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Higher-order spectral shift for pairs of
contractions via multiplicative path

Arup Chattopadhyay and Chandan Pradhan

Abstract. Marcantognini and Morán obtained the Koplienko-Neidhardt
trace formula in [17] for pairs of contractions and pairs of maximal dissipa-
tive operators via multiplicative path. In this article, we prove the existence
of higher-order spectral shift functions for pairs of contractions and pairs of
maximal dissipative operators via multiplicative path by adapting the argu-
ment employed in [17].
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1. Introduction
The spectral shift function (SSF) has become a fundamental object in pertur-

bation theory. The notion of �rst-order spectral shift function originated from
the work of Lifshits on theoretical physics [16], followed by Krein in [13, 15], in
which it was shown that for a pair of self-adjoint (not necessarily bounded) op-
eratorsH andH0 satisfyingH−H0 ∈ ℬ1(ℋ) (the set of trace class operators on
a separable Hilbert spaceℋ), there exists a unique real-valued L1(ℝ)- function
� such that

Tr {�(H) − �(H0)} = ∫
ℝ
�′(�) �(�) d�, (1)
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for a large class of functions �. The function � is known as Krein’s spectral shift
function, and the relation (1) is called Krein’s trace formula. A similar result
was obtained by Krein in [14] for pair of unitary operators

{
U,U0

}
such that

U − U0 ∈ ℬ1(ℋ). For each such pair, there exists a real-valued L1([0, 2�])-
function �, unique modulo an additive constant, such that

Tr
{
�(U) − �(U0)

}
= ∫

2�

0

d
dt

{
�(eit)

}
�(t) dt, (2)

where �′ has an absolutely convergent Fourier series. The original proof of
Krein uses analytic function theory, and for various alternative proofs of the
formula (1) and (2), we refer to [4, 5, 19, 20, 41]. Moreover, for a description
of a wider class of functions for which formulae (1) and (2) hold, we refer to
[2, 28]. For a pair of contractions T1, T0 with T1 − T0 trace-class, Neidhardt
[22, 23] initiated the study of trace formula, to be followed by others in [1, 9,
18]. In this connection, it is worthwhile to mention that a series of papers by
Rybkin [33, 34, 35, 36], where an analogous extension of (1) and (2) in case of
contractions was also achieved.

The modi�ed second-order spectral shift function in the case of non-trace
class perturbations was introduced by Koplienko in [12]. In 1984, Koplienko
also conjectured the existence of the higher order spectral shift measures. In
2013, Potapov, Skripka, and Sukochev a�rmatively resolved Koplienko’s con-
jecture in [29] using an important and advanced tool in perturbation theory,
namely Multiple Operator Integrals (MOI) and proved the following:

Tr
(
ℛH0,f,n(V)

)
= ∫

ℝ
f(n)(�)�n(�)d�, where

ℛH0,f,n(V) ∶= f(H0 + V) −
n−1∑

k=0

1
k!

dk
dsk

||||||||s=0
f(Hs), (3)

for every su�ciently smooth function f,Hs = H0+sV, s ∈ ℝ, and f(n) denotes
the n-th order derivative of f, whereH andH0 are two self-adjoint operators in
a separable Hilbert spaceℋ such that H − H0 = V ∈ ℬn(ℋ) (n-th Schatten-
von Neumann ideal), and the spectral shift function �n (of order n ∈ ℕ) is
integrable onℝ and depends only onH,H0, and n. For more on the Koplienko
trace formula, we refer to [8, 10, 11, 37] and the references cited therein.

Later, for n = 2, many authors studied the above formula (3) for various
classes of operatorsH andH0 in [11, 24, 27, 32]. In 2014, for generaln(≥ 3) ∈ ℕ,
Potapov, Skripka and Sukochev obtained the formula (3) for any pair of contrac-
tions U0 and U0 + V with the perturbation V ∈ ℬn(ℋ) via linear path in [30,
Theorem 1.3]. In other words, they proved the following result:

Theorem 1.1. (See [30, Theorem 1.3]) Let n ∈ ℕ, n ≥ 3. LetU1 andU0 be two
contractions on a separable Hilbert spaceℋ,V ∶= U1−U0 ∈ ℬn(ℋ) and denote
Us = U0 + sV, s ∈ [0, 1]. Then for any complex polynomial f, ℛU0,f,n(V) ∈
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ℬ1(ℋ) and there exists L1(T)-function �n = �n,U0,V such that

Tr
(
ℛU0,f,n(V)

)
= ∫

T
f(n)(z)�n(z)dz. (4)

Furthermore, for every given � > 0, the function �n satisfying (4) can be chosen so
that ‖�n‖1 ≤ (1 + �)cn‖V‖nn, where cn is some constant.

Going further, in 2016, for general n ∈ ℕ with n ≥ 2, Potapov, Skripka
and Sukochev established the formula (3) for the couple of unitaries U0 and
U1 = eiAU0 with the perturbation A = A∗ ∈ ℬn(ℋ) via multiplicative path in
[31, Theorem 4.1] corresponding to the class

Gn(T) ∶=
{
f(z) =

∞∑

k=n
f̂(k)zk ∈ C(T) ∶

∞∑

k=n
|f̂(k)|kn < ∞

}
,

where
{
f̂(k) ∶ k ∈ ℤ

}
are the Fourier coe�cients of f and C(T) is the Banach

space of all continuous functions on T with the standard norm. Later, in 2017,
Skripka [38, Theorem 4.4] extends the result of [31, Theorem 4.1] established
for n ≥ 2 and f such that f(n) is given by an absolutely convergent Taylor series,
that is, for the class

ℱn(T) ∶=
{
f(z) =

∞∑

k=−∞
f̂(k)zk ∈ Cn(T) ∶

∞∑

k=−∞
|k|n|f̂(k)| < ∞

}
,

where Cn(T) is the collection of all n-times continuously di�erentiable func-
tions on T and f(n) denotes the n-th order derivative of the function f ∈ Cn(T).
More precisely, Skripka obtained the following result, and it will be useful to
achieve our main results in later sections:

Theorem 1.2. (See [38, Theorem 4.4]) Let n ∈ ℕ, n ≥ 2. Let U0 be a unitary
operator, A = A∗ ∈ ℬn(ℋ) and denote Us = eisAU0, s ∈ [0, 1]. Then, for any
f ∈ ℱn(T), ℛU0,f,n(V) ∈ ℬ1(ℋ) and there exists a constant cn and a function
�n = �n,U0,A ∈ L1([0, 2�]) satisfying ‖�n‖1 ≤ cn‖A‖nn such that

Tr
⎧

⎨
⎩

f(U1) − f(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0f(Us)
⎫

⎬
⎭

= ∫
2�

0
f(n)(eit)�n(t)dt.

