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Restriction of uniform crossnorms

Carlos S. Kubrusly

ABSTRACT. Consider the space B[X ®,Y] of operators on the tensor product
X ®, Y of normed spaces X and Y equipped with a uniform crossnorm || - |-
Take the induced uniform norm on B[X ®, Y] and consider its restriction to
the tensor product B[X] ® B[Y] of the algebra of operators B[X'] and B[Y].
It is proved that such a restriction is a reasonable crossnorm on B[X] ® B[Y].
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1. Introduction

The paper deals with a special tensor norm on the tensor product of a pair
of spaces of bounded linear transformations; in particular, of a pair of spaces
of operators. We avoid the term “operator space” in this note, since the term
has already been consecrated to define a theory of certain subspaces of the al-
gebra of Hilbert-space operators B[J], which can be thought of as object of a
category in the realm of C*-algebras (see, e.g., [2], [9, Definition 1.2], [1], [10,
Definition 1.1]). On the contrary, our aim in this note is much less ambitious.
Let B[X'] be the normed algebra of all operators on a normed space X', and con-
sider the tensor product B[X]| ® B[Y]. It is shown that this is included in the
normed algebra B[X ®, Y], where X ®, Y stands for the tensor product X ® Y
of normed spaces X and Y equipped with a uniform crossnorm || - ||,. We give
an elementary proof that the induced uniform operator norm on B[X ®, Y],
when restricted to B[X'] ® B[ Y], acts as a reasonable crossnorm on the tensor
product B[X] ® B[Y].
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All terms and notation used above will be defined here in due course. The pa-
per is organized into four more sections. Basic propositions, including notation
and terminology, are summarized in Section 2. Supplementary results on uni-
form crossnorms required in the sequel are considered in Section 3. The main
theorem is proved in Section 4. A discussion on equivalent uniform crossnorms,
in light of the outcome of Section 4, closes the paper in Section 5.

2. Auxiliary results

All linear spaces in this paper are over the same scalar field [F, which is either
R or C. The algebraic tensor product of linear spaces X' and Y is a linear space
X ® Y for which there is a bilinear map 6 : X'xY — X ® Y (called the natural
bilinear map associated with X' ® Y) whose range spans X ® Y with the follow-
ing additional (universal) property: for every bilinear map ¢ : XY — Z into
any linear space Z there exists a (unique) linear transformation®: ¥ ® ¥ —» 2
for which the diagram

xxyL p4

N e
X®Y

commutes. A tensor product space X ® Y exists for every pair of linear spaces
(X, Y) and is unique up to isomorphisms. Set x ® y = 6(x,y) € X ® Y for each
(x,y) € XXY. These are the single tensors. An arbitrary element r in the linear
space X ® Y is a finite sum Zi X; ® y; of single tensors, and the representation
of f= Ei X; ® y; as a finite sum of single tensors is not unique. (For an exposi-
tion on algebraic tensor products see, e.g., [7].) If X and Y are linear spaces, then
L[X, Y] denotes the linear space of all linear transformations of X into Y. Let
X, Y,V, W be linear spaces and consider the tensor product spaces X ® Y and
VY ® W. Take a pair of linear transformations A € £[X, V] and B € £L[Y, W]
and set

(A®B)Y, X ®y; = ), Ax; ® By,

inV ® W for every F = Zi x; ® y; in X @ Y. This defines a linear transforma-
tionA®B € LIX ® Y,V ® W] ofthelinear space X' ® Y into the linear space
V ® W, referred to as the tensor product of the linear transformations A and B,
which is such that (A ® B)(r) does not depend on the representation Zl.xl- ®y;
of FE X ® Y (see,e.g., [7, Proposition 3.6]). Consider the linear spaces £[X, V]
and £[Y, W] and let L be an arbitrary element of £[X, V] ® L£[Y, W] so that
L= Zj A; ® Bjisafinite sumofsingle tensors A; ® B; € L[X, V] ® L[Y, W],
and therefore

LIX,VIQLIY, W] CLIX®Y, VW]
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From now on suppose X and Y are normed spaces. Let B[X, Y] be the normed
space of all bounded linear transformations of X' into ¥ equipped with its stan-
dard induced uniform norm, and let X*= B[X,F] denote the dual of X. Let
x®y and f ® g be single tensors in the tensor product spaces X ® Y and
X*Q® Y*. Anorm || - ||oon X @ Y is a reasonable crossnorm if for every x € X,
YEY feX,ge Y

