vertices have weight as mentioned therein. We reorient T to obtain
anew tree T’ whose root vertexis u, = v; with w(u,) = (a3—bs, —bs; m), and let
fori = 1,2, 3, the vertices u; € T’ represent the vertices v;_;. Proposition 2.13
(4) tells us that the connected sum is performed at [0,0,1] € CP%)3 for which

TV[O,OJ]CI‘)I%3 == 1(13 + Ab3.
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This means there exists a G-fixed point p in CP%2 so that
TPCPﬁ2 =A% 4 175 or 1% 4 205,

Then, if necessary, we apply a suitable G-homeomorphism to map the point p
to [0, 0, 1], which allow us to perform the connected sum at the point [0, 0, 1] of
CP;, with CP;, . This explains the weights in the new tree T’. Note that X(T)
is G homeomorphic to X(T").

Vo : w(vy) = (ay, by; m) u; - w(us) = £(ay, —b;;m)

v; : w(vy) = (ay,by;m) u, : wuy) = £(ay, —by;m)

U, - w(vy) = (ay, by;m) u; - w(uy) = +(a;, —by;m)

v @ w(v;) = (as, by;m) Uy + w(uy) = (az — by, —bs;m)
FIGURE 5.5. Anexample of reorientation: The left tree has root
vertex v, and the right one has root vertex u, = vs.

Suppose in the tree T, m } ay, by, a; — b;,a, — b, but m | a; — b;. For the
G-manifold X(T) = #;_ CP;. if we proceed as in the proof of Theorem 4.5, we
obtain the cofibre sequence

A HZ — HZ A X(T) HZ A #2,CP2

] ;

Y 2 s
>2HZ SPHZ v (V 2*HZ)

Observe that the connecting map may be non-zero here. On the other hand, for
T’, we obtain

ZF(““bl)HZ — HZAX(T') —— HZ A #;_,CP;. (5.6)
1 A+2 2 i
S HZ CHZN (VizoZ HZ)

The right vertical equivalence comes from Theorem 4.9 and the equivalence
Z’la"+biHZ ~ Y HZ fori = 1,2, 3. To see this, note from 7(a) of 2.9 that

+(ay, by) € {(ag, —by), (ag — by, by), (ag, by — ap)}.

Our condition m ¢ ay, by, ay — by implies m } a;,by,a; + b;. Iterating this
process the desired equivalence follows. Observe that, the connecting map in
cofibre sequence (5.6) is trivial.
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We now proceed towards the decomposition result in the case G = C,,. For
the tree T, if p + a, — b, for all vertices v € T, the result is obtained from
Theorem 4.5 as

HZ AX(T), ~ HZVZ*¥"Hz v (\/2*HZ) v (\/ 9/e, AT*HZ)
T T./9

where T, = {v € T | Stab(v) = e}. In the complementary situation p must
divide a, — b, for some v € T,. If further p | a, or by, we are in the situation
dealt in Theorem 4.9, so that we have

HZ AX(T), = HZ V2 HZ v (\/ 2*HZ) v (\/ 2HD) v (\/ /e, n2?HZ)
$(T) P»(T) Te/9
where ¢(T) = #{v € Ty | p + a, — by}, and P(T) = #{v € T, | p divides a, —
b,}. For the remaining case, we prove

Theorem 5.7. Let G = Cp and T be an admissible weighted G-equivariant tree
of type I such that p 4 ay, by but p | a, — b, for some v € T,,. Then,

HZ AX(T), xHZVZ*HZ Vv ( \/ T*HZ)

P(T)+1
v( 'V 2HZ)v(\/ /e, AT?HZ).
(-1 Te/$

Proof. By given hypothesis, there existavertexv, € Towithw(v,) = (ag, be; p)
such that a, —b, = 0 (mod p). We further assume that v, is closest to the root
vertex v, in terms of number of edges from v, to v,. We prove the statement
for Ty C T. The result follows from this because when we attach a free orbit
to any level, the resulting connecting map becomes a map of underlying non-
equivariant spectra, which is trivial.

