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Sharp weighted inequalities for harmonic
maximal operators

Adam Osekowski and Mateusz Rapicki

ABSTRACT. The paper contains the proof of sharp weighted L? inequalities
for the harmonic maximal function in the dyadic context. The argumentation
exploits the Bellman function technique: the estimates follow from the exis-
tence of certain special functions enjoying appropriate size conditions and
concavity. The results hold true in the more general setting of probability
spaces equipped with a tree-like structure.
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1. Introduction

Our motivation comes from the question about boundedness of a certain im-
portant maximal operator arising in harmonic analysis, closely related to the
classical dyadic maximal function. Let us start with the necessary notation and
definitions. The dyadic maximal operator on R¢, denoted by M, acts on locally
integrable functions f : R? — R by the formula

Mf(x) = sup{(lfl)Q . x € Q, Q c R%is a dyadic cube}.

Here (f)q stands for é fQ fdx, the average of f over Q, and |Q| denotes the

Lebesgue measure of Q. This is a fundamental object in analysis and the the-
ory of PDEs, and its boundedness in various function spaces has been inten-
sively investigated and applied in various settings: see e.g. [5, 6, 7, 8, 9, 16]
for an overview, consult also the references therein. We will be interested in a
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slightly different object, the so-called dyadic harmonic maximal operator M on
R<, which is defined by the identity

Mf(x) = sup{(lfl_l)51 1 x € Q, Q c RYis a dyadic cube}.

Here and below, we use the convention 1/0 = oo and 1/c0 = 0. The joint
behavior of M and M is similar to that of the arithmetic and the harmonic av-
erages

-1
1] + || + oo+ [X,] (|x1|-1 + x| 4 |xn|-1)
n ’ n ’

where x1, X,, ..., X, are arbitrary real numbers. In particular, we have the point-
wise estimate M f > M f on R<.

The harmonic maximal operators appeared for the first time in the works [3,
2,4]in aslightly different form: the authors studied there the so-called minimal
operator

Mf(x) =inf {{|f])o : x € Q, Q adyadic cube},

which is linked to M via the identity M f = (| f|~)~. In a sense, the mini-
mal operator controls f on the set where the function is small (while M controls
f where the function is large). The minimal operator was used to study the fine
structure of A, weights in [3], further applications to weighted norm inequali-
ties and differentiation theory can be found in [4].

The purpose of this paper is to study a certain class of two-weight L? esti-
mates for M. Here and below, the word ‘weight’ refers to a nonnegative, inte-
grable function on R¢. Any weight w gives rise to a new measure on R%: with
no risk of confusion, this measure is also denoted by w, and it is defined by
w(A) = [ , wdx. The associated weighted L? space, 0 < p < oo, is

1/p
LPw)={f: RIS R : 1 ey = (f |f|Pwdx) < o0
Rd

Let us discuss a few important weighted estimates for the dyadic maximal op-
erator, which serve as the motivation for our research below. A classical result
of Muckenhoupt [10] asserts that for 1 < p < oo, the dyadic maximal function
is bounded as an operator on LP(w) if and only if the weight w belongs to the
dyadic A, class. The latter means that the A, characteristic of w, given by

= sup(w)o(w /P

[w]AP

is finite (the supremum is taken over all dyadic cubes in R¢). There are numer-
ous extensions and generalizations of this statement. For example, one can ask
about the dependence of the norm || M| () Le(w) ON the size of the character-
istic [w] A, More precisely, for a given 1 < p < oo, the problem is to find the
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least number a = a(p) such that

6]
IMfllLpaw) < Cp[w]i;pp 1 1lze )

for some C,, depending only on p. This problem was solved in the nineties by
Buckley [1], who showed that the optimal exponent a(p) is equal to 1/(p — 1).
This result was further improved by Osekowski: the paper [15] contains, for
any 1 < p < oo and any ¢ > 1, the identification of the optimal constant C), .
such that

IMllzoquy Loy < Cpjul,, - @)

In this paper we will study a related question for the dyadic harmonic max-
imal operator in the two-weight context. It follows from [4] that for any fixed
0 < p < oo, the operator M is bounded as an operator from LP(v) to LP(u) if
and only if the pair (u, v) of weights satisfies

[u.vla, == Sup<u>Q(vl/<P+1)>5P—1 <o
Q

(with the convention 0-07P~! = 0). Motivated by (1), one may ask about the op-
timal bound for ||M||1»()-Lr) in terms of [u,v]4_ . This interesting question
is answered in the theorem below. This is one of our main results.