In this direction of studies, Marcantognini and Morán obtained the
Koplienko-Neidhardt trace formula (second order trace formula) for pairs of
contraction operators and pairs ofmaximal dissipative operators viamultiplica-
tive path in [17]. The present article aims to prove a higher-order version of
the Koplienko-Neidhardt trace formula for pairs of contractions and pairs of
maximal dissipative operators via multiplicative path by adapting the method
developed for the second-order trace formula in [17]. The novelty of our re-
sults is that the extension is natural in comparisonwith the knownhigher-order
trace formulas for unitary and self-adjoint operators. Moreover, the importance
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of our work lies in the fact that our results provide some new addition to the
theory of spectral shift functions. One of the major ingredients to prove our
main result is the higher-order trace formulas for unitary operators, namely
Theorem 1.2. We have adapted the method applied in [17] and modi�ed it ap-
propriately to obtain our main results in this article. The major tools required
to achieve our results are the Schä�er matrix unitary dilation and the Cayley
transformation. In other words, the transference of the trace formulas from
unitary to contractive operators is made by means of the dilation theory, and
the transference from the contractive to dissipative operators is made with the
help of the Cayley transform as done in [17]. More precisely, the following are
the major contributions of this article:

∙ First, we prove a higher-order version of [17, Theorem 2.1]. In other
words, we consider a pair (T, V), where V is a unitary operator and T
is a contraction on ℋ. Then we prove a higher-order version of the
Koplienko-Neidhardt trace formula viamultiplicative path correspond-
ing to the pair (T, V)under some additional hypotheses (seeTheorem3.2)
by using dilation theory and applying Theorem 1.2.

∙ Next, we obtain a higher-order version of [17, Theorem 2.3]. More pre-
cisely, we prove ahigher-order version of theKoplienko-Neidhardt trace
formula via multiplicative path for pairs of contractions (T0, T1) (see
Theorem 4.1) by using our Theorem 3.2.

∙ At the end, we prove a higher-order version of [17, Theorem 2.3]. In
other words, as an application of our Theorem 4.1 for pairs of contrac-
tions, we obtain a higher-order analog of theKoplienko-Neidhardt trace
formula via multiplicative path for pairs of maximal dissipative opera-
tors (see Theorem 5.2).

The major di�culties we face in extending the results of [17] to higher-order
are as follows:

∙ Obtain a precise expression of the k-order derivatives dk
dsk

||||||||s=0

{
(Vs)n

}
,

and dk
dsk

||||||||s=0

{
(Ts)n

}
, whichwe are able to overcome due to [39, Theorem

5.3.4](see (18), (19)).
∙ Secondly, to show PℋXr

|||||ℋ = Yr and

Pℱ⊖ℋXr
|||||ℱ⊖ℋ = PH2

DT
(D)XrPH2

DT∗
(D)

|||||ℱ⊖ℋ
for r ≥ 2, which we are able to complete by rigorously analyzing the
block matrix representations of the corresponding operators and shift-
ing the projections from left to right accordingly (see (21), (22), (37),
(38), and (39)).

The rest of the paper is organized as follows: Section 2 deals with some essential
preliminaries, which will be useful in later sections. In Section 3, we prove the
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higher-order analog of the Koplienko-Neidhardt trace formula corresponding
to the pair (T, V) via multiplicative path, whereV is a unitary operator and T is
a contraction onℋ. Section 4 is devoted to obtaining a higher-order version of
the Koplienko-Neidhardt trace formula for pairs of contractions via multiplica-
tive path. Consequently, in Section 5, we prove the trace formula for pairs of
maximal dissipative operators.

2. Preliminaries
Notations: Here,ℋ will denote the separable in�nite dimensional Hilbert

space we work in;ℬ(ℋ),ℬ1(ℋ),ℬ2(ℋ),ℬn(ℋ) the set of bounded, trace class,
Hilbert-Schmidt class, Schatten-n class operators in ℋ respectively with ‖ ⋅ ‖,
‖ ⋅ ‖1, ‖ ⋅ ‖2, ‖ ⋅ ‖n as the associated norms. Given T ∈ ℬ(ℋ), we denote its
kernel byKer(T), its range byRan(T) and its spectrumby�(T), and let Dom(A),
Tr(A) be the domain of the operator A and the trace of a trace class operator A
respectively. Also,ℕ,ℤ,ℝ, andℂ denote the collection of natural, integer, real,
and complex numbers, respectively. Furthermore, D stands for the open unit
disk in the complex plane ℂ and T for the unit circle in ℂ, hence D ∶=

{
|z| <

1, z ∈ ℂ
}
and T ∶=

{
|z| = 1, z ∈ ℂ

}
. Further, given a closed subspaceℳ of

ℋ, Pℳ denotes the orthogonal projection ofℋ ontoℳ.
Recall that ℋ-valued Hardy space over the unit disc D in ℂ is denoted by

H2
ℋ(D) and de�ned by

H2
ℋ(D) ∶=

{
f(z) =

∞∑

k=0
akzk ∶ ‖f‖2H2

ℋ(D)
∶=

∞∑

k=0
‖ak‖2ℋ < ∞, z ∈ D, ak ∈ ℋ

}
. (5)

Recall that the shift operator on the Hardy spaceH2
ℋ(D) is denoted by Sℋ and

is de�ned by (Sℋf)(z) ∶= zf(z), f ∈ H2
ℋ(D), z ∈ D. It is easy to check that

Sℋ is an isometry onH2
ℋ(D) and SℋS

∗
ℋ = I − Pℋ, where Pℋ is the orthogonal

projection of H2
ℋ(D) onto ℋ (that is, by identifying ℋ as ℋ-valued constant

functions). For more on vector-valued Hardy space, we refer to [25, 26].
Let T ∈ ℬ(ℋ) be a contraction, that is ‖T‖ ≤ 1. Then the defect oper-

ator of T is denoted by DT and de�ned by DT ∶= (1 − T∗T)1∕2. Moreover,
DT ∶= Ran(DT) is known as the corresponding defect space of T. Recall that
the minimal unitary dilation of a contraction T is a unitary operatorUT ∶ ℱ =
H2
DT∗

(D)⊕ℋ⊕H2
DT
(D) → H2

DT∗
(D)⊕ℋ⊕H2

DT
(D) such that Tn = PℋUn

T|ℋ
and T∗n = PℋU−n

T |ℋ for n ∈ ℕ, and ℱ is the smallest Hilbert space contain-
ing the subspaces Un

Tℋ for all n ∈ ℤ. Furthermore, the block matrix (Schä�er
matrix) representation of UT is as follows:

UT =
⎡
⎢
⎢
⎣

S∗DT∗
0 0

DT∗PDT∗ T 0
−T∗PDT∗ DT SDT

⎤
⎥
⎥
⎦

∶
⎡
⎢
⎢
⎣

H2
DT∗

(D)
ℋ

H2
DT
(D)

⎤
⎥
⎥
⎦

⟶
⎡
⎢
⎢
⎣

H2
DT∗

(D)
ℋ

H2
DT
(D)

