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On the double of the (restricted) super
Jordan plane
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ABSTRACT. In this paper we consider the super Jordan plane, a braided Hopf
algebra introduced-to the best of our knowledge—in [AAH1], and its restricted
version in odd characteristic introduced in [AAH2]. We show that their Drinfeld
doubles give rise naturally to Hopf superalgebras justifying a posteriori the ad-
jective super given in loc. cit. These Hopf superalgebras are extensions of super
commutative ones by the enveloping, respectively restricted enveloping, algebra

of 0sp(1]2).
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1. Introduction

The context. Let k be an algebraically closed field. The super Jordan plane is the
graded algebra B presented by generators z1, x with defining relations

2
x7, ToT21 — T21T2 — T1T21, (1.1)

where 291 = 2221 + x122. It is known that B has Gelfand-Kirillov dimension 2.
The braided vector space (V, ¢) with basis {1, x2} and braiding

clr;@x) = —21 Q@ c(r;@w2) = (—124+71) 28, =12 (1.2)

determines a structure of braided Hopf algebra on B in the sense of [T].
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The Jordan plane and the super Jordan plane play a central role in the study of
pointed Hopf algebras over abelian groups with finite Gelfand-Kirillov dimension
in [AAH1], assuming chark = 0.

Let p > 2 be a prime. Assume that chark = p. Motivated by [CLW] that deals
with the restricted Jordan plane, it is shown in [AAH2] that many analogues of the
Nichols algebras from [AAH1] have finite dimension (see [ABDF] for examples
in characteristic 2). Among them the restricted super Jordan plane i.e. the algebra
presented by x1, x2 with relations (1.1) and

b, 5P, (1.3)

We began the study of the Drinfeld doubles of (suitable bosonizations of) the Jor-
dan plane and its restricted analogue in [AP] showing among other results that they
fit into exact sequences relating the enveloping algebra of sly(k), the algebras of
functions on some algebraic groups and their restricted analogues. In the present
paper we carry out a similar analysis of the super Jordan plane and its restricted
version. We start in Section 2 with brief discussions on various topics needed later:
Yetter-Drinfeld supermodules, restricted Lie superalgebras and Nichols algebras.
In Section 3 we first record presentations of duals and doubles of finite-dimensional
Hopf algebras arising as bosonizations; this is essentially straightforward but use-
ful for further computations. Then we present the objects of our interest: the super
Jordan plane, its restricted version and their duals. Finally we deal with differ-
ent descriptions as bosonization of the same Hopf algebra. This allows to define
alternatively the Hopf superalgebras D and D discussed below.

The double of the super Jordan plane. Here we just need that chark # 2. As
in [AAH1] we realize the braided vector space (V,¢) with ¢ given by (3.6) as
Yetter-Drinfeld module over the group algebra kZ, hence we have the Hopf algebra
H := B#kZ. Then we consider the dual super Jordan plane B¢ described just
before Lemma 3.6. The Sweedler dual of kZ is spanned by the characters of Z and
the Lie algebra of the one-dimensional torus. Hence its smallest Hopf subalgebra
realizing B¢ is isomorphic to k[¢] ® kC5. Here Cyy stands for the cyclic group of
order N and ( is an indeterminate. Thus we may consider K := B#(k[¢] ® kC3)
and define D = H b K°P with respect to a suitable pairing between H and X°P.
It turns out that there exists a Hopf superalgebra D such that D ~ D#kC5; this
justifies a posteriori the adjective super given to 3. Thus the study of D reduces
to that of D. We present basic properties of D in Proposition 4.3 including the
defining relations and a PBW-basis. Next we show in Theorem 4.5 that D fits into
an exact sequence of Hopf superalgebras O(&) < D — U (osp(1]2)), where &
is an algebraic supergroup explicitly described. For the next result, Theorem 4.7,
we need chark = p > 2; then D is free module of finite rank over a central Hopf
subalgebra Z = O(B) where B is a solvable connected algebraic group. We close
Section 4 establishing some basic ring-theoretical properties of D.
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The double of the restricted super Jordan plane. In Section 5 we assume that
chark = p > 2. We realize (V, ¢) with the braiding (3.6) in E%ZJHD. Let D(H)
be the Drinfeld double of the bosonization H = % (V)#kC),. Again there exists
a Hopf superalgebra D such that D(H) ~ D#kC5, thus we may focus on D.

We present basic properties of D in Proposition 5.4 and show in Theorem 5.6 an

exact sequence of Hopf superalgebras R < D =5 u(osp(1|2)) where R is a local
commutative Hopf algebra and u(osp(1]2)) is the restricted enveloping algebra.
We conclude that the simple D-modules are the same as those of u(osp(1|2)) and
we present them as quotients of Verma modules. See Theorem 5.7 and Proposition
5.12.

The extensions of Hopf superalgebras mentioned above fit into a 9-term com-
mutative diagram where all columns and rows are exact sequences:

O(f;)‘ﬂ 0(53) O(Ti)
O(B)C 15 U(osp(1]2)) (1.4)
RC D u(osp(12))

See Theorem 5.14. This is an analogue of [AP, (0.2)] for the Jordan plane.

2. Recollections

2.1. Conventions. We denote by I, the field of p elements. If £ < n € Ny, then
wesetly,, = {¢,0+1,...,n},I, =1,. Let Abe analgebraand a1, ...,a, € A,
n € N. We denote by k(ay,...,a,) the subalgebra generated by a1, ...,a,. We
identify V* @ V* ~ (V ® V)*, where V is a finite-dimensional vector space, by

<f®f,?x®y>:<f7x><f,7y>7 f?flev*7x7yev' (2'1)

The cyclic group of order n is denoted by C,, and the infinite cyclic group by
I". They are always written multiplicatively. The center of a group G is denoted
Z(G); similarly for the center of an algebra.

Let L be a Hopf algebra. The kernel of the counit ¢ is denoted L™, the antipode
(always assumed bijective) by S or by Sy, the space of primitive elements of L
is denoted by P(L) and the group of group-likes by G(L). The space of g, h-
primitives is Py (L) = {x € L: A(z) =2 ®@h+g®x} where g, h € G(L). We
assume that the reader has some familiarity with the theory of Hopf algebras partic-
ularly with the notions of Yetter-Drinfeld module and bosonization (or biproduct),
see e.g. [R]. The category of Yetter-Drinfeld modules over L is denoted by ﬁyD.

The category of super vector spaces is denoted by sVec. If X € sVec, and
x € X, then we write |z| = i. We set |X| .= Ay U X1. The symmetric tensor
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category sVec is identified with a full tensor subcategory of ﬁg; YD. An object
M € ]ﬁzgi YD is in sVec if the two following conditions are satisfied:

(0) For every a € M such thate — a = a, §(a) = 1 ® a (then a is even).
(1) Forevery a € M such thate — a = —a, 6(a) = € ® a (then a is odd).

Let A be a superalgebra, i.e. an algebra in sVec; A is super commutative if
ab = (—1)l9l1’lpg for all a, b € | Al.

The algebra of regular functions on an (affine) algebraic super group G is de-
noted O(G). This is by definition a finitely generated super commutative Hopf
algebra. See [M] for the definitions. As usual, G, is the additive algebraic group
(k,+) and G, is the multiplicative algebraic group (k*,-).

Let R be the polynomial algebra k[(] with the unique Hopf algebra structure
such that ¢ € P(R). Let R, be the quotient Hopf algebra R/(¢? — ().

Let V = k{Xi,..., X} be a vector space of dimension m € N. We denote
by A(V) = A(Xy, ..., X,,) the exterior algebra of V.