Theorem 1.1. Suppose that 0 < p < . Then for any pair (u, v) of weights on

R< satisfying [u, v]a_, < oo, we have

(p + 1)1+1/p
p

The estimate is sharp: forany 0 < p < oo, any ¢ > 0and any € > 0 there is a pair
(u,v) with [u, v]A_p < ¢ such that

[u, v]}/". 2)

—p

IM|zp0)—Lr@) <

(p + 1)1+1/p
”M||LP(U)—>LP(M) > pTcl/P —c.

Actually, we will establish the above result in the context of probability spaces
equipped with a tree-like structure [6]. Here is the precise definition.

Definition 1.2. Suppose that (X, 1) is a nonatomic probability space. A set J°
of measurable subsets of X will be called a tree if the following conditions are
satisfied:
(i) X € J and for every Q € J we have u(Q) > 0.
(ii) For every Q € I there is a finite subset C(Q) C J containing at least
two elements such that
(a) the elements of C(Q) are pairwise disjoint subsets of Q,

() Q = C.
(i) T = U, 50 I, where 79 ={X}and 77! = UQefm C(Q).

(iv) We have lim,,,_, o, SUPegm u(@) =o.
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An important example, which links this definition with the preceding con-
siderations, is the cube X = [0,1)? endowed with Lebesgue measure and the
tree of its dyadic subcubes. Any probability space equipped with a tree gives
rise to the corresponding harmonic maximal operator M, acting on functions
f:X->Rby

My fx) = sup{(IfI 705}, - x € Q.Qe T}

1
Here <f>Q,,u = m
analogy to the dyadic setting described above, if (1, v) is a pair of weights on X,
we define

fQ fdu is the average of f over Q with respect to . In

-p-1
[u,v]a_, i= Zlelg<u>Q’#<vl/(P+1)>Qi < .

Furthermore, for 0 < p < o0, the weighted space LP(w) is given by

1/p
LPw)={f: X >R ||l = ( f Iflpwd/x) < oo
X

Here is the probabilistic version of Theorem 1.1.

Theorem 1.3. Let (X, u) be a probability space endowed with a tree structure J.
If0 < p < oo and (u, V) is a pair of weights on X satisfying [u, v]A_p < o0, then
we have

(p+DMH/P 1/p
ol 3)
The estimate is sharp for each individual triple (X, T, u). Here the sharpness is
understood as in Theorem 1.1 above.

M7 lLry—rr) <

By restricting to the dyadic context and some standard scaling arguments
(which enable to pass from [0, 1)¢ to R%), we see that (3) implies (2). These scal-
ing arguments enable to extend the estimate to more general measure spaces
with some additional tree-like structure, but we will not discuss this issue fur-
ther here.

The remaining part of the paper is organized as follows. The inequality (3)
is established in the next section with the use of Bellman function method (cf.
[11, 12, 13, 14]): we extract the validity of the estimate from the existence of a
certain special function, enjoying appropriate size and concavity requirements.
The final part of the paper is devoted to the sharpness of (2) and (3) for an
arbitrary probability space equipped with a tree structure.

2. Proof of (3)

Throughout this section, p is a given positive number and (X, 77, ) is a fixed
probability space with a tree structure. To keep the notation short, we will write
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(f)o instead of (f)q ,: this should not lead to any confusion. For an arbitrary
¢ > 0, we consider
D=D,.={x,y,2) €(0,00) : x <cyPt!}
andletB : D, . — R be defined by
B(x,y,z) =xz7P + cpz.
This function is a key tool in the proof of the following statement.

Theorem 2.1. Suppose that a pair (u, v) of weights on X satisfies the condition
[u, U]A_p < c. Then for any R € J we have

f(Mf(v—l/(PH)XR))pud,u <(p+Dlu,vla, -/‘Ul/(p+1)dﬂ, (4)
R R

The constant (p + 1)[u, v] A, ls the best possible.

Proof. It is convenient to split the argumentation into three parts.