⎤
⎥
⎥
⎦

, (6)



266 ARUP CHATTOPADHYAY AND CHANDAN PRADHAN

where SDT and SDT∗ are the shift operator onH
2
DT
(D) andH2

DT∗
(D) respectively

and PDT∗ is the orthogonal projection fromℱ ontoDT∗ ⊕ 0⊕ 0 ≡ DT∗ . Given
a pair of contractions (T0, T) on ℋ, we denote by UT0,T the extension of T0 to
the minimal dilation spaceH2

DT∗
(D) ⊕ℋ⊕H2

DT
(D) of T and the block matrix

representation of UT0,T is given by

UT0,T ∶=
⎡
⎢
⎢
⎣

S∗DT∗
0 0

0 T0 0
−V∗

TPDT∗ 0 SDT

⎤
⎥
⎥
⎦

∶
⎡
⎢
⎢
⎣

H2
DT∗

(D)
ℋ

H2
DT
(D)

⎤
⎥
⎥
⎦

⟶
⎡
⎢
⎢
⎣

H2
DT∗

(D)
ℋ

H2
DT
(D)

⎤
⎥
⎥
⎦

. (7)

Formore on dilation theorywe refer to [21]. Let� ∈ ℱn(T) be such that�(eit) =
∞∑

k=−∞
�̂(k)eikt. Next we introduce the functions, namely �+(eit) =

∞∑
k=0

�̂(k)eikt

and �−(eit) =
∞∑
k=1

�̂(−k)eikt. Then �(eit) = �+(eit) + �−(e−it) and �± ∈ ℱn(T).

Now for a given contraction T onℋ, we set

�+(T) =
∞∑

k=0
�̂(k)Tk, �−(T) =

∞∑

k=1
�̂(−k)T∗k, and �(T) = �+(T) + �−(T). (8)

3. Higher-order Trace formula for pair of contractive operators
with one of them unitary
In this section, we prove the higher-order version of the Koplienko- Neid-

hardt trace formula via multiplicative path for a pair (T, V), where T is a con-
traction and V is a unitary operator onℋ such that T − V ∈ ℬn(ℋ). To pro-
ceed further, we need the following auxiliary lemma to obtain our main result
in this section. Note that Lemma 3.1 below is available in [39] (see Theorem
5.3.4) in the case when U is a unitary operator, and the expression of the k-th
order Gâteaux derivative of f(Ut) is given in terms of multiple operator inte-
gral, where f belongs to the Besov space. On the other hand, in our case, U is
a contraction, and f is a polynomial. Nevertheless, by simply mimicking the
proof of Theorem 5.3.4 in [39], one can obtain the following Lemma 3.1, and
hence the detailed proof is left to the reader.

Lemma 3.1. Let p(z) = zn, z ∈ T and n ∈ ℕ, let A ∈ ℬ(ℋ) be a self-adjoint
operator and letU ∈ ℬ(ℋ). SetUt = eitAU, t ∈ ℝ. Then for all 1 ≤ k ≤ n − 1,
we have

dk
dtk

|||||t=s
{
Un
t
}
=

k∑

r=1

∑

l1+l2+⋯+lr=k
l1,l2,…,lr≥1

k!
l1!⋯ lr!
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× [
∑

�0+�1+⋯+�r=n−r
�0,�1,…,�r≥0

U�0
s W

l1
s U

�1
s ⋯Wlr

s U
�r
s ], (9)

whereWl
s =

(
(iA)leisAU

)
, l ∈ ℕ.

Now we are in a position to state and prove our main result in this section.

Theorem 3.2. Let n ∈ ℕ. Let T and V be two contractions inℋ such that
(i) V∗V = VV∗ = I, and dim(ker T) = dim(ker T∗),
(ii) T − V ∈ ℬn(ℋ), and (I − T∗T)1∕2 ∈ ℬn(ℋ).
Let T = VT|T| be the polar decomposition of T, where VT is a partial isometry

onℋ and |T| = (T∗T)1∕2. Set ℒ ∶=
⎡
⎢
⎢
⎣

TV∗ −DT∗VT
|||||DT

DTV∗ T∗VT
|||||DT

⎤
⎥
⎥
⎦

∶
⎡
⎢
⎣

ℋ

DT

⎤
⎥
⎦
⟶

⎡
⎢
⎣

ℋ

DT

⎤
⎥
⎦
.

Then ℒ is a unitary operator on ℋ ⊕ DT and, hence there exists a unique self-
adjoint operator L ∈ ℬn(ℋ ⊕ DT) with �(L) ⊆ (−�, �] such that ℒ = eiL.
Furthermore, if we denote Vs ∶= PℋeisLV, s ∈ [0, 1], then for � ∈ ℱn(T),

⎧

⎨
⎩

�(T) − �(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Vs)
⎫

⎬
⎭

∈ ℬ1(ℋ), (10)

and there exists an L1([0, 2�])-function �n depend only on n, T and V such that

Tr
⎧

⎨
⎩

�(T) − �(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Vs)
⎫

⎬
⎭

= ∫
2�

0
�(n)(eit)�n(t)dt. (11)

Proof. For n = 1, 2, the property (10) and the trace formula (11) were estab-
lished in [22, Section 2] and [17, Theorem 2.1]. Now we prove the theorem for
n ≥ 3. Let U1 ∶= UT be the corresponding minimal unitary dilation of T on
ℱ = H2

DT∗
(D)⊕ℋ⊕H2

DT
(D). Given thatT = VT|T| is the polar decomposition

of T, where |T| = (T∗T)1∕2 and VT is an isometry from Ran(T∗) onto Ran(T).
Therefore by using the hypothesis dim(ker T) = dim(ker T∗), we can extendVT
to a unitary operator on the full spaceℋ. Going further, we need the following
useful relations obtained in [17]

VTDT = DT∗VT, (1 − |T|) = (1 + |T|)−1(1 − T∗T), and
VT − T = VT(1 − |T|).