We denote by [k == [[7_,(k+i—1) k € k, n € N the raising factorial,
we also define [k]!¥) := 1 for every k € k. The unsigned Stirling numbers (] are
defined as the coefficients of the ‘raising factorial’ polynomial:

(x) = ﬁ(x +i—1)= zn: [Z]X’f € Z[X].

i=1 k=0

Recall that a sequence of morphisms of Hopf (super)algebras A 4 C I Bis
exact, and C is an extension of A by B, if

(i) ¢ 1is injective. (iii) kerm = C(A)™.
(ii) 7 is surjective. (iv) t(A) = o™,

We write B = C'//A i.e. B is the Hopf algebra quotient of C by A.

Remark 2.1. If A < C is faithfully flat and t(A) is stable by the left adjoint action
of C' then (i), (ii) and (iii) imply (iv), see [AD, 1.2.5, 1.2.14], [Sch].

2.2. A brief review of Yetter-Drinfeld supermodules. In this subsection, char k
# 2. See [AAY] for more details. Let A be a Hopf superalgebra. The category of
Yetter-Drinfeld supermodules over A4, denoted by j)}DS , consists of super vector
spaces X such that:

(i) X is aleft supermodule over 4 with action —.
(i) X is a left supercomodule over A with coaction .
(iii) Forevery a € |A| and u € |X|:

§(a — ) = (_1)|v(—1)\(la(z)|+|a(3)|)+|a<2)Ha(3)|a(1)x(71)3(a(3)) ® az) = (0)-

Then ﬁyDS is a braided tensor category. Namely, if X', Z € ﬁyDS , then the
super vector space X @ Z is an object in ijS via

a— (z®z2) = (—1)‘“(2)”I|a(1) =T ®agp) — 2,
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Mz ®z) = (—1)‘:”(0)”2(—1)'3:(,1)2(,1) ® (z(0) ® 2(0)), V€ |X]|,z€]Z]
The braiding c: X ® Z — Z ® X is given by:

C(.%' ® Z) = (_1>|x(0)|\z|x(_1) — 2@ T(g)- 2.2)
There is an embedding functor of braided tensor categories
it VDS — W2 YD, X — i(X) (2.3)

where i(X') = X as vector space with action — and coaction § as:
k _ |z|k
afte” — x = (-1 a— T,
( ) VCLEA,IIJE’X’,]{EHOJ.
5(1’) = m(,l)#G‘x(o)‘ ® x(o),

The super bosonization [AAY]. Let R be a Hopf algebra in j{yps . The comul-
tiplication is written Ag(h) = h()) @ h(® for h € R. The Hopf superalgebra
RiAis R ® A as a super vector space with structure given by:

(hga)(f5b) = (~D)@(an) = fEagpb,
A(hga) = (=)Dl ® g (1) _paq) @ ()0 hag),
e(hga) =er(h)eala), L=1rfb1a4,
S(hha) = (~1)rolal(1584(h_1)a))(Sr (b)) b 1).
There is a canonical isomorphism (R § A)#kCo ~ i(R)#(A#kCs).
2.3. Restricted Lie superalgebras. A Lie superalgebra g = gg @ g; is restricted

if go is a restricted Lie algebra with p-operation x — 2! such that
[z, 2] = (ad 2)P(2) forall z € go, 2 € g.

We refer to [BMPZ, Chapter 3] for a detailed exposition. The restricted enveloping
algebra of the restricted Lie superalgebra g is defined as

u(g) = Ul(g)/ (2" — " : @ € go),
where U (g) is the enveloping algebra. Assume for simplicity that dim g < oo and
let {x1,..., 2.}, {y1,...,yx} be bases of gy and g; respectively. Then the Hopf
superalgebra u(g) has dimension p”2*; indeed it has a PBW-basis

{at - alry™ oy g, e € Do por,ma, .., my € D01 )
2.3.1. The ortho-symplectic Lie superalgebra ¢ = osp(1|2). For our pur-

poses we recall its structure: go ~ sla(k) with Cartan generators {e, f,h}; g1 =
k{t,1_} is the natural sly(k)-module, hence the bracket is

e, 4] =0, [hy 4] = by, [fiv4] =,
[eaw*] =4, [hﬂ/}*} =—1_, [fﬂl)f] =0,
[d)Jr’er] = 26’ [11}*71/}*} = _2f7 [¢+7¢*] = —h.

Assume now that chark = p. The algebra g has a p-structure given by
elPl — 0, plpl — h, f[p] —0.
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Below we consider the enveloping algebra U (osp(1]2)) and its restricted version
u(osp(1]2)) which are Hopf superalgebras with suitable PBW-bases.

2.4. Nichols algebras. A braided vector space is a pair (V, ¢) where V is a vector
space and ¢ € GL(V®?) satisfies the braid equation

(c®id)(id®c)(c®id) = (id ®c)(c ® id)(id ®c).

Then the braid group B,, acts on V®"; the Nichols algebra %()) is defined taking
the quotient of the quantum symmetrizer in each degree. See [A] for details. A
realization of (V,c¢) over a Hopf algebra L is a structure of Yetter-Drinfeld L-
module on V such that ¢ coincides with the categorical braiding. Then (V) is
a Hopf algebra in YD and the bosonization #(V)#L is a Hopf algebra. If V
is finite-dimensional, then the dual vector space V* is braided with the transpose
braiding c¢*-recall the identification (2.1):

(c(feof)rey={af dzay), ffeVisyeV. 24

Similarly a realization of (), c¢) over a Hopf superalgebra A is a structure of
Yetter-Drinfeld .A-supermodule on V such that ¢ coincides with the categorical
braiding. Then %(V) is a Hopf algebra in %{)DS and the bosonization Z(V)#.A
is a Hopf superalgebra. Notice that there is an isomorphism i(#(V)) ~ Z(i(V))
where 11s as in (2.3), see [AAY, §1.7].

If (V, ¢) admits a realization over a Hopf superalgebra, then necessarily ) is C-
graded and c preserves the grading of V ® V; such (V, ¢) might be called a super
braided vector space, a concept already present in [KS, (53), p. 1610]. Indeed there
is bijective correspondence between super braided vector spaces and solutions of
the super Yang-Baxter equation, see loc. cit.

3. Preliminaries

3.1. The dual and the double of a bosonization. Let L be a Hopf algebra and
V € LYD; we assume that dim L < oo and dim %(V) < cc. In this subsection we
describe explicitly the dual and the double of the bosonization A := Z(V)#L. In
particular we show that A* ~ Z(V*)#L*, and that V* has the transpose braiding
K
(2.4). We need some notation. First, we have morphisms of Hopf algebras A = L

L

such that m¢ = id. Next we fix

o abasis {v1,...,v,} of V; its dual basis is denoted by {w1, ..., wy};
o abasis {h1,..., hy,} of L; its dual basis is denoted by { f1,..., fm}.

The braided tensor categories in ~ f; YD are equivalent via the functor
F:2yD — EyD
defined as follows. If X € YD, then F(X) = X with structure

f —v= <f,S(U(_1)>>U(O), 6(“) = Zs_l(fl) ®h; —=v, vE va € L*a
=0
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see [AG, Prop. 2.2.1]. Let W = F(V*).

Lemma 3.1. [G, Lemma 2.6] As a braided vector space, VW € %in is isomorphic
to (V*,¢*). Hence dim Z(W) = dim B(V) < oc. O
Proposition 3.2. A* ~ ZB(W)#L*.