Step 1. Since R € T, there is an integer m such that R € ™. Consider the
functional sequences (x,,),>m> Vn)nsm and (z,),>n, given by

Xp(w) = <u>Q"(w)’ In(w) = <U1/(p+1)>Qn(w)’

where Q"(w) denotes the unique element of J" which contains w. There is a
nice stochastic interpretation of these sequences: (x,,),>m> (V4 )n>m are martin-
gales induced by u and v'/(P+1 (on the probability space (R, u/u(R)) with the
filtration (¢(J™)),,>m), While (z,,),>, is the ‘minimal function’ of (¥,,),,>,. Ob-
viously, for any n > m and any Q € J™", the functions x,,, y,, and z,, are constant
on Q and

zZp(w) = mrg,ign Vi(w),

f Xrardit = 1(@nlos f Yrerdit = 1(Qynlo. 5)
Q Q

In addition, the sequence (z,),>, is nonincreasing and we have

li = inf (p/(@+D
lim z,() = inf W/,

= i 1/(p+1)
inf (v XR) 0 (6)

=i 1/(p+1) = —1/(p+1) 5, )~1
}11r§)<v XR>Q"(a)) M4 (v Xr)” (@)

almost everywhere. Finally, by the definition of (x,,)n5m, Vn)usm> (Zn)usm and
the assumption [u, v] A_, < ¢, itfollows at once that (x,, yy, 2,) € D

Step 2. Now we will compose the sequences (x,,),>m> Vn)nsm and (z,)p>m
with the Bellman function B introduced above. The purpose of this step is to
prove that the sequence (/i B(X,, Yn, Zo)du) . is nondecreasing. It follows

from (5) that if n > m and Q is an element of 7", then

/B(xnayn’zn)d:u = /"(Q)B(xnaynazn)lQ = fB(xn+1’yn+1’Zn)dMa (7)
Q Q
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since the dependence of B on x (and y) is linear. Now, observe that

B(xn+1ayn+lazn) > B(xn+1’ yn+1azn+1)- (8)

Indeed, if z,, = z,,4,, there is nothing to prove; on the other hand, if z,, > z,,4,
then necessarily y,,, = 2,41 < 2, (since z,,; = min{z,, y,41}) and

Zn
B(xn+15 Yn+1> Zn) - B(xn+1’ Yn+1> Zn+1) = f Bz(xn+1’ Yn+1> S)dS
z

n+1

ZV!
= p/ (= Xpp1s P71+ 0)ds

Zp41
Zn

-p-1
>p [ (=, +e)ds
Zp41

20,

where the last estimate follows from the condition [u, v] A, Sc This com-
pletes the proof of (8). Plugging this into (7) and summing over all Q € J™"
which are contained in R, we obtain the desired monotonicity of the sequence

(i B> Yo Z)llH)
Step 3. We are ready for the proof of (4). Note that

f xnziPdpt < f Bty Yy 2a)dpt < f Bt Yo 2 )t
R R R

where in the second passage we have used the previous step. ButR € ™,
so the functions x,,, y,, and z,, are constant on R; actually, z,, = y,,, by the
very definition of z,,. Since x,, < cyﬁl+1 (which is due to [u, v] A, < c), we get

B(Xms Vs Zm) = XY + €DV < €Y + €PYm = ¢(p + 1)y, and hence
f B(Xpn, Vs Zm)Apt < H(R)BXm, Y Vi), < €(p +1) f vt/ Ddy,
R R

On the other hand, x,, is the conditional expectation of u on 7™, so

[ xuztan = [ zudn == [ @ty 0puda
R R R

by virtue of (6) and Lebesgue’s monotone convergence theorem (recall that the
sequence z;, ! is nondecreasing). Putting all the above facts together, we get the
desired estimate (4). The sharpness of this inequality will follow immediately
from the sharpness of (3). See Remark 2.3 below. ([

The second ingredient is the following Carleson embedding theorem for neg-
ative exponents, which will also be proved by Bellman function method.
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Theorem 2.2. Suppose that (u,v) is a pair of weights on X, let K be a positive
constant and assume that nonnegative numbers a, (indexed by Q € ) satisfy

1 -
- ocQ(vl/(P“)) P < K1/ (+D)y, (9)
H(R) 5k Q
forall R € J. Then for any integrable and nonnegative function f on X we have
_ p+1\° _
>, oty <k (B2) [ grodu (10)
Qer p X