(12)

LetU0 ∶= UV,T ∶ ℱ → ℱ. Now by using the relations listed in (12) along with
the hypothesis (ii)we concludeU1−U0 ∈ ℬn(ℱ). Thus, we have a pair (U1, U0)
of unitary operators onℱ. By a similar computations as done in the proof of [17,
Theorem 2.1], we get a self-adjoint operator A ∈ ℬn(ℱ) such that U1 = eiAU0
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and the block matrix representation of A with respect to the decomposition
ℱ = H2

DT∗
(D) ⊕ (ℋ ⊕DT) ⊕ SDTH

2
DT
(D) is the following:

A ∶=
⎡
⎢
⎣

0 0 0
0 L 0
0 0 0

⎤
⎥
⎦
∶
⎡
⎢
⎢
⎣

H2
DT∗

(D)
ℋ ⊕DT

SDTH
2
DT
(D)

⎤
⎥
⎥
⎦

→
⎡
⎢
⎢
⎣

H2
DT∗

(D)
ℋ ⊕DT

SDTH
2
DT
(D)

⎤
⎥
⎥
⎦

. (13)

Therefore the pair (U1, U0) satis�es the hypothesis of Theorem 1.2 and hence
for any � ∈ ℱn(T),

⎧

⎨
⎩

�(U1) − �(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Us)
⎫

⎬
⎭

∈ ℬ1(ℋ), (14)

and there exists an L1([0, 2�])-function �n = �n,U0,A such that

Tr
⎧

⎨
⎩

�(U1) − �(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Us)
⎫

⎬
⎭

= ∫
2�

0
�(n)(eit)�n(t)dt, (15)

where Us = eisAU0, s ∈ [0, 1]. Our next aim is to show that for � ∈ ℱn(T),

Tr
⎧

⎨
⎩

�(T) − �(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Vs)
⎫

⎬
⎭

=Tr
⎧

⎨
⎩

�(U1) − �(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Us)
⎫

⎬
⎭

, (16)

where
Vs ∶= PℋeisAU0

|||||ℋ = PℋeisLV, s ∈ [0, 1]. (17)

To this end, we �rst deal with the monomials, that is functions like �q(z) =
zq, z ∈ T and q ∈ ℤ. Now if q ∈ ℕ, then by using Lemma 3.1, we conclude for
1 ≤ k ≤ n − 1 that

dk
dsk

|||||s=0{�q(Us)} =
k∑

r=1

∑

�0+⋯+�r=q−r
�0,…,�r≥0

∑

l1+⋯+lr=k
l1,…,lr≥1

k!
l1!⋯ lr!

U�0
0 ((iA)

l1U0)U
�1
0

⋯((iA)lrU0)U
�r
0 , (18)

and

dk
dsk

|||||s=0{�q(Vs)} =
k∑

r=1

∑

�0+⋯+�r=q−r
�0,…,�r≥0

∑

l1+⋯+lr=k
l1,…,lr≥1

k!
l1!⋯ lr!

V�0Pℋ((iL)l1V)

× V�1⋯Pℋ((iL)lrV)V�r . (19)
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To complete the proof of this theorem we need the following essential lemma
in the sequel.

Lemma 3.3. Assume notations and hypotheses of the above Theorem 3.2. Let
U1 ∶= UT andU0 = UT0,T . Let

ℱ ∶=H2
DT∗

(D) ⊕ℋ ⊕H2
DT
(D), X0 ∶= Un

1 −Un
0 , Y0 ∶= Tn − Vn,

Xr ∶=U
�0
0 ((iA)

l1U0)U
�1
0 ⋯((iA)lrU0)U

�r
0 , and

Yr ∶=V�0Pℋ((iL)l1V)V�1⋯V�r−1Pℋ((iL)lrV)V�r ,

whereA, L are given in (13), �j ≥ 0 for 0 ≤ j ≤ r, and lj′ ≥ 1 for 1 ≤ j′ ≤ r , and
r ≥ 1. Then for every integer r ≥ 0,
(i) PℋXr

|||||ℋ = Yr.

(ii) Pℱ⊖ℋXr
|||||ℱ⊖ℋ = PH2

DT
(D)XrPH2

DT∗
(D)

|||||ℱ⊖ℋ .

Proof. For r = 0, 1, it was obtained in the proof of [17, Theorem 2.1] that

PℋXr
|||||ℋ = Yr. (20)

For r ≥ 2, by analyzing the block matrix representations (6), (7) and (13) ofU1,
U0 and A respectively, we conclude

PℋXr
|||||ℋ =PℋU

�0
0 ((iA)

l1U0)U
�1
0 ⋯((iA)lrU0)U

�r
0
|||||ℋ

=PℋU
�0
0 Pℋ⊕DT ((iA)

l1Pℋ⊕DTU0)U
�1
0 Pℋ⊕DT

⋯U�r−1
0 Pℋ⊕DT ((iA)

lrPℋ⊕DTU0)U
�r
0
|||||ℋ

=V�0Pℋ((iL)l1V)V�1⋯V�r−1Pℋ((iL)lrV)V�r = Yr. (21)

On the other hand, for r = 0, 1, it was obtained in the proof of [17, Theorem
2.1] that

Pℱ⊖ℋXr
|||||ℱ⊖ℋ = PH2

DT
(D)XrPH2

DT∗
(D)

|||||ℱ⊖ℋ.

For r ≥ 2, by analyzing the structures of U1, U0, and A as in (6), (7), and (13)
respectively we get

Pℱ⊖ℋXr
|||||ℱ⊖ℋ =Pℱ⊖ℋU

�0
0 ((iA)

l1U0)U
�1
0 ⋯((iA)lrU0)U

�r
0
|||||ℱ⊖ℋ

=Pℱ⊖ℋU
�0
0 Pℋ⊕DT ((iA)

l1Pℋ⊕DTU0)U
�1
0

⋯Pℋ⊕DT ((iA)
lrPℋ⊕DTU0)U

�r
0
|||||ℱ⊖ℋ

=PH2
DT

(D)U
�0
0 Pℋ⊕DT ((iA)

l1Pℋ⊕DTU0)U
�1
0

×⋯ × Pℋ⊕DT ((iA)
lrPℋ⊕DTU0)U

�r
0 PH2

DT∗
(D)

|||||ℱ⊖ℋ. (22)

�
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Continue of the proof of Theorem 3.2: Therefore using Lemma 3.3 (i),
from (18) and (19) we conclude that

�q(T) − �q(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Vs)

= Pℋ
⎛
⎜
⎝
�q(U1) − �q(U0) −

n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Us)
⎞
⎟
⎠

|||||||||ℋ
, (23)

for all q ∈ ℕ. For q ∈ ℤ, q < 0, recall that Tq = T∗−q for a given contraction T
(see (8)). Therefore using the facts

dk
dsk

|||||s=0{�q(Us)} = ( d
k

dsk
|||||s=0{�−q(Us)})

∗

and

dk
dsk

|||||s=0{�q(Vs)} = ( d
k

dsk
|||||s=0{�−q(Vs)})

∗

,
(24)

and applying Lemma 3.1 together with the similar arguments as above, we also
conclude that for q ∈ ℤ and q < 0, (23) holds good. Similarly, (23) also holds
good for q ∈ ℤ, q < 0. Therefore

⎧

⎨
⎩

�q(T) − �q(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Vs)
⎫

⎬
⎭

∈ ℬ1(ℋ),

and

Tr
⎧

⎨
⎩

�q(T) − �q(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Vs)
⎫

⎬
⎭

=Tr
⎧

⎨
⎩

Pℋ
⎛
⎜
⎝
�q(U1) − �q(U0) −

n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Us)
⎞
⎟
⎠

|||||||||ℋ

⎫

⎬
⎭

, ∀q ∈ ℤ.