¥

Proof. By transposing the maps 7 and ¢ above, we get maps A* = L* with /*n* =
,n—*

id. Then A* ~ R#L*, where R = (A*)°°"" is a braided Hopf algebra in £ YD.
Since A = P,,cy, A" is graded, so are A* = P, cy, (A*)" and R = P, R™
We proceed in three steps:

(i) Find a basis of R! € f:yl?. Since A' ~V® L, (A ~V*® L*asa
vector space. Givenw € V* and f € L* weset w#f = w® f € (A*)' b

(WH# f,v#h) = (w,v)(f, h), Yv eV, he L.
Then {w;#f;: i € In,j € L,,} is a basis of (A*)'. Let w; := w;#e, i € I,,. We
claim that {@, ..., W, } is a basis of R'. For this, we compute

<A(EZ), 1#hg & Uj#hk> = (wi, h[ — Uj)&(hk),
<A(El), Uj#hk X 1#hg> = €(hkh€)6i,ja
foralli,j € I, k, ¢ € 1,,. Since A preserves the grading, we have

A@i) = Y e(hphoywidtfr @ fo+ D> Y (wishe = vj)e(hy) fo @ wid fi
(k=1 (h=1j=1
1+Zzwuhe vj) fo @ W;.
(=1 j=1

Then w; € R! because ¢* (wj) = 0 forall j € I,. Since the w;’s are linearly
independent and dim R! = dim #(V)! = dim V, the claim follows.

() R' ~ W in f’;‘yv. To compute the action and coaction of R! we need
the multiplication of elements of the form (w#f) f’ and f'(w#f) for f, f' € L*,
w € V*. Since A° ~ L, (A*)? ~ L*, we see that

(W) [ vath) = (W[ véEh),

(f'(wtf), v#h) = (fl1) = W floy f,v#Eh)
forallv € V, h € L. Then

Fhf) = fly = witflyf  and  (wif)f = wiff
forw € V*, f, f' € L*. Hence the action of L* in R! is given by
[ —=wi = fa)(wid#e)S(f2)) = fa)y = wit# f2)S(f(3))
= fa) = witte(fig))e = f — wifte
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Z N wi, (vj) o)W, €l fe L
7j=1

The formula for the coaction follows from the comultiplication above:

m

d(w;) = (" ®id) o A(w;) ZZ (Wi, he = v5) fo @ W5, i €1,.
(=1 j=1

Thus W ~ R in f:yD.
(i) R ~ Z(W) ~ ZA(V*). Let R’ be the braided Hopf subalgebra of R
generated by R!. Then R’ is a pre-Nichols algebra of R! ~ W. Thus
dim Z(W) < dim R’ < dim R = dim Z(V) = dim Z(W);
hence R’ = R = (W) and the result follows. O

Next we describe the relations of the Drinfeld double D(A) of A. Recall that
this is the Hopf algebra whose underlying coalgebra is A ® A*°P and with multi-
plication defined as follows. Let a < r := a ® 7 in D(A). Then

(aar)(a >xr’) = <r(1), a/(1)><r(3), S(az3))>(aa22) > 7T (9)),
a, A" € A, r,r" € A*°P where r’ = m(r @ r’) is in A*, not in A*°P.

Remark 3.3. [DT] If A is not finite-dimensional, we may define its double with
respect to another Hopf algebra B provided with a skew-pairing, i. e. a linear map

7: A® B — k satisfying
T(aa®b) =7(a®bn))T(@® b)), T(1®b)=¢(b), a,ac A, G
7(a ® bb) = (a1 ®@b)7(a() @b), T(a®1)=¢(a), bbeB. '

Leto: (A® B) ® (A® B) — k be the 2-cocycle associated to 7, where A ® B
has the structure of tensor product Hopf algebra, that is

o(a®b,a®b) =e(a)e(b)T(a®b), a,a € Abb € B.

Then the double of A (with respect to B and 7) is the Hopf algebra A ® B twisted
byo,i.e. A B = (A® B),-.

We fix the following presentations for #(V), (W) and D(L):
BYV)=k(vi,...,vn|r1,...,7n,),

%(W)Op:k(wl,...,wn|r’1,...,rg2>, (3.2)
D(L) =Kk{(81,.,8mg, 8155 s'ml 71,y Tng),
with s1,...,8m, and s,...,s;, generators of L and (L*)°P respectively. Then

we have the following presentation for D(A).



1604 N. ANDRUSKIEWITSCH AND H. POLLASTRI

Proposition 3.4. The algebra D(A) is presented by generators

/ /
VlyevosUny  WilyeowyWny  S1yevy8mgy S0y -3 Smys

with relations (3.2) and

sivy = ((s1) (1), (V1) (1)) (V)0 (5 2),  (5,5) € Liny X I,

n

wis; = Y _(wi, (s5)1) = vo)(s;)@we,  (i,5) € T X Iy,

=1
wivj = (W, vj)1 + Z(wm (v5) =1y = ve)(v5) 0)we (3.3)
(=1
0D (wiy (v5)(—2) = ve){we, by — vr) (@, S((v7)(0))) (05) (—1) Frs
k=10,—1

(4,5) € I, x L.
Hence D(A) admits a triangular decomposition
D(A) ~ A(V)® D(L) ® B(W)°P. (3.4)

Proof. Let 7" be the algebra presented by generators and relations as above. By
definition of D(A) and the formulas above there exists an algebramap 7" — D(A).
Hence dim 7" > dim D(A). By definition of 1" there exist morphisms

Iplt %(V) —>T, 1/}21 %(W)Op—>r, wgl D(L) — 7.
Letm: T ® 7T — 7 be the multiplication. We have a linear map

¢: B(V) ® D(L) @ BW)P LE2E, p o p gy TED, (55

which is surjective by (3.3), since every product of the generators can be rewritten
to get a sum of elements of the form abc with a € Z(V), b € D(L) and ¢ €
Z(W)°P. Thus

dim D(A) = dim B(V) - dim D(L) - dim B(W)°P? > dim 7',
hence D(A) ~ 7. As for (3.4), (3.5) provides the desired isomorphism. ]

3.2. Objects of interest. In this Subsection we introduce the braided vector spaces
of our interest and their Nichols algebras, cf. [AAH1, AAH2].

Braided vector spaces. The braided vector space (V(—1,2),¢) = (V, ¢y ), called
the —1-block in [AAH1], has a basis {x1, 22} and braiding

clr;@x)) = —x21 Q@ c(r;Q@x2)=(—224+71) 78, =12 (3.6)

For simplicity we denote (W, cy) == (V(—1,2)%,¢*), cf. (2.4). Let {u, uz} be
the basis of W given by (u;, x;) =1 — 0; 5, 1, j € L. In this basis ¢y is

ew(ur @ ui) = —u; @ui, cwl(ug @u;) =u; @ (ug —ug), i=1,2. (3.7)

Then (W, ey ) ~ (V, c‘_,l) as braided vector spaces, via u1 — x1, us — —Is.
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The super Jordan plane. This is the graded algebra
B =k(z, 1:2|95%,x2x21 — T91Xy — T1T21)
with the braided Hopf algebra structure extending the braiding (3.6), cf. [T].
Lemma 3.5. (a) [AAHI] (chark # 2) The ordered monomials
)ty wh? (3.8)
with (n1,n21,n2) € o1 X No x No form a basis of B and GKdim B = 2.
(b) (chark = 0) [AAH1] B is isomorphic to (V') as braided Hopf algebras.

(c) (chark = p) [AAH2] The restricted super Jordan plane B/(x%;, xgp ) is iso-
morphic to B(V') as braided Hopf algebras. The ordered monomials (3.8)
with (n1,n21,n2) € lo1 % Igp—1 X Io2p—1 form a basis of B(V). O

Set ugy = ujug + uguy. We define the dual super Jordan plane as the algebra
B¢ presented by generators 1 and uy with defining relations

2
uy =0, UgU21 = U UL — UTU] (3.9)

with the braided Hopf algebra structure extending the braiding (3.7), cf. [T]. Ob-
serve that B% is not isomorphic to B as braided Hopf algebras. The restricted dual
super Jordan plane is the quotient of B¢ by the relations

us? =0, ub, = 0. (3.10)
Lemma 3.6. (a) (chark = 0) BY ~ B(W) as braided Hopf algebras.
(b) (chark = p) The restricted dual super Jordan plane is isomorphic to B(W)

as braided Hopf algebras. It has dimension 4p?; indeed the monomials
uytundt ug? (3.11)
with (n1,n21,n2) € o1 X lop—1 % Io2p—1 form a basis of B(W).