Proof. We may assume that K = 1, by homogeneity. Furthermore, by Fatou’s
lemma and Lebesgue’s monotone convergence theorem, we may assume that
f > 0 u-almost everywhere (replacing f with f +¢ if necessary, and lettinge | 0
at the very end). Consider the functional sequences (x;,),>0, Vn)n>0> (Zn)n>0
this time given by

xn(c‘)) = <f>Q"(co)’ Yn = <vl/(p+1)>Q"(w)
and

1 _
z(0) = —— oo (01 /(PTDYP
" #(Qn(w)) QQQ%QGT < Q

Here Q"(w) is the same as in the proof of the previous theorem. Note that the
condition f > 0 implies that x,, > 0 for each n. Furthermore, the assumption
(9) implies that for any n we have

Zn < Yn- (11)

Next, introduce the function

z p+1
B s Vo =x77? -
o=y -2
defined for all x > 0 and all y > z > 0. This function is convex: it is easy to
check that the Hessian D?B is semipositive-definite. Therefore for any x > 0,
y>z>0andanyh > —x,k > —y and ¢ > —z we have

B(x+h,y+k,z+7¢)

3B 3B 3B (12)
> — _ i .
> B(x,y,z)+ axB(x,y,z)h + 3y B(x,y,2)k + 3z B(x,y,z)¢

Now we will show that the sequence (fy, B(xy, Yy, z,)di),>0 €njoys a certain
monotonicity property. To this end, fix n > 0, Q € J" and pairwise disjoint
elements Qy, Q,, ..., Q,, of 7" whose union is Q. Put x = Xnlg» ¥ = yulo and
z = z,|q. Furthermore, for any j = 1, 2, ..., m, let h;, k; and ¢; be given by
x+h;= anIQj, y+kj=ylQjand z + ¢ = z,,,|Q;. It is easy to check
that
m m
mQ;) mQ;))
> —Lh=> —Lk =0 (13)
mQ) Q)

j=1 j=1
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In addition,

1 _
g = 2 OCR<Ul/(p+1)> p
M(Q) RCQ,ReT R

g/ P)p .\ i #Q) 1 »

) 2 Q) 1Q)) pedher
(M P)p . i 1@Q;)
) =)

aR<vl/(p+1)>§

(z+7)),

which amounts to saying that

1/(p+1)\~P
- HQj) ag(u PP V),

)

=) R ()

(14)

Let us apply (12), with h = hj, k = k; and ¢ = ¢, multiply throughout by
u(Q;)/m(Q) and sum the obtained estimates over j. By (13) and (14), we get

n
#(Qj)
——B(x+h;,y+kj,z+7¢;)
,-Z::l Z(9)) e
aQ<U1/(p+1)>5P

ZB(x’y,Z)— g_f(x’yiz)' M(Q)

However, we have

dB z \f p  y\V
gb = —yvP[y— <_ (£ .2
az(x’y’z) X (y p+1> - <p+1 x) ’

where the latter bound follows from the estimate z < y. Therefore, the preced-
ing estimate implies

1
_fB(xn+1’yn+1’Zn+1)dM
mQ) Jo

p >p aQ<f>5p.

p+1 u(Q)

1
> @LB(xn’yn’zn)dﬂ+<

Multiply both sides by u(Q) and sum over all Q € ™ to obtain

p_\f -
/B(xn+1’ Yn+1s Zn+1)d:u 2> fB(xn, yn,zn)d,u + (T) Z aQ<f>Qp
X X p Qegmn
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and hence for each n we have

/ B(xn+1’ Yn+1> Zn+1)dM
X

p \’ p
> [ Beronmdn+ (525) N aotn
X

p+ 1 QeTk k<n

Z(ﬁ)p Z aQ(f)S-

QeTk, k<n
It remains to note that

- 1 _
f B(Xp41> Yna1s Zns)AU < f x P yPdu < f fPudp,
X X X

where the last bound follows from Holder’s inequality: for any Q we have
p/(p+1)

1/(p+1)
fvl/(p+1)d# < (f f‘Pvd,u) (f fd,u) .U
Q Q Q

Proof of (3). Take an arbitrary pair (u, v) with [u, v] A, < and an arbitrary
integrable function f. We may assume that f is nonnegative, since the pas-
sage from f to | f| does not change the LP norm of the function and may only
increase the maximal function M, f. Furthermore, by a simple approxima-
tion argument, we may assume that ¢ = f~! is measurable with respect to a
o-algebra generated by some generation 7. Then we have

— -1
Mrf = max_(p)g X

and hence for each w € X there is an element Q = Q(w) belonging to Un ~T"
such that M, f(w) = (go)(sl. Such a Q may not be unique: in such a case we
pick the set belonging to " with n as small as possible.