(25)

Again using Lemma 3.3 (ii), we conclude that the operator

Pℱ⊖ℋ(�q(U1) − �q(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Us))
|||||||||ℱ⊖ℋ

maps H2
DT∗

(D) ⊕ 0 ⊕ 0 to 0 ⊕ 0 ⊕ H2
DT
(D) for q ∈ ℕ. These observations

immediately yield that

Tr
⎧

⎨
⎩

Pℱ⊖ℋ
⎛
⎜
⎝
�q(U1) − �q(U0) −

n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Us)
⎞
⎟
⎠

|||||||||ℱ⊖ℋ

⎫

⎬
⎭

= 0, (26)
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for all q ∈ ℕ. Now by considering the pair (T∗, V∗) instead of (T, V) and re-
peating the similar calculations as above we conclude that (26) also holds for
q ∈ ℤ, q < 0. Therefore combining equations (25) and (26) together with the
last line of argument, we conclude

Tr
⎧

⎨
⎩

�q(T) − �q(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Vs)
⎫

⎬
⎭

=Tr
⎧

⎨
⎩

�q(U1) − �q(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�q(Us)
⎫

⎬
⎭

(27)

for all q ∈ ℤ. Let �(z) =
∞∑

k=−∞
�̂(k)zk ∈ ℱn(T), and hence

∞∑
k=−∞

|k|n|�̂(k)| <

∞. Let N ∈ ℕ, and let �N(z) =
N∑

k=−N
�̂(k)zk. Then we have the following

integral representation

�(U1) − �(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Us)

= 1
(n − 1)!

∫
1

0
(1 − t)(n−1) d

n

dsn
|||||s=t�(Us) dt,

(28)

where the integral converges in the operator norm. The above representation
(28) of the n-th order Taylor remainder is transferred from the analogous rep-
resentation for scalar functions via the application of bounded linear function-
als from

(
ℬ(ℋ)

)∗
(see, e.g., [31, Equation (4.2)], [40, Theorem 1.43, Corollary

1.45]). Therefore, it follows form (18) and (24) that
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‖‖‖‖‖‖‖‖‖‖
�(U1) − �(U0) −

n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Us)
‖‖‖‖‖‖‖‖‖‖1

≤ 1
(n − 1)!

∫
1

0
(1 − t)(n−1)

‖‖‖‖‖‖‖
dn
dsn

|||||s=t�(Us)
‖‖‖‖‖‖‖1
dt

≤ nn
⎛
⎜
⎝

∞∑

j=−∞
|j|n|�̂(j)|

⎞
⎟
⎠
‖A‖nn < ∞,

which further implies

lim
N→∞

‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

�N(U1) − �N(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�N(Us)
⎫

⎬
⎭

−
⎧

⎨
⎩

�(U1) − �(U0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Us)
⎫

⎬
⎭

‖‖‖‖‖‖‖‖‖1
= 0. (29)

Similarly, we have

lim
N→∞

‖‖‖‖‖‖‖‖‖

⎧

⎨
⎩

�N(T) − �N(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�N(Vs)
⎫

⎬
⎭

−
⎧

⎨
⎩

�(T) − �(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Vs)
⎫

⎬
⎭

‖‖‖‖‖‖‖‖‖1
= 0. (30)

Therefore combining (27), (29) and (30), we have the trace equality (16). Fi-
nally the conclusion of the theorem follows by combining equations (15) and
(16). This completes the proof.

�

4. Higher-order Trace formula for pair of contractions
In the previous section, we discuss the trace formula for pairs of contrac-

tions (T, V) assuming that V is unitary. In this section, we remove the assump-
tion on V. In other words, we prove the trace formula for pairs of contractions
(T0, T1) onℋ. The technique involved here is standard and similar to the idea
mentioned in [17] with an appropriate modi�cation, that means �rst we dilate
(T0, T1) to a pair of contractions (T, V) with V is a unitary operator on the big-
ger spaceℱ containingℋ as a subspace and then use the existing trace formula
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for the pair (T, V) obtained in our last section to get the required trace formula
in this section. The following is the main result in this section.

Theorem 4.1. Let n ∈ ℕ. Let T0 and T1 be two contractions inℋ such that
(i) dim(ker T0) = dim(ker T∗0 ), and dim(ker T1) = dim(ker T∗1 ),
(ii) T1 − T0 ∈ ℬn(ℋ), and (I − T∗jTj)

1∕2 ∈ ℬn(ℋ) for j = 0, 1.
Let Tj = VTj |Tj| be the polar decomposition of Tj , whereVTj is a partial isometry
onℋ and |Tj| = (T∗jTj)

1∕2 for j = 0, 1. Set

ℳ ∶=
⎡
⎢
⎢
⎢
⎣

I 0 0 0
0 T1T∗0 T1DT0PDT0

−DT∗1VT1
0 −V∗

T0DT∗0 |T0|PDT0
+ (I − PDT0

) 0
0 DT1T

∗
0 DT1DT0PDT0

T∗1VT1

⎤
⎥
⎥
⎥
⎦

∶

⎡
⎢
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ

H2
DT0

(D)
DT1

⎤
⎥
⎥
⎥
⎥
⎦

→

⎡
⎢
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ

H2
DT0

(D)
DT1

⎤
⎥
⎥
⎥
⎥
⎦

.

Thenℳ is a unitary operator onH2
DT∗0

(D) ⊕ ℋ ⊕H2
DT0

(D) ⊕ DT1 = ℱ ⊕DT1

and hence there exists a unique self-adjoint operator M ∈ ℬn(ℱ ⊕ DT1) with
�(M) ⊆ (−�, �] such thatℳ = eiM . Furthermore, if we denote

Ts = PℋeisM
⎡
⎢
⎢
⎢
⎣

0
T0
DT0
0

⎤
⎥
⎥
⎥
⎦

∶ ℋ → ℋ, s ∈ [0, 1], (31)

then for � ∈ ℱn(T),

⎧

⎨
⎩

�(T1) − �(T0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Ts)
⎫

⎬
⎭

∈ ℬ1(ℋ), (32)

and there exists an L1([0, 2�])-function �n depend only on n, T1 and T0 such that

Tr
⎧

⎨
⎩

�(T1) − �(T0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Ts)
⎫

⎬
⎭

= ∫
2�

0
�(n)(eit)�n(t)dt. (33)

The following lemma is essential to prove Theorem 4.1.