Proof. Since B¢ ~ B as algebras, the monomials (3.11) with (n1, n21,n2) € Ip 1%
Ny x N form a linear basis of B<. It is easy to see that u% and ugqus —ugUol +uUIU2
are primitive in 7'(W), hence B? is a pre-Nichols algebra of . Now Z(V) and
2 (W) have the same graded dimension by [G, Lemma 2.6]. Then (a) follows. For
(b) we prove by induction that

1 n—¢
=L\ 4 ¢ ks 0k
A =33 (" ot

=0 k=0

1 n—¢ n—¢ L N N
A =35 (M) ()t ok 0 g

£=0 k=0 t=0

(3.12)

for all n € Ny. So ub,,u2? € P(B%) and B?/(ub,, u3’) is a pre-Nichols algebra
of W hence B%/(ub,, u’) ~ 2(W) by dimension counting. O
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3.3. Change of bosonization. Let L be a Hopf algebra and let C be a group
provided with a group homomorphism C — Autyeps(L). Then L is a Hopf al-
gebra in 'ﬁigyl) (with trivial coaction) and we may consider the smash product

L x kC := L#kC. Let L xkC i kC be the natural projection and inclu-
L

sion. We show that under certain conditions, L x kC can be alternatively described
as Z%#kC for a genuine braided Hopf algebra .Z’% in 'ﬁig)}D.

Namely, suppose that . = R#U where U is a Hopf algebra and R is a Hopf
algebra in gyD. Let AutHopfg(R) be the group of automorphisms of Hopf alge-
bras in gyD, i.e. preserving multiplication, comultiplication, action and coaction.
There is a morphism of groups

AutHopfg(R) — AutHopf(L), AUtHopfg(R) S¢c—e®id € AutHopf(L).

We fix a group C and a morphism of groups C — Autpopr(L) factorizing through
AutHopr(R). Furthermore we assume that U = U’ ®@ kG where U’ a Hopf algebra
and G is a group.

Proposition 3.7. (a) Given ¢ € Homgps (G, Z(C)), there exists a Hopf algebra
L% in ﬁfgyp such that L x kC ~ L¥#kC.

(b) Let w¥ : G x C — C be the morphism of groups given by w? (v, c) = ¢(7)c,
v € G, ceC, andlet

G? =kerw? = {(v,0(y)"") : v € G}.

Then £% decomposes as £ ~ R?4(U’' @ kG¥) (braided bosonization in £5YD)
where R? = R as a subalgebra and U'-module but with G¥ ~ G acting by
y=r=e() T (), reR,y€G.

(c) Assume that

(i) C and G are abelian and ¢ has a section ¥ € Homgy (C, G),

(ii) Foreveryr € Randc e C,c-r=19(c)-r.
Let N¥ := ker ¢ x {e}. Then the subalgebra R¥$U’' @ kKN¥ has a structure of Hopf
algebra denoted L¥ such that kC — L% — L% is exact. Furthermore R¥ is a
Hopf algebra in g:g&: YD.
Proof. (a): Let 7% : L x kC — kC be the Hopf algebra projection given by

P (r#u@y®c) =c(r)e(u) o(v)e, reR uelU' veG, ceC.

Then 7¥¢ = idgc and the claim follows from [R] taking the subalgebra

2% = (LxkC)®™ =R-U' @ kG®.
p‘P
(b) The Hopf algebra maps .Y —= U’ ® kG¥ given by
A

PPr#u®@vpo(7) ™) = e(r)e(u)A#ve(7) ™),

1

. ~ reR, uclU,vegG,
P(uyp(y) ) = 1#u@ye(y) ",
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satisfy p?1% = idgqe. Hence R? == (Z%)P" and the claim follows.

(c) By (i), G¥ ~ N¥ x C” where C¥ = {(9¥(c)~!,¢) : ¢ € C} and using also
(i), C? is central in .£%. Now the multiplication provides a linear isomorphism
£ ~ RPY(U' @ kG?) ~ R?4(U’ @ (kN¥ x kC”)) ~ (R°4U’ @ kN¥) @ kC".
Then the quotient £? ~ .Z% /k(CY)T_.£¥ is isomorphic as an algebra to the sub-
algebra R?#U’ ® kN¥. The rest is clear. U

The situation that we have in mind is when C = Cy and R = ®;ec, [?; has a
Cn-grading of Hopf algebras in gyD. For instance, let V € Eﬁg)}D be C-graded
and take R = Z(V) (or any pre-Nichols algebras whose defining relations are C'-
homogeneous). We fix w € G (what amounts in this case to fix a quasi-triangular
structure on kCy) and let act C'y on R; by w'.

We discuss two specific examples of interest in this paper. In the rest of this
Section chark # 2, in particular char k = 0 is allowed. Recall that R = k[(] with
¢ primitive and I ~ Z. We fix generators

Ca = (e), I'=(g). (3.13)
Example 3.8. We realize (V, ¢), with braiding (3.6), in XL VD by
g—x=-x1, g—r2=—-T2+z1, Oz;)=8®x;, i=12 (3.14)

Since the ideal of 7'(V') generated by the relations (1.1) belongs to gyp, Bis a
Hopf algebra in ﬁ;yp hence we have

H = B#kT. (3.15)

Now thinking on V" as purely odd and taking C = C, G =I', L =H, U =kI"and
@ : I' = (O the standard projection, we have H x kCy ~ H#kCs where

H ~ BykL, (3.16)
that corresponds to the realization of V in kL YDS by
g 1w =21, g T =29 — 21, 0(x;) =gRm;, |z =1, i€y, (3.17)
Since ¢ admits no section, there is no further decomposition.

Example 3.9. Analogously we realize (W, cyy), cf. (3.7), in ggﬁg; VYD by

=y = g, €= Ui, = —Uj,
d(ur1) = e®uy,  d(uz) =€ R ug — (e R uq, =12 G-18)
As before B? is a Hopf algebra in ggigﬁ YD hence we have
K := B (R ® kCy). (3.19)

Now thinking on W as a purely odd super vector space and takinng =(Cy ~ G,
L =K U = R®kCy and ¢ = idc,, we have K x kCy ~ JZ #kC5, where
H ~ B (R ® kCs); furthermore kCy is central and

K = X J/kCy ~ B4 R. (3.20)
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Here the last corresponds to the realization of W in EJJDS by
Céui:ui, \ui|:1, i:1,2

3.21
O(u)) =1®@u1, d(u2) =1Qug —(Ruy. ( )

The superalgebras H and K admit a suitable Iijopf pairing that allows an alter-
native characterization of the Hopf superalgebra D, see Remark 4.4.

4. The double of the super Jordan plane

4.1. The definition. We define the Drinfeld double D of H = B#KI, see (3.15),
with respect to a suitable pairing with K = Bd#(R ® kCs), see (3.19). Then we
show that there exists a Hopf superalgebra D such that D ~ 5#]1«02. In this way D
is fundamental to the study of the Drinfeld double D; among other characteristics,
it bears a triangular decomposition (4.14).