Forany Q € 7, take E(Q) = {w € Q : Q(w) = Q}and put ay = u(E(Q)). We
will prove that the inequality (4) implies (9) with K = (p + 1)[u, v] Ay To this

end, observe that for any R we have

S N 1/(p+1)y =P

HR) & H(R) Jy ng;e A g ke
Notice that the sets E(Q) are pairwise disjoint and E(Q) C Q; therefore, from the
very definition of My, we have ¥, p )(E(Q)<v1/(p+1))5p < My (=1 @+D yp)P
almost everywhere on R and hence (9) follows. Consequently, (10) is also true
and applying it to the function ¢ (in the place of f) gives us precisely the desired
weighted bound (3). ([

1 D\"P _
OCQ<U /(p+ )>Q —

Remark 2.3. The inequality (4) is sharp, for each individual probability space
(X, ) with a tree 7. Indeed, otherwise we would be able to improve the con-
stant in the estimate (3); however, we will see in the next section that this is
impossible.
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3. Sharpness

3.1. Sharpness of (3). Throughout this subsection, p and c are given positive
parameters and (X, T, ) is a fixed probability space with a tree. We will show
that for each € > 0 there is a pair (u, v) of weights on X satisfying [u, v] a,Sc

and

1+1/p
(p+1) By

IV || Lo vy Lo () > P_g.

It is convenient to split the reasoning into a few parts.

Step 1. Auxiliary geometrical facts and parameters. Pick ¢ € (0,¢) and §, n > 0.
If § is chosen small enough, then the line ¢ passing through the points K =
(1=26,¢6(1 =8P ) and L = (1,¢) lies below the curve y = cxP*!. Fixsuch a §
and distinguish the point

M=(1+n,5(1+n-%_5)p+1)), (15)

which is easily seen to lie on ¢. See Figure 1 below. Note that if we let ¢ — c,
then § converges to 0.

FIGURE 1. The crucial points and their geometric interpreta-
tion: K = (1 —6,é(1 — 8)P*) and L = (1,¢) lie on the curve

—(1— 1
y = éxP*l, the point M = (1 + n,é(l +7- %)) lies on
the line €.

Step 2. Construction. Recall the following technical fact (see [6]).

Lemma 3.1. Forevery Q € J and every 8 € (0, 1) thereis a subfamily F(Q) C
consisting of pairwise disjoint subsets of Q such that

|l U Rl= 2 u® =BuQ.

ReF(Q) ReF(Q)
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We will apply this fact inductively, to construct a certain family A, D A; D
A, D ... of measurable subsets of X. We start with setting A, = X. Next,
suppose that we have successfully constructed the set A,,. Assume in addition
that this set can be expressed as a union of pairwise disjoint elements of 7T,
which will be called the atoms of A,. (Note that such decomposition holds
forn = 0: we have A, = X € 7). For each atom Q of A,, we use Lemma
3.1 with 8 = n/(n + 9), obtaining a subfamily F(Q) of subsets of Q. Then we
set Ay = Uy Ugrer(o) Q' Where the first union is taken over all atoms Q of
A,,. This set has the required decomposition property: obviously, it is a union
of the family {F(Q) : Qis an atom of A,}, which consists of pairwise disjoint
elements of J. These elements are the atoms of A,,,;. The description of the
induction step is complete.

It follows directly from the above construction that if Q is an atom of A4,,,
then for any n > m we have

UQ N Ay) = u(Q) (n%)m

and hence in particular,

i)n_m d (16)

HQN AN\ A = 1@ () o

Recall the point M defined in (15) and denote its coordinates by M, and M,,.
Introduce the weights u, v on X by

o0 [00]
1

n=0 n=0

and let f : X — R be given by

f= 204" Xan\as

n=0
where r is an auxiliary parameter satisfying —(p + 1)/p <r < 0.