Let I" denote the path from v, to v, passing through vertices vy, vy, ..., Ug, and
let for v; € T, w(v;) = (a;, b;; p). We reorient I, as in Example 5.5, so that now
v, becomes the root vertex u,; v; € I' becomes the vertex u,_;. Observe that
the weight at u; = v,_; becomes +(a,_; 1, —bs_;;+1; p) and the weight at u is
(ag — bg,—bg; p). Since a, — b, = 0 (mod p), the choice of cellular filtration
of CP%(ay, bs; p), as in Example 5.1, leads to

HZ ACP?*(ag,be; p) ~ **2HZ v Z*HZ.
Theorem 4.9 implies

t
iatbe
HZ AX(D) = $*2Hz v stz v (\/ " HZ)
i=1

~ 72 Hz vsiHZ v (\/ P*HZ)
4

To deduce the second equivalence we show thatfori =1to ¢, p t a; + b;. The
condition p } ay, by, ag — by in turn implies p 4 a;,b;,a; + b, as by 7(a) of
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Definition 2.9 +(a;, b;) € {(ay, —by), (ag — by, by), (ay, by — ap)}. The fact that
for1<i<¢?¢,pta_;—b;_;,letuscontinue this processup to ¢ — 1.

Next we attach vertices of T \ I' to I proceeding by induction as in Theorem
4.9, and observe that in each step the connecting map for the cofibre sequence
is null. This completes the proof. O

The rest of the section is devoted to proving homology decompositions in the
case G = Cpn. We start with the following observation

Lemma5s.8. LetG=C o and T be an admissible weighted G-equivariant tree of
type L. Let 7 be the maximum power of p that divides a, —b, among the vertices
of Ty, and p* does not divide a, and by,. Then forv € T \ Ty, Stab(v) < C.

Proof. Choose a vertex u € T \ T, such that Stab(u) is maximum among
vertices of T \ Ty, and u is closest to the root vertex. This implies if u is in
level L, then the vertex v in level L — 1 connected to u belongs to T,. So let
w() = (ay,by, p"). We claim that C,, = Stab(u) < Cp:. On the contrary
suppose Cy, > Cp,. From 7(b) of Definition 2.9, we get m, divides one of
a,, by, a, — b,. Since m,, can not divide a, — b,,, m,, divides a, or b,.. Further, if
v is connected to a level L — 2 vertex v’ with w(v’) = (a,, b,; p™), then

i(av, bv) (S {(avf, _bvl), (aU/, bU’ - aU/), (Clvf - bvl, bvl)}.

This means m,, divides a,y or b,,. Continuing this process we end up with p*
dividing a, or by, hence, a contradiction.
O

Proceeding as in the C)-case, we have that if p  a, — b, for allv € T, by
Theorem 4.5

HZAX(T), = HZvE* " Hzv (\/S*HZ)v( \/ 9/C4, AT*HZ).
Ty T4/, d#p"
In the complementary case p divides a, — b, for some v € T. Let 7 > 0 be the

maximum power of p that divides a, — b, among the vertices of T,. If further
Pt | ag or by, then proceeding exactly as in Theorem 4.9 we obtain

n
HZ AX(T), ~HZV S* " HZ v ( \/(Z’IPZHZ)VZT@)
i=0 (5.9
v\ 9/Ca AT HZ)
[u]€Ta/G, d#pn
where for fixed 0 < i < n, Z(i) := #{v € Ty, w(v) = (a,, b,; p") | gcd(a, —
by, p™) = p'}.
We also define
Zr@)+1 ifi=0
Wr(@)=4Z7y() -1 ifi=1
Z1(i) otherwise.
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Observe that the conditions on weights in Definition 2.9 does not change if we
replace the weight (ay, by; p") at the root vertex by one of (aq — by, —by; p") or
(by — ay, —ay; p™). This allows us to further assume p } ay, by in the theorem
below.

Theorem 5.10. Let § = C,» and T be an admissible weighted G-equivariant
tree of type I. Suppose T > 0 is the maximum power of p that divides a, — b,
among the vertices of Ty and p + ag, by. Then

n .
HZ AX(T), xHZ VI HZ v (\/ (&)W OHZ)
i=0

v\ 9/CanT T HZ).
[11€T4/G, d#pn

Proof. Letv, € Towithw(v,) = (as, be; p") be a vertex for which p* | a; — by,
and v, is closest to the root in terms of number of edges. Let I" denote the path
from v, to v, passing through the vertices vy, vy, ... , Uy with w(v;) = (a;, b;; p").
We first compute HZ A X(I'), then HZ A X(T,) and finally HZ A X(T).