To start with the Hopf algebras H and K have PBW-basis, denoted by By, By,
given by the ordered monomials (3.8) or (3.11) multiplied accordingly by elements
of the groups I' and Cs, or powers of (. The comultiplications of H, respectively K
satisfy z1, 22 € Pg 1(H), u1 € Pe1(K) and

Alug) =ua® 1+ €@ uz — e ® u. 4.1

Lemma 4.1. The algebra H is presented by generators 1,2, g, g~ " and relations

(1.1),

gr1 = —118, gro = —x28 + 118, glg™ = 1. 4.2)
Also, K is presented by generators uy, usz, C, € and relations (1.1) (in the u;’s),
e =1, e¢ = Ce, (4.3)
€Ul = —ULE, €Uy = —UE, “4.4)
Cuy = u1¢ + u1, Cug = ua( + us. 4.5)

We define the Drinfeld double of H as D := H > K°P, see Remark 3.3, with
respect to the unique skew-pairing 7 : H ® K°? — k such that

T($1®U1):0, T(.%'1®UQ):1, T($1®<):0, T($1®6):0,
T($2®U1):1, T(.%'Q(X)UQ)ZO, T(I'Q@C):O, 7’(%2@6):0,
(g™ @u) =0, 7(g" ®u) =0, 7(g"'®() =+1, 7(g" @) =-1

Proposition 4.2. The algebra D is presented by generators x1, x2, (, 8, €, U1, U3
with relations (1.1) (in the x;’s and in the u;’s), (4.2), (4.3), (4.4),

u1¢ = Quy + u1, u2( = Qua + uz, (4.6)

€g = g, (g =g(, 4.7
€X1 = —X1€, €X9 = —I9E, 4.8)
(x1 = x1( + 21, Crg = x2C + T2, 4.9)

U2g = —gug + guq, u1g = —guy, (4.10)
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UIT] = —T1U1, uiTy = —xou; + (1 — ge), (4.11)
Uy = —xoug + geC + wouy, uxry = —x1u2 + (1 — g€) + x1u1, (4.12)
The family By consisting of the monomials
el L G TR T T (4.13)
with (k,n1,m1,n,na, nat, m, ma, may) € 1871 X 7 X NS is a basis of D.
Proof. Let A be the algebra presented as in the statement; then A — D. As Bpisa
basis of D by construction, the corresponding monomials are linearly independent
in A. Let S = {x1, 221, %2, 8, (, u1, u21, uz, €} with xo1 and ug; as before, ordered

by z1 < 291 < 22 < g < ( < uy < ugy < ug < €. From the defining relations
we have

U21T1 = X1U21, €U = U1E, UIT21 = T21UL, €T21 = T21E,
U172 = Touz1 + (g€ + Dur, (21 = 221¢ + 2701,
UTo] = Tojug — 2worul + x1(ge + 1).
If a > b € S, then ab is a linear combination of monomials ¢; - - - ¢s with ¢; <
cg < --- < ¢ € S. Thus the monomials (4.13) generate A and A ~ D. O
Let g := ge and D = k{zyi,z9,u1,us,8,() — D.

Proposition 4.3. (i) A basis of Dis given by the family B consisting of mono-
mials

n21 ,.n2 ~n<m

ni my,,m21,,M2
L1 Toj L™ 8

Uy "Ugy Uy ™,y
where

2 5
(nl,ml,n,ng,ngl,m, mg,mzl) S H071 X 7 X NO'

(ii) D has a triangular decomposition i.e. a linear isomorphism induced by mul-
tiplication

D~B® kI ®R)® (BY)P. (4.14)

(ii1) The algebra Dis presented by generators 1, T2, u1, s, 11, ¢ with defining
relations (1.1) (in the x;’s and the u;’s), (4.6), (4.9), (4.11) (with g instead

of ge) and
glgt =1, (g = g¢, gr1 = 118,
gry = 128 — 118, u2g = gug — gu1, u1g = guy.

@iv) 5#[&6’2 ~ D as Hopf algebras; here Disa Hopf superalgebra with co-
multiplication given by g € G(D), (,u1 € P(D), x1, 22 € Pg1(D) and

Aﬁ(U2)2U2®1+1®U2—C®U1, 4.15)
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Proof. (i) Argue as in the proof of Proposition 4.2; in turn (i) implies (ii).

(iii) Let A be the algebra as in the statement. Using the commutation relations
we have a surjective map of algebras ¢p: A — D. Clearly the family B’ consisting
of the monomials analogous to those in B generates A and is linearly independent
because ¢(B’) = B. Hence A ~ D.

(iv) Let us identify kCy with the subalgebra of D generated by ¢ € G(D) by
t: kCy — D. There is a Hopf algebra map 7: D — k(5 given by

x1—0, x>0, u—0, wu—0 g—e (—0, e—e

Then m¢ = id and D ~ D*"#k(5. Clearly D C DCO7r because every generator of
D is coinvariant, and D is a braided Hopf algebra i in kO yD with comultiplication

Az asin (4.15). But D#kCQ contains Bp, thus D = DCO”. Since every generator
of D is either even or odd, D is a Hopf superalgebra. ([

Remark 4.4. Recall the Hopf superalgebras 7 H (3.16) and K (3.20). There are Hopf
superalgebra maps H < Dand K < D (by the presentation of D) and D is
isomorphic to the double of H with respect to a suitable skew-pairing, cf. [GZB].

4.2. The double as a super abelian extension. We show that D fits into an exact
sequence of Hopf superalgebras R < D — U with R super commutative and U
super cocommutative.

Let & be the super algebraic group such that its algebra of functions is the com-
mutative Hopf superalgebra O(®) == k[ X1, Xo, TF] ® A(Y1, Y2) with

[ X1| = [Xo| = |T| =0, V1| = [Ya| =1
and comultiplication
AX)=X1014+T*@ X1 +TeY, AT)=T®T,
A(X2) =Xo 01410 Xo+ Y2 ® Yo, (4.16)
AY2) =Y2®1+1®Y,, A1) =Y101+T®Y).
Theorem 4.5. There is an exact sequence of Hopf superalgebras

O(®) < D — U(osp(1]2)). 4.17)

Proof. From the defining relations of D we deduce that
T21T1 = T1%21, T21U1 = U1T21, U21 UL = ULU21,
gTo1 = T218, T21U21 = U21T21, gug1 = u218.
Hence the map ¢ : O(®) < D given by
Yl'—>$1, YQ'—>U1, X1|—>a:21, XQ'—>U21, T'—>§

is a well defined injective morphism of Hopf superalgebras. Next the map 7 : D—
U(osp(1]2)) given by

z1—0, xo—Y, wu—0, u—vYvT, g—1 (— —h.
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is a well defined surjective morphism of Hopf superalgebras, since 7(x21) =
m(ug1) = 0, m(—23) = f and w(u3) = e. We check that kerm = Di(O(®))*"
using the PBW-basis of D. Thus (4.17) is exact. U

4.3. A central Hopf subalgebra. In this Subsection chark = p > 2. We show
that D has a central Hopf subalgebra Z = O(B), with B a solvable algebraic
group. We shall need the following commutation relations in D.