Lemma 4.2. Assume notations and hypotheses of the above Theorem 4.1. Let
T ∶= UT1,T0 , V ∶= UT0 andℱ = H2

DT∗0
(D) ⊕ℋ ⊕H2

DT0
(D). Let

X0 ∶ = Tn − Vn, Y0 ∶= Tn1 − Tn0 ,
Xr ∶ = V�0Pℱ

(
(iM)l1V

)
V�1⋯Pℱ

(
(iM)lrV

)
V�r ,
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Yr ∶ = T0�0Pℋ
(
(iM)l1W

)
T0�1⋯Pℋ

(
(iM)lrW

)
T0�r ,

where the operatorsM,W are given in (41) and (46) respectively, �j ≥ 0 for 0 ≤
j ≤ r, and lj′ ≥ 1 for 1 ≤ j′ ≤ r, and r ≥ 1. Then for each integer r ≥ 0,

(i) PℋXr
|||||ℋ = Yr, and

(ii) Pℱ⊖ℋXr
|||||ℱ⊖ℋ = PH2

DT0
(D)XrPH2

DT∗0
(D)

|||||ℱ⊖ℋ .

Proof. Note that, it was obtained in the proof of [17, Theorem 2.3] that, for
r = 0, 1,

PℋXr
|||||ℋ =Yr (34)

For r ≥ 2, to showPℋXr
|||||ℋ = Yr, we require the blockmatrix representations of

Mn andVn on the spaceℱ⊕DT ∶= H2
DT∗0

(D)⊕ℋ⊕DT0⊕SDT0
H2
DT0

(D)⊕DT1

for any n ∈ ℕ and they are the following:

Mn =

⎡
⎢
⎢
⎢
⎢
⎣

0 0 0 0 0
0 ∗ ∗ 0 ∗
0 ∗ ∗ 0 ∗
0 0 0 0 0
0 ∗ ∗ 0 ∗

⎤
⎥
⎥
⎥
⎥
⎦

∶

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ
DT0

SDT0
H2
DT0

(D)
DT1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

→

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ
DT0

SDT0
H2
DT0

(D)
DT1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (35)

and

Vn =
⎡
⎢
⎢
⎣

S∗nDT∗0
0 0

∗ Tn0 0
∗ Ln SnDT0

⎤
⎥
⎥
⎦

∶
⎡
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ

H2
DT0

(D)

⎤
⎥
⎥
⎥
⎦

→
⎡
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ

H2
DT0

(D)

⎤
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

S∗nDT∗0
0 0 0 0

∗ Tn0 0 0 0
∗ DT0T

n−1
0 0 0 0

∗ ∗ SnDT0
SnDT0

0
0 0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∶

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ
DT0

SDT0
H2
DT0

(D)
DT1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⟶

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ
DT0

SDT0
H2
DT0

(D)
DT1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (36)

where ∗ stands for some non-zero entries and Ln = DT0T
n−1
0 + SDT0

Ln−1, L0 =
0, n ≥ 1. Therefore using the structures (35) and (36) ofMn andVn respectively
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we conclude that

PℋX2
|||||ℋ

=PℋV�0Pℱ((iM)l1V)V�1Pℱ((iM)l2V)V�2 |||||ℋ
=PℋV�0Pℋ⊕DT0

((iM)l1P⟂SDT0H
2
DT0

(D)V)V
�1

× Pℋ⊕DT0
((iM)l2P⟂SDT0H

2
DT0

(D)V)V
�2 |||||ℋ

=PℋV�0Pℋ((iM)l1P⟂SDT0H
2
DT0

(D)V)V
�1Pℋ((iM)l2P⟂SDT0H

2
DT0

(D)V)V
�2 |||||ℋ

=T�00 Pℋ((iM)l1W)T�10 Pℋ((iM)l2W)T�20 = Y2, (37)

and similarly for r ≥ 3 we have

PℋXr
|||||ℋ = T0�0Pℋ

(
(iM)l1W

)
T0�1⋯Pℋ

(
(iM)lrW

)
T0�r = Yr. (38)

Note that for r = 0, 1, it was mentioned in the proof of [17, Theorem 2.3], that

Pℱ⊖ℋXr
|||||ℱ⊖ℋ = PH2

DT0
(D)XrPH2

DT∗0
(D)

|||||ℱ⊖ℋ,

For r ≥ 2, analyzing the structures ofMn andVn as in (35) and (36) respectively
we conclude that

Pℱ⊖ℋXr
|||||ℱ⊖ℋ

=Pℱ⊖ℋV�0Pℱ((iM)l1V)V�1⋯Pℱ((iM)lr−1V)V�r−1Pℱ((iM)lrV)V�r |||||ℱ⊖ℋ
=Pℱ⊖ℋV�0Pℋ⊕DT0

((iM)l1Pℋ⊕DT0
V)V�1Pℋ⊕DT0

⋯Pℋ⊕DT0
((iM)lr−1Pℋ⊕DT0

V)

× V�r−1Pℋ⊕DT0
((iM)lrPℋ⊕DT0

V)V�r |||||ℱ⊖ℋ
=PH2

DT0
(D)V�0Pℋ⊕DT0

((iM)l1Pℋ⊕DT0
V)V�1Pℋ⊕DT0

⋯Pℋ⊕DT0
((iM)lr−1Pℋ⊕DT0

V)V�r−1Pℋ⊕DT0

× ((iM)lrPℋ⊕DT0
V)V�rPH2

DT∗0
(D)

|||||ℱ⊖ℋ. (39)

This completes the proof. �

Proof of Theorem 4.1. For n = 1, 2, property (32) and the formula (33) were
established in [22, Section 2] and [17, Theorem 2.3]. Nowwe prove the theorem
forn ≥ 3. Following the steps of the proof of [17, Theorem2.3], we �rst dilateT0
to its minimal unitary dilationV ∶= UT0 onℱ = H2

DT∗0
(D)⊕ℋ⊕H2

DT0
(D), and

then extend contraction T1 to the contraction T ∶= UT1,T0 onℱ = H2
DT∗0

(D) ⊕

ℋ ⊕ H2
DT0

(D). Now to apply our previous theorem, that is Theorem 3.2, we
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dilate T to its minimal dilation U1 ∶= UT on K = H2
DT∗

(D) ⊕ (ℱ ⊕ DT) ⊕
SDTH

2
DT
(D) and extend V to the unitary U0 ∶= UV,T on K. Finally, following

similar lines of argument of the proof of [17, Theorem 2.3], we conclude that
there exists a self-adjoint operator A ∈ ℬn(K) such that U1 = eiAU0 with the
block matrix representation

A =
⎡
⎢
⎣

0 0 0
0 M 0
0 0 0

⎤
⎥
⎦
∶
⎡
⎢
⎢
⎣

H2
DT∗

(D)
ℱ ⊕DT

SDTH
2
DT
(D)

⎤
⎥
⎥
⎦

→
⎡
⎢
⎢
⎣

H2
DT∗

(D)
ℱ ⊕DT

SDTH
2
DT
(D)

⎤
⎥
⎥
⎦

, (40)

where

M =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

I 0 0 0 0
0 T1T∗0 T1DT0 0 −DT∗1VT1
0 −V∗

T0DT∗0 |T0| 0 0
0 0 0 I 0
0 DT1T

∗
0 DT1DT0 0 T∗1VT1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(41)