@ [x @yl < lIxIl Y1l

(b) f®gliesin (X ® ¥)" and ||f ® gll.o < I fI[ llgll (where || - ||, is the
norm on the dual (X ® ¥)* when X ® Y is equipped with the norm
|| - |le), so that

X*QY* C (X ® Y)*.
Actually, [[x ® y|lo = ||x]|||ly[| and || f & g|l.a = [If || ||g]| whenever || - || is a rea-

sonable crossnorm (see, e.g., [4, Proposition 1.1.1]). Two special reasonable
crossnorms on U ® Y are the injective || - || and projective || - || norms,

IFIl, = sup 2 Gg ),

IFI1<1. ligli<1, fex gey:
IIFIl,

2o il il

for every F = Zixi ® y;. Here the infimum is taken over all representations of
FEXRY.

Proposition 2.1. Anorm|| - ||,on X ® Yis a reasonable crossnorm if and only if

IFIl, < Flle < IIFIl,  forevery rFeX®Y.
Proof. See, e.g., [11, Proposition 6.1]. O

{x:}i, {yl}lf E, X ®Y;

Let Y ®,Y=(X®Y,]| ) be the tensor product space of normed spaces
equipped with a norm || - ||, on X ® ¥, which is not necessarily complete even
if || - || is a reasonable crossnorm and XX and Y are Banach spaces. Their com-
pletion is denoted by X ®ay (same notation || - ||, for the extended norm on
X @a Y). In particular, X @vy and X @A Y are referred to as the injective and pro-

jective tensor products. For the theory of Banach space X ® , ¥ (including X ®Vy

and x@Ay) see, e.g., [5, Chapters 15 and 16], [3, Section 12], [11, Section 6.1],
[4, Sections 1.1 and 1.2].

Recall that
X*Q@ Y C (X . Y"
When restricted to X'* @ Y* thenorm || - ||., on (X ®, Y)* is a reasonable cross-
norm (with respect to (X* ® Y*)*).

Proposition 2.2. Let || - ||, be a reasonable crossnorm on a tensor product space
X ® Y of normed spaces X and Y, and take the dual (X ®,Y)" of X @, Y =
(X'®Y,| - llo) When restricted to X'* @ Y* the norm || - ||.q on (X @, Y)* is a
reasonable crossnorm on X* @ Y*.
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Proof. See, e.g., [4, Proposition 1.1.2]. O

The purpose of this paper is to extend the above (nontrivial) result to the case
where X*= B[X,F]|, Y*=3B|Y,F], X*Q Y*=3B[X,FI® B[Y,F] and
(X ®.Y)* = B[X ®.,Y,F] are replaced by (extended to) B[X, V], B[Y, W],
B[X,V]® B[Y, W], and B[X ®,Y,V ®, W], respectively, for arbitrary
normed spaces X, Y, V, W. This will be done in Section 4 (Theorem 4.1).

3. Uniform crossnorms

If X, Y, and Z are normed spaces and if T € B[X, Y] and S € B[Y, Z], then
ST € B[X,Z]and ||ST|| < ||S||||T]]- This is a crucial property shared by the in-
duced uniform norm of bounded linear transformations, referred to as the oper-
ator norm property (see, e.g.,[6, Proposition 4.16]). Its counterpart for the case
of tensor products (rather than ordinary products) yields the notion of uniform
crossnorm.

A uniform crossnorm || - ||, is a reasonable crossnorm on every tensor prod-
uct space (of arbitrary normed spaces X, Y, V, W) such that for any bounded
linear transformations A € B[X, V] and B € B[Y, W] the linear tensor prod-
uct transformation AQ B: X ®,Y =V ®,W is bounded, i.e.,

A®BEB[x®ay,V®OCW]’

and
lA® B|| < ||A][[|B]], equivalently, ||A® B|| = [|A[|[|B]|-
In fact, the above equivalence holds since

|AI[IB] = sup ||Ax|| sup [[By|| < sup [|Ax[[||By|]|= sup [|[Ax® Byl
[Ix|I<1 llyll<1 [Ixlllyl<1 lx®yll.<1
= sup [[(A®B)(x® )|« < sup [[(AQB)|l«=I[AQB|,
[lx®y |l <1 IIFlla<1

with ||[A®B||, ||A||, and ||B|| standing for the induced uniform norms of A Q B
in B[X ®,Y, VW], Ain B[X,V],and Bin B[Y, W].