Lemma 4.6. The following equalities are valid for all n, m € Ny:

m,.n G m n m—k
o3l —Z <k> [”][k]xzfrkxg( ),

k=0
aam gl = ZZ( ) [k g 2m—R) =1
£=0 k=0
3"y =Y (= 1) [-m] My af 23,
k=0
1 m
x%m—l—lx _ Z( 1)k+z[ ][k] 0, k—t4+1_2(m—k)+L
£=0 k=0
~n_2m “ m 2(m—k
k=0
1 m
=n,.2m m n m—k)—{+1~n
% +1:ZZ k>(_1) H[ ][kﬂ%l 21$§( - Hg )

2 )

(2m)" " aBic”,

"ay =y (Z) m" g,
0

w3 ur = Y (=1 gy ™,

m
ugm+lul _ Z(_l)kw[_m][k}ggeukl 441 2(m k)+¢
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mon - m ~n m—k
g =3 () g s,

k=0
2m+1~n Z Z ( ) n+1[ ][k—&-é}xﬁgnuk uQ(m—k)—f-&-l’

=0 k=0
" n

UETLCTL = Z <£> " ECZU’Q ’
=0

mn __ - n n—~¢,0, m

(51 —Z (£>(2m) Cugy,

=0

n n n—1 ~
upy =To1up — 2nayiur + nezy; (14 8),

n n = n—1
uy T2 =rouzy +n(g + Duiusy

udzy =ruld" — nm1u21u§(n71) + nulu%nfl,
u%”xg :xgugn — nxgumug( 1 + ngu%” 1
— ngulug(n_l) —n(n — l)gumu;(n_l)_l,
" =23y + nacg(n_l)xlg —n(n— 1)m21m§(n_2)m1§,
ugas" =r3"ug — 2nwdtuy + nwdt Tt — n:cg(nfl)xlgc
+n(n — 1)3721333(”72)371@( —n(2n — 1)x§(n71)m1§
+n(n—1)2n— 1)x21x§(”‘2)xfg’,
g'ry = 118", gy = 2518", T1TH) = TH T,
U T1 = T1UY], Ty Ul = ULTh].
Proof. Straightforward by induction. U
For our next statement we need to set up the notation. Let
B = ((Gg x Gq) X Gp) x Hj (4.18)

be the algebraic group that in the first factor has the semidirect product where
G, acts on G, X Gy by A.(r1,72) = (A?r1,A%r9), A € k*, r1,72 € k while
in the second factor appears the Heisenberg group Hj i.e. the group of upper
triangular matrices with ones in the diagonal. Let ( ») = (P —(and Z =
k(zb,, 1:3 ,uby, u2 P gp, () — D. Note that Z is an even subalgebra.

Theorem 4.7. (i) Z is a central Hopf subalgebra of D.

(ii) Disa finitely generated free Z-module.
(i) Z ~Kk[T*, X1, ..., X5] as an algebra. In particular Z is a domain.
(iv) Z ~ O(B) as Hopf algebras.
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Proof. (i) By Lemma 4.6 Z is a even central subalgebra of D. We need to ver-

ify that is a subcoalgebra and invariant by the antipode. We have the following
comultiplication formulas for every n € N

1
Al =3 ( )nmg (k)¢ gt bt

~

n—

(=0 k=0
1 n—¢ k
A3 =) Z( >< >nf[k—n+z][ﬂ
=0 k=0t
xfa; 1953(’“ t)’gVQ(nfk) £®x (n—k)— f,
1 n—/ n—>¢
Augy) = Z < 1 )”Zufuzl ® ufug;
£=0 k=0

Hence u5,, () € P(D), :1:2 P xb are (1,g2P)-primitive and g € G(D). It only
remains to calculate A( P). Recall the formula (3.12) and

m-EE(frenstn oen

k=0 5=0

where m are the Stirling numbers. Since [¢]P) = [T7_, (¢+i—1) = >%_, [7]¢F =
(P — (, we have

pl B p| p|
[k]—(),k—Q,...,p 1, H‘l’ and M_ 1. (4.19)

Then we get A(uy") = uy” @ 1+ 1@ us? — (P @b,
(ii) To prove this we consider another basis of D using a different basis of k|[(].
The family of polynomials

(C(p))k<]7 k S NO?j S I[O,p—h
is a basis of k[(], see the proof of [AP, Prop. 2.6]. Thus the elements

o (P g,

with (1, m1,n, 19,191, k, ma, ma1,j) € Ig; x N§ x Iy, form a basis of D.
Hence a basis of D as a Z-module is given by

ni .n21 n2~ﬂ<’] mi m21

m2
L1 To1 To°8 Ug ™y

with (711,ml,ng,mg,nzl,mm,j,n) € ]1371 X H(2),2p—1 X H%,p—l‘
(iii) The map ¢: k[T*, X1, ..., X5] — Z given by
T—gl, Xi—=ah, Xowr x%p, X3 —CP) X, uby, X5 ugp,

is the desired isomorphism of algebras.



1614 N. ANDRUSKIEWITSCH AND H. POLLASTRI

(iv) It is easy to see that O(B) ~ k[T*, X1,..., X5] with comultiplication
determined by 7" € G(O(B)), X1, X2 € Pr21(0O(B)), X3, X5 € P(O(B)) and
A(X5) =X;®141® X5+ X3 ® Xy. The claim follows. O

4.4. Ring theoretical properties of the double.

Proposition 4.8. (i) The algebra D admits an exhaustive ascending filtration
(Dp)nen, such that gr D ~ k[X1,..., X5, T @ A(Y1, ..., Yy).
(i1) The algebras D and D are noetherian.
(iii) Ifchark = p > 2 then Disa Pl-algebra.

Proof. (i) Let A be the algebra presented by generators x1, x2, u1, U, ¢, g*' and
Z;, 1 € 1y, with relations g¥'g¥! = 1. The algebra A is graded with

degz; = degu; =3, degxy = degus =4, degg®! = +1,

deg Z1 =degZo =deg( =1, degZs=degZ, =2.
The filtration associated to this grading induces a filtration on D via the epimor-
phism A — D given by

Z1 — X921, ZQ — U921, 25 — SU%, Z4 — u%,
the remaining generators being mapped to their homonyms. The relations of D
imply that gr D is super conmutative with the same parity as D. Then
¢: kX1, ..., X5, T | @A(Y1,...,Ys) » gr D

given by X; — Z;,1 € Iy, and

T'—g, Yi—xm, Yoz, Ys—ow, Yi—u, X5 (

is an isomorphism of algebras by comparison of the Hilbert series.

(ii) It is well-known that k[X7,..., X5, 7% ® A(Y1,...,Ys) is noetherian,
hence so is D by (i) and a fortiori D which is a finitely generated D-module. (iii)
follows from Theorem 4.7, Proposition 5.4 and [MR, Corollary 1.13]. (]

S. The double of the restricted super Jordan plane

In this Section, chark = p > 2.

5.1. The bosonizations. Recall that R, = k[(]/(¢(? — () is a Hopf algebra with ¢
primitive. Besides (3.13) we also fix the generators
Cp = {9), Cop = (7)- (5.1)
It is well-known that kC» ~ R,, see e.g. [AP, 1.3]. Hence kG2 ~ R, ® kC5 and
the algebra k©?» is presented by generators € and ¢ with relations
=1, (5.2)
= (5.3)
e¢ = (e. 54
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We consider the realizations of V' in ﬁzg;z YD and W in tﬁjﬁ YD given by
vy xp =21, Yy —xe=—xo+x1, O(x;)=vRw, i=1,2; (5.5)
¢ — uj = uy, €= up = —uy, i=1,2,

(5.6)

d(ur) =e@uy, O(uz) = €®uy — Ce@uy,

Thus we have the Hopf algebras
H = B(V)#kCap, K = B(W)#k .

They have PBW-basis, denoted by By and By, given by the ordered monomials
(3.8) or (3.11) with (n1,n21,n2) € Ip1 x Ny x Np, multiplied accordingly by
elements of the groups C),, Ca),, or powers of (. Then

dim H = dim K = 8p®.

The comultiplications are given by 1,22 € Py 1(H), u1 € Pe1(K) and Ag (u2)
by (4.1) Therefore there are surjective Hopf algebra maps

H—» H, K—» K.
The basic properties of H and K ~ H* follow without difficulties.