∶

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ
DT0

SDT0
H2
DT0

(D)
DT1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

→

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

H2
DT∗0

(D)
ℋ
DT0

SDT0
H2
DT0

(D)
DT1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (42)

Therefore applying Theorem 3.2 corresponding to the pair (T, V) we conclude
that for � ∈ ℱn(T),

⎧

⎨
⎩

�(T) − �(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Vs)
⎫

⎬
⎭

∈ ℬ1(ℋ), (43)

and there exists an L1([0, 2�])-function �n depend only on n, T andV such that

Tr
⎧

⎨
⎩

�(T) − �(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Vs)
⎫

⎬
⎭

= ∫
2�

0
�(n)(eit)�n(t)dt, (44)

where Vs = PℱeisMV, s ∈ [0, 1]. Our next aim is to show that for � ∈ ℱn(T),

Tr
⎧

⎨
⎩

�(T1) − �(T0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Ts)
⎫

⎬
⎭

=Tr
⎧

⎨
⎩

�(T) − �(V) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Vs)
⎫

⎬
⎭

, (45)
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where

Ts = PℋVs
|||||ℋ = PℋeisB

⎡
⎢
⎢
⎢
⎣

0
T0
DT0
0

⎤
⎥
⎥
⎥
⎦

= PℋeisMW, whereW ∶= V|||||ℋ =
⎡
⎢
⎢
⎢
⎣

0
T0
DT0
0

⎤
⎥
⎥
⎥
⎦

(46)

is a bounded operator fromℋ to ℱ ⊕ DT. Using Lemma 3.1 and Lemma 4.2
along with the similar type of arguments mentioned in the proof of Theorem
3.2, we conclude the identity (45). Thus the conclusion of the theorem follows
by combining equations (44) and (45). This completes the proof.

�

5. Higher-order Trace formula for pair of maximal dissipative
operators
In this section, our main aim is to prove the trace formula for pairs of maxi-

mal dissipative operators as an application of ourmain theorem in the previous
section. We start with the section by recalling the de�nition of the dissipative
operator. Let A ∶ ℋ → ℋ be a linear operator (need not be bounded) with
dense domain Dom(A) called dissipative if Im⟨Aℎ, ℎ⟩ ≤ 0 for all ℎ ∈ Dom(A).
A dissipative operator is calledmaximal if it has no proper dissipative extension.
It is well known that the Cayley transform of a maximal dissipative operator A
is a contraction T ∶ ℋ → ℋ given by T = −(A + i)(A − i)−1 such that ker T =
ker(A + i) and ker T∗ = ker(A∗ − i). Furthermore, if Dom(A) = Dom(A∗),
then the following pieces of information are also enlisted in [17], but for reader
convenience and the self-containment of the article, we are providing it here as
well with an appropriate modi�cation of [17, Equation 2.11].

DT = 2|(−ImA)1∕2(A − i)−1|, DT∗ = 2|(−ImA)1∕2(A∗ + i)−1|, (47)

DT = ((A∗ + i)−1(ImA)Dom(A)), DT∗ = ((A − i)−1(ImA)Dom(A)). (48)

In the case of the dissipative operator we need a di�erent class of functions
di�erent from the class considered in the last two sections. Let us consider the
following class:

ℛn ∶= { ∶ ℝ → ℂ such that  (�) = � (i + �
i − �) for some � ∈ ℱn(T)} .

Nextwe de�ne ± using�± in a similarway aswehave done in (8) andhencewe
obtain the decomposition  (�) =  +(�) +  −(−�). In other words, if  ∈ ℛn,

then  (�) = � (i + �
i − �) for some � ∈ ℱn(T), and

 +(�) = �+ (i + �
i − �) and  −(�) = �− (i + �

i − �) .

Now we set

 +(A) = �+(T),  +(−A∗) = �−(T∗), and  (A) =  +(A) +  −(−A∗).
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The following lemma is essential to prove the main theorem in this section.

Lemma 5.1. Let  ∈ ℛn be such that  (�) = � (i + �
i − �) for some � ∈ ℱn(T).

Now if we substitute z = eit = i + �
i − � , then �(z) = �(eit) =  (�), � = − tan t2 ,

and for all 1 ≤ q ≤ n,

�(q)(z) =
⎛
⎜
⎝

q−1∑

k=0
pk,q(�)  (q−k)(�)

⎞
⎟
⎠

d�
dz , (49)

where pk,q are polynomials in � of degree (2(q − 1)−k) and it is given recursively
as follows

p0,1(�) = 1 and for q ≥ 2

pk,q(�) =

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

(−i∕2)(i − �)2 p0,q−1(�)
for k = 0,

(−i∕2)
{
(i − �)2

(
pk,q−1(�) + p(1)k−1,q−1(�)

)
+ 2i(i − �)pk−1,q−1(�)

}

for 1 ≤ k ≤ q − 2,
(−i∕2)

[
(i − �)2p(1)q−2,q−1(�) + 2i(i − �)pq−2,q−1(�)

]

for k = q − 1.

Proof. We prove the identity (49) by the principle of mathematical induction.

For q = 1, �(1)(z) =  (1)(�)d�dz and hence (49) is true for q = 1. Suppose (49) is
true for q = m ≤ n − 1, that is

�(m)(z) =
⎛
⎜
⎝

m−1∑

k=0
pk,m(�) (m−k)(�)

⎞
⎟
⎠

d�
dz .

Now we will show that (49) is also true for q = m + 1. Note that
�(m+1)(z)

=
m−1∑

k=0

[(
p(1)k,m(�) 

(m−k)(�) + pk,m(�) (m+1−k)(�)
)d�
dz

+ (� − i)pk,m(�) (m−k)(�)
]d�
dz

= p0,m(�) (m+1)(�) (
d�
dz)

2

+
m−2∑

k=0
[pk+1,m(�)

d�
dz + p(1)k,m(�)

d�
dz + (� − i)pk,m(�)]  (m−k)(�)

d�
dz

+ [p(1)m−1,m(�)
d�
dz + (� − i)pm−1,m(�)]  (1)(�)

d�
dz
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= p0,m(�) (m+1)(�) (
d�
dz)

2

+
m−1∑

k=1
[pk,m(�)

d�
dz + p(1)k−1,m(�)

d�
dz + (� − i)pk−1,m(�)]

×  (m+1−k)(�)d�dz + [p(1)m−1,m(�)
d�
dz + (� − i)pm−1,m(�)]  (1)(�)

d�
dz

=(
m∑

k=0
pk,m+1(�) (m+1−k)(�))

d�
dz ,

where

pk,m+1(�) =

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

(−i∕2)(i − �)2 p0,m(�)
for k = 0,

(−i∕2)
{
(i − �)2

(
pk,m(�) + p(1)k−1,m(�)

)
+ 2i(i − �)pk−1,m(�)

}

for 1 ≤ k ≤ m − 1,
(−i∕2)

[
(i − �)2p(1)m−1,m(�) + 2i(i − �)pm−1,m(�)

]

for k = m,

and degree of pk,m+1 is (2((m+1)−1)−k), and hence (49) is true for q = m+1.
Therefore the result follows by the principle of mathematical induction. This
completes the proof. �

Nowwe are in a position to state and prove our main result in this section. It
is important to note that we make the hypothesis of our next theorem in such
a way so that we can apply Theorem 4.1 to achieve our goal.