The projective || - || and injective || - || norms are uniform crossnorms (see,
e.g., [11, Propositions 2.3 and 3.2]).

Let || - ||{¢,«) be the induced uniform norm on the normed space of bounded
linear transformations B[X ®, Y V ®, W] (.e., || - ||[«) Stands for the induced
uniformnorm || - ||on B[X ® Y,V ® W]whenX ® Vand Y ® W are equipped
with a uniform crossnorm || - ||,.). The notation || - ||j44] highlights the depen-
dence of || - || on the uniform crossnorm || - ||, which equips both X ® ¥ and
VY ® W. For instance,

IA® Bllca=  sup  [I(A®B)lla = [|A]l[IBl.
FEX®Y, IIFlla<1
Proposition 3.1. If || - ||, is a uniform crossnorm, then B[X, V]| ® B[Y, W] C
BlX ®,Y, V®,W]so that

B[SL’, V] ®[oc,oc] B[y, W] c B[x .4, V ®ocw]-
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Proof. An arbitrary element L in the tensor product space B[X,V] @ B[Y, W]
is represented by a finite sum L = ZJ. Aj ® Bj of single tensors with

A; € B[X,V], BjeB[Y,W]

If || - || is a uniform crossnorm, then each linear transformation A; ® B lies
inB[XQ®, Y,V &, W]andsodoes L = Z}.AJ-(X)B]-. Therefore

B[X,V]|Q B[Y, W] C B[X Q. Y,V QW]

Now, to finish the proof, equip B[X, V] ® B[Y, W] with the norm || - [|[¢.q]
from B[X ®., Y, V ®, W] and set

BIX, V] Baa) BlY, W] = (B[X,V]Q B[Y, W], || [[aa)- U
Let|| - ||+[«.q] be the induced uniform norm on B[ B[X, V] Q|4 4] BlY, W], F].
-

Proposition 3.2. If || - ||, is a uniform crossnorm, then B[2X, V]* Q@ B[ Y, W]*
L[B[DC, Y ®a,a BIV, W], [F]. Moreover,
e @ Nllsfaa) < llell Il
forevery p € B[X,V]* andn € B[Y, W]*. Consequently,
BIX, V]* Qufaa) BlY, WI* C (B[X, ¥] ®a,q) B[V, WD™.
Proof. Since F ® F = [ (here = stands for algebraic isomorphism), we get
B[X, VI*®@ BlY, WI* = B[ B[X, V], F1] ® B[B[Y, W], F]]
C L[B[X,V],F]] ® £[B[Y, W],F]]
CL[B[X,Y]® B[V, W].F ®F]
= L[B[X, Y] Q[ BIV, W], F|,

when B[X, Y] ® B[V, W] is equipped with the uniform induced norm || - ||, 4]
on B[X ®.,Y, V ®, W] by Proposition 3.1. Take arbitrary ¢ € B[X, V]* and
7 € B[Y, W]*. According to the above inclusion,

¢ ®n € L[B[X, Y] ®aa) BLV, WL F].
Set

||§0®77”*[0c,a] = sup |(§0®77)|]-|
LeB[X,Y]IRB[V, W], ||L|[qa=1

It was shown in [12, Theorem 3] that the above supremum is not only finite but
bounded by ||¢|| ||n]| for the particular case of V = X and W = Y when these
are Banach spaces, whose extension for arbitrary normed spaces X, Y,V, W
follows the same argument. Thus

19 ® Nlluqera) < llpll lIml]-

An arbitrary element k in

B[‘xa V]* ® B[y’ W]* - L[B[xa y] ®[oc,oc] 3[17’ W]s [F]
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is represented by a sum k = )}, @i ® 7 of finitely many single tensors with
@r € B[X,V]* and n, € B[Y, W]*. Take the induced uniform norm on

B[B[X, V] ®aa) BlY W1, F],

say, || - [|+[«,«]- The above displayed inequality ensures that

Mltear = sup_|(Z, 00 @)L

”[L”[ot,oc]sl

< Muquknqok ® MillsteaalLlliaar < D5, Nkl il
[at.a] =

which is finite as the sum is finite. Thus k € B[B[X, Y] @[y BIV, W], F]],
and hence

B[X, V]* @ B[Y, WI* C B[B[X, Y] Qu.q) B[V, W], F]
= (B[x, Y] ®[oc,a] B[V, W])*.