5.2. The double. In this subsection we show that the Drinfeld double of H fits
into an exact sequence of Hopf algebras kCy <— D(H) — D.

We first give a presentation of D(H); for this we need that of D(kC5,) which
follows easily since D(kCs)) ~ kCo) ® k2 ~ kCs) ® Ry, @ kCo.

Proposition 5.1. D(H) is generated by x1,x2,(, €,7, u1, ug with relations (1.1),
(1.3), (3.10), (4.8), (4.9), (5.2), (5.3), (5.4) and

VP =1, ey =76 ¢y =14 (5.7)
YT = —x17, yrg = (=22 + 71)7, (5.8)
uj =0, U221 = U21U2 + UU21, (5.9
wiC = Cu; + ui, i=1,2. (5.10)
wULT1 = —T1U1, uixy = —xouy + (1 — ye), (5.1D)
ugxy = —wrug + (1 — ve) + zyuy,  usxre = —wous + y(e + wouy, (5.12)
ury = —yu, ugy = —yuz + Yuj. (5.13)

The comultiplication is determined by v,e € G(D(H)), ¢ € P(D(H)), z1,x2 €
Py1(D(H)), u1 € Pei(D(H)) and (4.1). The monomials
ni,.n21 ,.1M2 2 mi, mai, m2

ok
zy Toi Ty* Y € Cruy Uy ug

with (n1, m1, j, a1, k, mo1,%,n2, ma) € Hal X ]Ig’p_1 X Hg,zp_1 is a PBW-basis of
D(H).

Proof. This is a direct application of Proposition 3.4. ([
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Let t := vP¢ and g := P!, The Hopf subalgebra generated by ¢ is isomorphic
to kC> and the one generated by g to kC),. By the defining relations ¢ is a central
element. Let Zy = k(t) and D := D(H)/D(H)Z; . We use the same symbol for
an element in D(H ) and its class in D.

Proposition 5.2. (a) The algebra D is generated by x1, 2, g, (, u1, ug, € with re-
lations (1.1), (1.3), (3.10), (4.8), (4.9), (5.9), (5.10), (5.2), (5.3), (5.4)

¢g = g¢, g’ =1, (5.14)
g1 = 214, gro = (2 — 11)g, (5.15)
U2g = guz — gui, u1g = gui, (5.16)

ur1ry = —wau; + (1 —g), Upxy = —Taup + g¢ + Tou1, (5.17)
ugry = —z1ug + (1 — g) + v1u1, wiz) = —21U7, (5.18)
€g = ge. (5.19)

(b) The sequence of Hopf algebras Zy := kCy — D(H) — D is exact.
(c) The algebra D has dimension 32p® and basis consisting in the monomials

ni . n21, N2 nm, mi, mai, ma k
Ty To1 Y7 g Uy Ugy T Uy e

with (n1,m1, k,na1, m, mai,n,na, ma) € H8,1 X Hé,p—l X ]I(Q)’zp_l
Proof. (a): Very similar to the proof of Proposition 4.2. (b) Conditions (i) and (ii)
above are evident while (iii) is proved considering the basis of D(H )
P g g g (1~ )
with (ny, m1, ¢, k,n,m,no1, may, na, ma) € ]Ié}1 X ]I‘Oljp_1 X ]I%,Qp—l‘ Now Remark
2.1 gives (iv) since Z is central. The proof of (¢) is direct. O
Remark 5.3. There is an exact sequence of Hopf algebras O(B) — D — D.

5.3. The Hopf superalgebra D. Here we show that D is the bosonization of the
Hopf superalgebra D := k(x1, x2,u1,us,g,() < D and that D is a restricted
analogue of the Hopf superalgebra D.

Proposition 5.4. (i) A PBW-basis of D is given by the monomials
P
(n1, m1,m, m,na1, o1, n2, my) € H(2),1 X ]Ifip_l X H(Q),zp_l. Thus dim D = 16p°.
(i1) D has a triangular decomposition i.e. a linear isomorphism induced by mul-
tiplication
D~B(V)® (kC, ® Ry) @ B(W)°P. (5.20)
(i) D is generated by x1, T2, u1, us, g, ¢ with relations (1.1), (1.3), (3.10), (4.9),
(5.3), (5.15), (5.9), (5.10), (5.14), (5.16), (5.17), (5.18).

(iv) D is a Hopf superalgebra with comultiplication given by g € G(D), (,uy €
P (D), x1,x2 € Py1(D) and (4.15). Indeed D#kCo ~ D as Hopf algebras.
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(v) There is an exact sequence of Hopf superalgebras
OB) < D s D.
Proof. (i), (ii), (iii) are analogous to the ones of Proposition 4.3. (iv) As in Propo-
sition 4.3, show that D ~ D% where w: D — k() is given by
10, x2—0, ur—0 wu—0 g—1 (=0, e—e
(v) By the presentations of D and D there exist 7: D — D such that
g g, ¢—C, i > Xy, Ui > Usg, 1=1,2.

The map ¢: O(B) — D is defined as the ¢ in the proof of Theorem 4.7. Clearly

ker m = Du(O(B))* by the PBW bases. Since .(O(B)) is central and D is a free
module over ((O(B)), the claim follows from Remark 2.1. O

Remark 5.5. We may realize V' in ﬁgﬁ YDS and W in gz VDS by
g—r1=11,9 > Ta=22— 21, 0(x;)) =gy, |z;| =1,i=1,2;
¢ — u; = uy, lui] =1, i=1,2,

0(u1)) =1®@u1, d(u2) =1Rus —(Ruy.

Thus we have the Hopf superalgebras H = ZA(V)tkC,, K = B(W)f{R,;
clearly dim H = dim K = 4p3. Their comultiplications are determined by 1, zo €
Pyi(H), u1 € P(K), while Ag(us) is given by (4.15). Therefore there are sur-
jective Hopf algebra maps H — H, K — K. The basic properties of H and K
follow at once. Also, there are isomorphisms of Hopf algebras H ~ H#kC,
K ~ K#kC5. Finally, there are morphisms of Hopf superalgebras H — D,
K°P — D, hence D ~ D(H), see [GZB].

5.4. D as an extension. We next show that D fits into an exact sequence of Hopf
superalgebras R — D — u with R super commutative and u super cocommuta-
tive. First let R be the super commutative Hopf superalgebra

R = k[Xl’XQ,T]/(X%), Xg,Tp - 1) & A(Yi, YQ)

with | Xi| = |X3| = |T] = 0, |Y1| = |Y2] = 1 and comultiplication (4.16).
Arguing as in Proposition 4.17, we have:

Theorem 5.6. There exist Hopf superalgebra maps 1 and w such that
R <5 D Iy u(osp(1]2)) (5.21)
is an exact sequence of Hopf superalgebras. [l
The simple D-supermodules can be determined from the previous result.

Theorem 5.7. There are exactly p isomorphism classes of simple D-modules which
have dimensions 1,3,5,...,2p — 1.

Proof. Being nilpotent, the ideal DR™ = (x1,x21,u1,u21,9 — 1) is contained in
the Jacobson radical of D; thus Irrep D ~ Irrep u(osp(1]2)) and [WZ, Prop. 6.3]
applies. ([
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5.5. Simple modules. We describe the simple D-modules as quotients of Verma
modules reproving Theorem 5.7. Let D = @,z D™ be Z-graded by

degz; =degaxo = —1, degu; =deguy =1, degg=deg( =0.
Recall that D(kC)p) ~ R, ® kC),. Consider the triangular decomposition (5.20)
and the graded subalgebras D>° := Z(W)°P, D<0 := (V). Then

(1) D>° C @pen, D", D=0 C ®pe_n,D" and D(kC,) C DO.