We reorient I so that now v, becomes the root vertex u,, and v,_; becomes
the vertex u;. Note that the weight at u; = v,_; becomes +(a;_;+1, —be_it1; P™)
and the weight at u, is (a, — by, —b,; p"). Since gcd(a, — bg, p™) = p7,

—b T
7 ~ 3P HZ. (5.11)
We use the following cofibre sequence for CP?(ay, by; p™)
S¥ — CPX(ag, by; p*) — ST

This together with the identification (5.11) leads to the following decomposi-
tion

HZ A CP*(ay,be; p*), ~ HZ v M HZ v ' HZ.
Proceeding as in the proof of Theorem 5.7 we see that fori = 0to ¢ — 1, p* ¢}
a1 + biyq. Now (5.9) implies

t
3 _iy1tbe
HZ AX(D) = S Hz vsiHZ v (\) 24 HZ)
i=1

~ E/I—HIPTHZ Vv ( \n/(z/lpin)VWr(i)).
i=0

The last equivalence is obtained from Proposition 3.6 and the following claim
Claim: Given 7 and I as above, we have for s < v

#H1<i<C|vp(q;+b)=st=#{0<j< ¢ —-1]|v,(a; —bj)=s}
where v,(r) = max{k | pk divides r} is the p-adic valuation.
Proof of the claim. Suppose p® divides a; + b; forsome 1 <i < ¢ and v;_; is

not the root vertex. Applying 7(a) of Definition 2.9, we see p* divides a;_; or
b;_; (this implies p } a;_; — b;_;). Going one step further we see p*® divides one
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of a;_, — b;_,,a;_, or b;,_,, and the other two are relatively prime to p. Since
P+ ao, by, continuing this process we end up with p* dividing a; — b; for some
0<j<i—landpta;—bgora,+bgforj<q<i-11Ifp°|a +by,we
must have p* | a; — by by (5) of 2.9 and the fact that p } ay, by. Therefore, the
left-hand side is less than or equal to right-hand side.

In the reverse direction, suppose p* | a; — b; for some 0 < j < ¢ — 1 and v;
is not the root vertex. Then by 7(a) of Definition 2.9, we see p® divides one of
ajy1,bj41,and hence, p divides neitherof aj,+b;,; ora;,; —bj,,. Continuing
further we see that p® dividesone of aj,, +bj,ajy, 01 bj,. Since p | ag —by,
p + ag, be. Thus iterating this process, we see p® divides a; + b; for some j+1 <
i<tandp+tag+bgora;—bgforj+1<q<iIfp®|ay— by, then by (5) of
Definition 2.9, p® divides one a; + b;, a; or b;y. If p* } a; + b;, then continuing
one step further we see p* divides one of a, + b,, a, or b,. Iterating this way we
obtain the required. This completes the proof of the claim.

Next we attach vertices of T, \ I to T proceeding by induction as in the proof
of Theorem 4.9, except the fact that now levels are defined according to the dis-
tance from I' instead of the root vertex. For the inductive step suppose the state-
ment holds for the tree up to level L, T(L) and we adjoin an orbit O,, containing
alevel L + 1-vertex v, to Ty(L). Suppose w(v,) = (ay, b,; p™). By Proposition
3.6, we may write S Y HZ ~ s H Z for some 0 < t < 7. Then we obtain
the following cofibre sequence of HZ-modules after applying the induction hy-
pothesis

n :
S HZ ~ HZ AX(To(L) + 0,) = 27 HZ v (\/ (& HZ) 100 ).
i=0

The fact that p? is the highest power ensures the connecting maps are zero
by Theorem 3.8. Hence, the above cofibre sequence splits and the required
homology decomposition is obtained.

Finally, to complete the proof, we adjoin vertices of T \ T, to T, i.e., vertices
on which G acts non-trivially. Again we proceed by induction on levels where
levels are defined according to the distance from T,. Assume the statement
holds for the tree up to level L', T(L") and we attach an orbit O, ofthe level L'+1-

vertices to T(L'). Suppose for v, € O, w(v,) = (ay, by; Cpn,), and P 3 Z ~

s H Z for some 0 < t' < n. Proceeding along the lines of Theorem 4.5, we
obtain the following cofibre sequence of HZ-modules

§/Cm, AZM HZ - HZAX(TW) + 0,), » HZAX(TL)),  (512)
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where by the induction hypothesis

n N
HZAX(T(L)y ~HZV S HZv ( \/(ZMLHZ)VWT(L’)(I'))
i=0
vV 9/ca, Az HZ).
[HI€TL)a/S

The connecting map

ZA‘MPTHZ N 9/Cmy+ A Z/lp‘ +1HZ

Cy 1 . .
is classified up to homotopy by 7, (£*" *1=*~*" HZ). Since Lemma 5.8 as-

serts that Cpm, <C

Cony rsotr"’ —1—1 Ch
pe» the above group reduces to 7, " (Z* ™7 'HZ), which is

trivial by Theorem 3.8. Analogously all other connecting maps can be seen to
be zero. Hence, the cofibre sequence (5.12) splits and we obtain the required
decomposition. O
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