The proof is complete when we equip B[X, V]* ® B[Y, W]* with the norm
| lsfeca) O ([BIX, Y] Bpae BIV, WI)* and set

3[-%’ V]* ®>k[a,cx] 3[y’ ’)/V]>|< = (2‘3[;(, V]* ® B[y’ W]*a ” : ||>k[a,oc])- U

4. Main result

Theorem 4.1 shows that || - [|[o] iS @ reasonable crossnorm on the space
B[X,V] ® B[Y, W], when inherited from B[X ®,Y, V &, W], thus extend-
ing Proposition 2.2 from continuous linear functionals to arbitrary continuous
linear transformations.

The proof of Theorem 4.1 is especially tailored to prompt the question that
closes the paper, and also to support the statement of Corollary 4.4.

Theorem 4.1. If || - ||, is a uniform crossnorm, then

@) IILIl, < ILllige < LI, for every L € B[X, V] @(a,q) BIY, W], where
X, Y,V, W arearbitrary normed spaces and || - ||[¢ «) is the associated in-
duced uniform norm on B[X ®, Y,V ®,W]. Hence

() || - ll{e,c) is a reasonable crossnorm on B[X, V] ® B[Y, W].

Proof. (a) Take an arbitrary element

(according to Proposition 3.1) and let Zj A; ® Bj be any finite-sum representa-

tion of L in terms of single tensors in B[X, V] ® B[Y, W]. Regard L as a trans-
formation in B[X ®, Y,V ®,W]. For Fin X ®, Y set

ILAve,w = ILANe  Fllxe.y = IFlla-
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With || - [|(4] Standing for the induced uniform norm on B[X ®, Y,V &, W],
L@l = (2,4 @B )| < X 11A; ® Byl
< 2,145 ® Bjliwalllella = (25 14,1185 1) 1l
forevery €X' & Y. As ||Lll[aa] = SUPy < [|LCF)||o we get

Il < 25 1A 1B

Since the above inequality holds for every representation Zj Aj®BjoflL,

L < inf Al Bl = [IL]| ,
Wl < it 3 4,0 1Bl = L,

where || - || is the projective norm on B[X, V] ® B[Y, W]. On the other hand,
take an arbitrary k = 3}, ¢ ® 7 in

(according to Proposition 3.2). We will regard k as a functional in the dual space
(BIX, Y] ae BV, WI)*. With || - ||,q.«] being the induced uniform norm in
B[B[X, Y] Qe BIV, W], F],

”k”*[oc,a] = Sup “k(l]—)l Dually, ||I]—||[Ol,0{] = Ssup |k(|]—)|

”lL”[oc,oz]Sl ”[k”*[oc,a]sl

Since for every k = 3}, ¢ ® ni € B[X, V]* @ B[Y, W]* the value of k(L) € F
is

L) = (X,06®@m) 2 A ®B; = 2, oAp@N(B) = 3, 9i(A))7k(B))
forevery L = Zj A; ® B; € B[X, Y] ® B[V, W], we get

ILliaey = sup KL= sup |3 @A) ne(B))|
(15,1 <1 2P Mkl f,a) <1 &
> sup Y e(ApnB)|z sup |3 oA 0|,
le@nllsjaa<1 '™/ el linll<1 '

because || & 7llsaq < [l9ll lIn]l for every o € B[X, V]* and 7 € B[Y, W]* ac-
cording to Proposition 3.2. Hence

Zpapn@|z s[5 e(4)nB)] =L,
lloll<1, Iplj<1 Y

ILllfe) 2 sUP
lel i<t

where || - || is the injective norm on B[X, V] ® B[Y, W]. Consequently,
LI, < 1Ll < LT,
for every L € B[X, V] Qo.a) BlY, WI.