Step 3. Verification of the condition [u, v]A_p <c. By (16),if Q is an atom of 4,,,
then

(u)o = M, i (1- 5)n(p+1)< Ui >n—m )

+d +d

n:mM 5 n U a7

T 9+3 (1y sy (1= 9T = e - oymery
Ui —u- Ui
and
(o] n—-m 5
1/(p+1)y . — M 1=238)" <L) — =(1-6)". 1
(v Yo =M, D, (1-0) — —— (1-9) (18)

n=m
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Now, suppose that R is an arbitrary element of J". Then there is an integer m
suchthatR C A,,_; and R € A,,. We have

—_ du.
tig = (R)f\A ”+M<R>/m e

Butu = M,(1 — §)m=1(P+1) on R \ A,,; furthermore, by (17), applied to each
atom Q of A,, contained in R, we get

f udu = u(RN A,,) - &1 — §)mp+h),
RNA

Therefore, setting ¥ := u(R N A,,)/u(R) € [0,1], we rewrite the preceding
equality in the form

(= (1 = D], + (1 = M, |

(In analogy to the above notation, K, stands the second coordinate of the point
K; the number K, which will appear below, is the first coordinate of this point).
A similar calculation shows that

(/PHDy, = (1 — 5)m—1[;d<x +(1- K)Mx]

and therefore

s <Ul/(p+1)> ~ [KK +a- K)My][KKx+(1—K)Mx]_p_l

This number does not exceed c. Indeed, as x ranges from 0 to 1, the point xK +
(1—x)M runs over the line segment KM which lies below the curve y = ¢|x|P*?
(see Step 1). Since R was arbitrary, the inequality [u, v] A, <c follows.

Step 4. Completion of the proof. In the same manner as above, one verifies that
if Q is an atom of A4,,,, then

U] )"_m 5  (A+ro)"

(o= Ta+ry () g =T

This immediately yields M, f > (1 —rn)(1 + rd)~™ on A,, and hence, by the
definition of u, v and f, we obtain
(1 - )M,

p+1
X

My f)Pu > fPo onAy \ Ay

The latter bound does not depend on m, so we can rewrite it uniformly as

(1 - VU)pMy

My f)Pu > BT fPv onX.
pe
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Consequently, the constant (1 —rn)PM,, /M P *1 is the lower bound for the norm
M || Lp(v)—Le(u)» @S long as we have || f|1rn) < o0. Let us study the latter esti-
mate. Note that
[¢9) 77 n 5
fPudu = (1 + 9P > (1 +rd)~"P(1 — 5)"P+D (—) e
.[( HZ::O n+d6/ n+d

and observe that the ratio of the above geometric series is equal to
(1 +r8)"P(1 - 5)PHL. 7777? <1—pré—(p+1)5+o0(d).

Therefore for any r as above (i.e., satisfying r > —(p + 1)/p), any n > 0 and
¢ sufficiently close to ¢ (so that & is close enough to 0) we have || f||1r) < 0.

Rewrite the constant (1 — rn)PM,, /M b i explicitly as

(L—rm)PM, @A—rP-c(1+n571(1 -1 -8)P*))
Mt (1+n)p+! '

Now, we choose 7 to be very large, then § is made small, and finally, we pick r
close to —(p + 1)/p. Then the above expression can be made as close to c(p +

p
1) (%1) as we wish. This establishes the desired sharpness.

3.2. Sharpness of (2). Let X = [0,1)¢, u = | - | and let 7 be the dyadic tree.
For given p, cand ¢ < c, let u, v and f be the functions on X constructed in
the previous subsection. We extend these functions to the whole R¢ by setting
u=¢v=1andf =00onR%\[0,1)%. Then [u, U]A_p(Rd) < c. Indeed, letQ be an

arbitrary dyadic cube in R9. IfQ C [0, 1)¢, then we have (u)o(v"/ (p+1)>5P <o,
as proved in Step 3 of the previous subsection. On the other hand, if Q is disjoint
from [0, 1)¢ or contains the unit cube properly, then (u)o(v'/ (P“))(;p Toce<o,
by the very definition of u and v (by (17) and (18), the averages of u and v over
[0,1)¢ are equal to & and 1, respectively; these averages do not change if we
pass from [0, 1)¢ to Q). It remains to note that IM f oy = 1Mo fllLeo,1)d:u)

and || f||lze@ay = I1f llzeqo,1)¢0) to get [|M||Lomra;v)—rr@dm) = 1Mo l|lLew)—Le@)s
which yields the claim.
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