) (D>O)O =k = (D<O)O

(3) D20 := D(kC,)D>Y and D=" := D<CD(kC)) are subalgebras of D.

In this context the simple modules of D arise inducing from D=°. The elements
of A := Trrep D(kC,) are called weights. Since D> is local, the (homogeneous)
projection D=9 — D(kC,,) allows to identify A ~ Trrep D=°. The Verma module
associated to A € A is

M) =IndB.0 A = D @px0 .
By a standard argument, M (\) is indecomposable. Let L(\) be the head of M (\).
The following result is well-known, see for instance [V, Theorem 2.1].

Lemma 5.8. The map A\ — L(\) gives a bijection A ~ Irrep D. O

The set A is easy to compute since D(kC),) ~ kC),® R, and kC,, is local. Given
k € IFp, let A, = kwy, be the one-dimensional vector space with action

g - W = Wk, ¢ wy = kwg.
Lemma 5.9. The map k — X, provides a bijection F),, ~ A. L.

We fix k € F,, and compute L(\g). Since M (\) is free as a D<"-module with
basis wy, the elements

(n17n21,n2) ni_nai mn
wy, =z xottwy? cwg,  ny €lgi,n21 € lop—1,m2 € Ip2p—1,

form a linear basis of M (). This makes M ()\) a graded module by
deg w(m’nzl’m) = deg(z]' x5} xh?),

so M(Ay) = @n<oM(Ak)n and M(A;)o = kwg. Any proper submodule of
M () is then contained in @y, <_1 M (A )n. Since L(A) is the unique simple quo-
tient of M (), we divide the later by proper submodules until we get a simple one.

We start by the submodule Ny of M (\i) generated by Sy := {w(1 0.0) , 1(60’1’0)}.

Lemma 5.10. The submodule Ny is proper.

Proof. The action of u; and uy gives
u1xy - wg = —x1ug - wi =0, u1x21 - Wi = Toruy - wi = 0,
uT1 - Wi = —r1ug - wy + (1 —g) - wg, + r1U1 - W = 0,
UTo] * Wk = To1Ug - W — 2x21uy - W + x1(1 + g) - w = 227 - w.

So D> . Sy, C Si. Then Ny, = D=V S} C @p<_1 M (Ag)y, is proper. O
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Let Vi, = M ();)/Ny, and let y; be the class of w,go’o’j) in V.

Lemma 5.11. The family (y;)jc1,,, . generates linearly Vi and g, u1, ug1, 1
and x21 act trivially on V.

Proof. We claim that the class of w,(fm’nzl’m) = 01in Vj if (n1,n21) # (0,0). It

suffices to show that w,io’l’HQ) = 0 and w,(:’o’m) = 0in V}, for every no. This

follows by induction on ny using the analogues for D of the relations in Lemma
4.6. Since z91 and 1 commute, they both act trivially on Vj:

n1,n21,M 0,1,n

Toq - w,E/, LR21n2) x?lngl -w,i 2) _ 0,
n1,n21,N ni.n 1,0,n

X1 - UJIE: 12l 2) = .’17111172121 . le; 2) =0.

Then (y;);el,.,_, generates linearly V. Also g, u1 and ug; act trivially on these
generators by Lemma 4.6. U

Set y_1 = y2, = 0. The action of D on V}, can be computed inductively:
Cyj=(k=0)ys 9y =yj 22°Y;=Yj+1, 1Y =0,
%yj—1 if 7 is even, (5.22)

4 € Toap-1.
(1 k) ifjisodd, 7 0%

uy -y =0, U2'yj:{
2

Now Vk := Dyop+1 is a proper submodule of V}, because D>0. Yok41 = 0.
Proposition 5.12. The module Ly, = Vk/f/k is simple of dimension 2k + 1.
It follows that Ly = L(\g), the head of the Verma module M (\).

Proof. Let z; be the class of y; in Ly; the action of D on the z;’s is still given by
(5.22). Then (zj) eI, 4, is a basis of L. To see that Ly, is simple, we show that
every 0 # z € Ly, generates L. Let z = Z;n:o c¢;j zj withm < 2k and ¢, # 0.
Then uy' - z € k*2p,and D - z = L. O

5.6. O(®) asan extension. Let G = (G, x G,) X Gy, be the semidirect product
where G, acts on G, x G, by \.(t1,t2) = (\t1,t2), A € kX, t1,t2 € k.
Then O(G) is isomorphic to A := k[X1, X2, T*!] with comultiplication given by
T e G(A), X; € 'PT271(A), Xy € P(A)

Proposition 5.13. There is a short exact sequence of Hopf superalgebras
O(G) <5 0(6) Is R, (5.23)
with morphisms v: O(G) — O(8), 7: O(&) — R given by

o(X1) = X7, X)) =XE, (T)=17,
m(X1)=X1, 7(Xo)=Xo, w(1)=T, =nY1)=Y1, =(Ys)=Ya.
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Proof. Clearly 7 is of Hopf superalgebras by the definition of comultiplication in
O(®) and R. In O(®) we have the following comultiplication formulas

1 n—¢
n -1 n—k)— n—k—
A(Xl ) = Z Z < . )nfyle{Cj'Q( k)—¢ ® YleXl k Z’

1 —
n—4{
A(XD) = ( . >an2€X§ ® Yy Xy F

o

n € N. Thus X{ € Pr2p 1 (O(8)), X5 € P(O(®)) and ¢ is of Hopf superalgebras.
Then kerm = O(8)(O(G))™, ¢ is injective and 7 is surjective, using the PBW
bases. Since O(®) is a free O(G)-module, Remark 2.1 applies. O

5.7. A commutative square. We summarize the relationship between the Hopf
superalgebras studied so far in the commutative diagram

0(G)—— O(B) O(Gy)
O(&)C 15 U(osp(1]2)) (5.24)
RC D u(osp(1]2))

Proposition 5.14. All columns and rows in (5.24) are exact sequences.

Proof. Theorems 4.5 and 5.6, and and Propositions 5.4 and 5.13 covers everything
except the topmost row and the rightmost column.

For the rightmost column we need to prove that the even Hopf subalgebra Z' =
(eP, fP.hP — h) of U(osp(1]2)) is O(G3) ~ k[X1, X2, X3]. Taking the basis of
U(osp(1|2)) consisting of monomials

U0 = h)Fnfem )
with (n,m, k, £,i,j) € N§ x To,—1 x I§ ;, we see that the assignment
X1P—>fp, XQ'—)hp—h, X3'—>6p,
gives an algebra isomorphism Z’ ~ k[X1, X5, X3] ~ O(G3). Comparing comul-
tiplications, the previous isomorphism is of Hopf algebras. O(G3) is stable by the
adjoint action of U(osp(1]2)) and a free module over O(G3) using the previous

basis, then Remark 2.1 applies and the column is exact.
We next describe explicitly the top row. ¢: O(G) — O(B) is given by

X1P—>X1, XQP—)X4, T T.

Recall that O(B) ~ k[T*, X1,..., X5] and O(G) ~ k[Xy, Xp, T*!], cf. Theo-
rem 4.7 and Proposition 5.13. Take 10: O(B) — O(G3) given by

T—1, X1—0 Xo——fP Xg—h?P—h, X4—0 X5+ €.
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Now ¢ is a injective because it maps a basis into a linearly independent set while
1 is surjective since the PBW-basis of O(G3) is in its image. Clearly ker D
O(B)¢p(O(G))™, the other inclusion follows using the basis of O(B)

where 7,,, is given by the formula

(T —1)™ if m >0,
(T'—1)™™ ifm<0

m =

The adjoint action of O(B) is trivial, so ¢(O(G)) is invariant. Considering the

PBW-bases of O(B) and O(G), ¢ is faithfully flat. Thus the row is exact. O
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