(b) Thus, according to Proposition 2.1, the induced uniform norm || - ||j4.«] be-
comes a reasonable crossnorm on the tensor product space B[X, V] ® B[Y, W].
O
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Particular case. Set V=X, W =Y and write B[X], B[Y], and B[X ®, Y]
for B[X,X], BlY,Y],and B[X @, Y,X ®, Y], respectively. Thus Theorem 4.1
yields the result stated in the Abstract on tensor products of algebra of operators.

It is worth noticing that a first application of the inequalities in part (a) of
Theorem 4.1 is the assignment of a reasonable crossnorm to the tensor prod-
uct space B[X, V] ® B[Y, W] associated with a single uniform crossnorm as
in part (b).

Remark 4.2. If || - ||, is @ uniform crossnorm, then (by definition)

B[X,V]Q B[Y, W] C B[X @, Y,V ®,W].

As before, let || - ||« be the induced uniform norm on B[X @, Y,V ®, W].
Take an arbitrary L = ZjAj ®B; € B[X,V]I®B[Y, W] CLIX®Y,V® W]
Since || - ||, < || - [l« < || - Il (cf. Proposition 2.1),

LI, L)l LI,
su <su <su . *
Pr0 IFl,  ~ Prao 1, = 3UPrz0 IIFll, )

LG,

IlFl
a norm, which is enough to ensure that

Il - Il is the induced uniform a norm on B[X® Y, V® W],

1A,
<1l

BX® Y, VR W] C B[X @Y,V & W] where |-, 1= laa
by (%), and since L € B[X® Y,V W] we also get

Therefore we may equip B[ X, V] ® B[Y, W] with both induced uniform norms,
namely, || - [[,,;j and || - |[[x,«], and so we may consider the normed spaces

B[X,V]®y,, B[4, W] C B[X, V] o) BY, WI with |-l ) < I ljecers-

Ll
IlF 1l

Thus set ||L|||, | = SUP, 4 which is finite as ||L||jq,q) = SUp, 4, is

and that L € B[X® Y, V® W]. (Note: Sup, may not be finite.) So

Remark 4.3. For the induced uniform norm || - [|; jon B[X® ¥, V® W],
LI, < (1Ll < (1L,
for every L € B[X, V] ®,, ) BlY, W], and hence
I| - ||[Nv] is a reasonable crossnorm on B[X, V] ® B[Y, W].

Indeed, it can be verified that [| - || < || - ||}, - Also, || - [I[ ..} < || - llja,«) for an ar-
bitrary uniform crossnorm || - ||, according to Remark 4.2. Moreover, Theorem
4.1(a) says that || - [|jg.q) < || - ||, Summing up,

[ P [ [T I | P~ (R [

Again, Proposition 2.1 ensures that the induced uniform norm || - [ isarea-
sonable crossnorm on the B[X, V] ® B[Y, W].
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The injective and projective norms|| - || .and || - || , being uniform crossnorms,
act on every tensor product space and are the least and the greatest uniform
crossnorm on every tensor product space (cf. Proposition 2.1). In particular, on
B[X,V]® B[Y, W] (as in the above displayed inequalities). Also, || - ||, jand
Il - I, are reasonable crossnorms on B[X, V] ® B[Y, W] by Theorem 4.1 be-
cause || - || and || - ||, are uniform crossnorm. Therefore

LI, < Ll and J1Tl,,g < LI

Question. Does ||L||[qq lie in between, so that ||L||; | is the least and ||L[|;, ;
is the greatest reasonable crossnorm on B[X, V]| ® B[Y, W] that are inherited
from B[X ®,V, Y ®, W] for arbitrary uniform crossnorms || - ||,? (Note that
there are reasonable crossnorms on the space B[X, V] ® B[Y, W] that are not
restrictions of the uniform induced norm on B[X ®,V, Y ®, W] for any uni-
form crossnorm || - ||, as is the case of [|L|| and [|L]| .)

Corollary 4.4 shows how ||L || ) naturally fits between ||L[];  ;and [[L][|[,
giving a first estimate to the above question. (Compare the result in Corol-
lary 4.4 below with (%) in Remark 4.2.) Consider the setup in the proof of
Theorem 4.1.