Theorem 5.2. Let n ∈ ℕ. Let A0 and A1 be two maximal dissipative operators
onℋ such that
(i) dimker(Aj + i) = dimker(A∗

j − i), for j = 0, 1,
(ii) (A1 − i)−1 − (A0 − i)−1 ∈ ℬn(ℋ), and

(iii) Im Aj =
Aj − A∗

j
2i ∈ ℬn∕2(ℋ) for j = 0, 1.

Let T0 = −(A0+ i)(A0− i)−1 and T1 = −(A1+ i)(A1− i)−1 be the corresponding
contractions obtained by the Cayley transform of maximal dissipative operators
A0 andA1 respectively. SetAs =

(
i − 2i(Ts +1)−1

)
, where Ts as in (31). Then for

 ∈ ℛn,

⎧

⎨
⎩

 (A1) −  (A0) −
n−1∑

k=0

1
k!

dk
dsk

|||||s=0 (As)
⎫

⎬
⎭

∈ ℬ1(ℋ),
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and there exists an L1([0, 2�])-function �n depend only on n,A1 andA0 such that

Tr
⎧

⎨
⎩

 (A1) −  (A0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0 (As)
⎫

⎬
⎭

= ∫
2�

0
�(n)(eit)�n(t)dt,

where  (�) = � (i + �
i − �) for some � ∈ ℱn(T) and � ∈ ℝ. Moreover, if  ∈ S(ℝ)

(Schwartz class of functions onℝ), then there exists�n ∈ L1
(
ℝ, (1+�2)−ad�

)
, a >

n, such that

Tr
⎧

⎨
⎩

 (A1) −  (A0) −
n−1∑

k=0

1
k!

dk
dsk

|||||s=0 (As)
⎫

⎬
⎭

= ∫
∞

−∞
 (n)(�)�n(�)d�.

Proof. Let Tj = −(Aj + i)(Aj − i)−1 be the contraction obtained via the Cayley
transform of a maximal dissipative operator Aj and hence ker Tj = ker(Aj + i)
and ker T∗j = ker(A∗

j − i) for j = 0, 1. Furthermore, note that

T1 − T0 = −2i
[
(A1 − i)−1 − (A0 − i)−1

]
.

Therefore using the hypothesis (i), (ii) and (iii) we conclude that the pair of
contractions (T0, T1) onℋ satis�es the hypothesis (i) and (ii) of Theorem 4.1.
Let Vj be the unitary operator onℋ such that (Aj + i)(Aj − i)−1 = Vj|(Aj +
i)(Aj − i)−1| for j = 0, 1. Thus by applying Theorem 4.1 corresponding to the
pair (T0, T1) we get for � ∈ ℱn(T),

⎧

⎨
⎩

�(T1) − �(T0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Ts)
⎫

⎬
⎭

∈ ℬ1(ℋ), (50)

and there exists an L1([0, 2�])-function �n depend only on n, T1 and T0 such
that

Tr
⎧

⎨
⎩

�(T1) − �(T0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Ts)
⎫

⎬
⎭

= ∫
2�

0
�(n)(eit)�n(t)dt, (51)

where

Ts = PℋeisM
⎡
⎢
⎢
⎢
⎣

0
−(A0 + i)(A0 − i)−1

|2(−ImA0)1∕2(A0 − i)−1|
0

⎤
⎥
⎥
⎥
⎦

, s ∈ [0, 1], (52)

andM is a self-adjoint operator onℱ⊕
(
(A∗

1 + i)−1(ImA1)Dom(A1)
)
such that

ℱ = H2
((A0−i)−1(ImA0)Dom(A0))

(D) ⊕ℋ ⊕H2
((A∗

0+i)−1(ImA0)Dom(A0))
(D),
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�(M) ⊆ (−�, �],M ∈ ℬn(ℱ⊕
(
(A∗

1 + i)−1(ImA1)Dom(A1)
)
) (the block matrix

representation of eiM is same as the blockmatrix representation ofHmentioned
in the proof of [17, Theorem 2.5]).

Now it easy to observe that for  (�) = � (i + �
i − �) ∈ ℛn, where � ∈ ℱn(T),

 (A1) −  (A0) −
n−1∑

k=0

1
k!

dk
dsk

|||||s=0 (As)

= �(T1) − �(T0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0�(Ts), (53)

where As =
(
i − 2i(Ts + 1)−1

)
. Therefore using equations (50), (51) and (53)

we conclude that

⎧

⎨
⎩

 (A1) −  (A0) −
n−1∑

k=0

1
k!

dk
dsk

|||||s=0 (As)
⎫

⎬
⎭

∈ ℬ1(ℋ),

and there exists an L1([0, 2�])-function �n depend only on n,A1 and A0 such
that

Tr
⎧

⎨
⎩

 (A1) −  (A0) −
n−1∑

k=1

1
k!

dk
dsk

|||||s=0 (As)
⎫

⎬
⎭

= ∫
2�

0
�(n)(eit)�n(t)dt,

which by applying Lemma 5.1 yields that

Tr
⎧

⎨
⎩

 (A1) −  (A0) −
n−1∑

k=0

1
k!

dk
dsk

|||||s=0 (As)
⎫

⎬
⎭

= ∫
∞

−∞

⎛
⎜
⎝

n−1∑

k=0
pk,n(�) (n−k)(�)

⎞
⎟
⎠
�n(�)d�, (54)

where �n(�) = i(� − i)(i + �)−1�n(−2tan−1(�)) and �n ∈ L1
(
ℝ, (1 + �2)−1d�

)
.

In particular, if we consider  ∈ S(ℝ) ⊂ ℛn, then by performing integration
by-parts (54) becomes

Tr
⎧

⎨
⎩

 (A1) −  (A0) −
n−1∑

k=0

1
k!

dk
dsk

|||||s=0 (As)
⎫

⎬
⎭

= ∫
∞

−∞
 (n)(�)�n(�)d�,

where

�n(�) =
⎡
⎢
⎣

n−1∑

k=0
(−1)k�nk ,k (�)

⎤
⎥
⎦
, �n0,0(�) = p0,n(�)�n(�),
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�n1,1(�) = ∫
�

0
p1,n(�)�n(�) d�, and for k ≥ 2,

�nj ,k (�) = {
∫ �0 pk ,n(�) �n(�) d� if j = 1,
∫ �0 �nj−1,k (�) d� if 2 ≤ j ≤ k.

This completes the proof. �
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