Corollary 4.4. If || - ||, is @ uniform crossnorm, then

llFIl llFIl
— ||L < [ < su 2 ||IL .
04FEXR®Y IIFll« I ”[V’V] <I H[a,a] - O#f_e;@y 1Flla I ”[/\’/\]
Proof. Consider the uniform crossnorms || - ||v, Il |le» and || - ||A onX ® Y and

on ¥ ® W. According to Proposition 2.1 || - ||, < |||l < |- || . Regarding
the setup in the proof of Theorem 4.1, take L(r) € V ® W for an arbitrary
FE X QY. First consider the inequality ||L(F)|| < ||L(F)||, so that

ILCA)|e [ING]] IFIl
L = sup 2 < gup —=2 < ||L sup —=2.
Nl #g Flle = #5’ e = H&E’ el
Next take the inequality [[L(F)||, < ||L(F)||,. Similarly,
llFlla . .o IFll
L <||IL su ; equivalently, inf —||L <||IL ,
1S L #g I q Y L, < Ml al
o Il lFlle ™
with inf Y = (su <) O
20 e, (sup,4 Il/-'llv)

Remark 4.5. Itis not usual to consider more than one uniform crossnorm, one
equipping the domain and the other equipping the codomain, of a tensor prod-
uct A ® B of bounded linear transformations — see, e.g., [11, Section 6.1] and
[4, Section 1.2]. In fact, a uniform crossnorm || - ||, is a reasonable crossnorm
which is supposed to be assigned to every tensor product for arbitrary normed
spaces making A ® B continuous when acting from X ®, Y to V ®, W; both
tensor product spaces equipped with the same norm (cf. Section 3). Therefore,
if one takes another reasonable crossnorm || - ||g, also supposed to be assigned
to every tensor product space of arbitrary normed spaces, and requires that
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A€ B[X,V]and B € B[Y, W] imply A ® B € B[X ®, Y,V ® W], then it is
readily verified that [|A[[[|B]| < [|A ® B|| = ||A ® B||«5)- A new concept of a
jointly uniform crossnorm would require a new definition to make the above
inequality an identity. Also, under a new definition of a jointly uniform cross-
norm, Propositions 3.1 and 3.2 would require a restatement. (Extending Propo-
sition 3.1 to such a new setup seems to be a simple task, but Proposition 3.2
would perhaps require some additional, possibly nontrivial, arguments). Al-
though we will not proceed along this line — it goes beyond the purpose of the
present paper — it seems that a possible version of the first part of Theorem 4.1
involving a pair of distinct jointly uniform crossnorms might lead to promising
further research.

5. Final remark

[l2IN

llFIly
when their tensor product space X ® Y is equipped with the injective norm

|| - |, and with the projective norm || - || . (Trivial example: if XX’ and ¥ are finite-
dimensional, where all norms are equivalent, so that X' R I=XQY— here
=~ means topological isomorphism). In such a case (when the above supremum

Suppose a pair of normed spaces (X, ¥) is such that sup,, 4reX®Y

e IFll, L o
is finite), set sup, #rexey 7). = ¥, and the injective and projective norms be-
come equivalent uniform crossnorms on X @ Y and so is any uniform crossnorm

|| - ||, since
1 | - | PO | [ 4 I |

IlF1l,, IIF I
llFlla lIFIl,
origin of the question whether X @Vy > X @A Y holds for some pair of infinite-
dimensional Banach spaces X and Y (see [8, p.181]). A solution was given
by Pisier in [8, Theorem 3.2(b)] where it was exhibited a separable infinite-
dimensional Banach space P, now called Pisier space, such that ?® P~ ?® P
(here = means isometric isomorphism), which shows in addition that all rea-
sonable crossnorms (and all uniform crossnorms) on P& (and so on P ® P)
are isomorphically equivalent, where in this case y = 1 and, consequently, for
L € B[?] ® B[?7],

and so Sup, < oo and Sup, o < 0. Itis attributed to Grothendieck the

1L, = L Mlfaar = L0

with respect to the setup in the proof of Theorem 4.1. Corollary 4.4 gives just
a first estimate to the question of whether the equal signs “=" in the above
equation can be replaced by “<” (perhaps weighted with positive constants) for
an arbitrary transformation L € B[X, V] ® B[Y, W] acting on arbitrary (or on
specific classes of) normed spaces X', Y, V, W.
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