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Multipliers of the Hilbert spaces
of Dirichlet series

Chaman Kumar Sahu

ABSTRACT. For a sequence w = {w j}}";z of positive real numbers, consider
the positive semi-definite kernel x,(s,u) = Z;iz w; j 5% defined on some
right-half plane H,, for a real number p. Let /%, denote the reproducing ker-
nel Hilbert space associated with x,. Let

Sy = infii){(s) DY) wjjt <ocoforallnez,{,
j>2
gpf()<pn
where {p;};5; is an increasing enumeration of prime numbers and gpf(n) de-
notes the greatest prime factor of an integer n > 2. If w satisfies
s n
Jvwiul=<) =20, n2z2,
> euu(?)
Jln
where 1 is the Mobius function, then the multiplier algebra M (.74, ) of 77, is
isometrically isomorphic to the space of all bounded and holomorphic func-
tions on Hs, that are representable by a convergent Dirichlet series in some

2
right half plane. As a consequence, we describe the multiplier algebra M(7%,)
when w is an additive function satisfying &, < 0 and
wp -1
w pi
Moreover, we recover a result of Stetler that describes the multipliers of s,
when w is multiplicative. The proof of the main result is a refinement of the

techniques of Stetler.

< p~°w for all integers j > 2 and all prime numbers p.
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1. Preliminaries

Let Z, and N denote the sets of positive and non-negative integers, respec-
tively. For k € N, let N, = {m € N : m < k}. Denote by R and C, the sets of
real and complex numbers, respectively. For s € C, let R(s), |s|, s and arg(s)
denote the real part, the modulus, the complex conjugate and the argument of
s, respectively. The open unitdisc{z € C : |z| < 1}is denoted by D. For p € R,
let H, denote the right half-plane {s € C : R(s) > p}.

We invoke here some known arithmetic functions on Z_ used in the sequel.
The prime omega function w that counts the total number of all distinct prime
factors of a positive integer. The divisor function d counts all divisors of a posi-
tive integer. The Mobius function u : Z, — C is given by

1 ifn=1,
u(n) = {(=1)/ ifnisa product of j distinct primes, (D)
0 otherwise.

A Dirichlet series is a series of the form
f)= Z aj—>,
j=1

where a; € C.If a; = 1 forall j > 1, then we have the Riemann zeta function,
denoted by ¢. If f is convergent at s = s, then it converges uniformly through-
out the angular region {s € C : |arg(s — s¢)| < % — &} for every positive real
number § < % Consequently, f defines a holomorphic function on Hgg (re-

fer to [13, Chapter IX] for the basic theory of Dirichlet series). Let D denotes
the set of all functions which are representable by a convergent Dirichlet series
in some right half plane.

The following proposition describes the product of two Dirichlet series (see
[10, Theorem 4.3.1 and discussion prior to Theorem 4.3.4]).

Proposition 1.1. Let f(s) = Zjil a;j~* and g(s) = 2;11 b;j~* be two conver-
gent Dirichlet series on H,. If g converges absolutely on H,, then

(o]

FoRE) =2 (X awb. )i,

i
j=1 mlj "
which converges on H,.

For an integer n > 2, let gpf(n) denote the greatest prime factor of n. For a
sequence X = {x;};>, of non-negative real numbers, let

0y .= inf {ZR(S) : i xjj— < oo},
j=2
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8 :=infiR(s) : D) x;j S <ocoforallne Z,, )
j>2
gpf(j)<p,
where {p; ;11 is the increasing enumeration of prime numbers. Note that §; <
Ox-

1.1. Multipliers of a reproducing kernel Hilbert space. Let X be a non-
empty open subset of C and let H*(X) denote the Banach space of bounded
holomorphic functions on X endowed with supremum norm. Let J be a re-
producing kernel Hilbert space of complex-valued holomorphic functions on
X. A function ¢ : X — C is called multiplier of H if ¢ - f € I for every
f € 3. Clearly, M(H) is an algebra. Denote by M(F), the set of all multipli-
ers of . Note that if the constant function equal to 1 belongs to J(, then by [9,
Corollary 5.22], M(J() is contractively contained in H*(X).

2. The multiplier algerba of 77,

For a sequence w = {w j};‘;z of positive real numbers, consider the weighted
Hilbert space of the formal Dirichlet series

) © 1 £(1)]2
Sy =11 =D FDJ™ = If1I% :zzlfl(j.)l <
= =

endowed with the norm || - || . If oy, < 400, then J7; is a reproducing kernel
Hilbert space associated with x, given by

[So]
Kw(s,U) = 2w, s,u € How. ©)
j=2 ’

For every s € How , xw (-, 5) € 74 and the following holds:
2

(f, kw(,9)) = f(s5), [ €A 4)
Note that %, converges absolutely on How X How .

2 2
The following is immediate from [12, Theorem 3.1] and the discussion prior
to [12, Theorem 2.7].

Theorem 2.1. M(%,) € H*(Hsw ) N D and
2
I@lloops, SIMpwllng,, ®€MAy).
2

This raises the following question.

Question 2.2. For which sequences w, the multiplier algebra M (%, ) of 7%, is
isometrically isomorphic to H*(Hsy ) N D?
2

In the following cases, Question 2.2 is answered affirmatively.
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(i) If1 denotes the constant sequence with value 1, then M(77) is isomet-
rically isomorphic to H®(H,) N D (see [5, Theorem 3.1]).
(ii) If, for some positive Radon measure 7 on [0, co) with 0 € supp(n) and
nge”zZ,,
1 o0
— = f j™%dn(o), j = ny, (5)
Wi Jo
then M (f%”wn) is isometrically isomorphic to H*(Hy) N D (see [6, The-
orem 1.11]).
(iii) If w is either {%}"" where 8 > 0 and dg(n) denotes n-th coefficient

n=1’
of the Dirichlet series ¢#, or {(d(n))* oy for a € R, then M(75) is
isometrically isomorphic to H*(Hy) N D (see [8, Section 8]).
(iv) If w = {w,}> , is a multiplicative function (i.e., Wy, = wy,w, for all
integers m, n > 1 such that gcd(m, n) = 1) satisfying
ijfl

L < p~%w for all integers j > 1 and prime numbers p, (6)
pJ

then M(7%,) is isometrically isomorphic to H*(Hesw ) N D (see [12,
2

Corollary 4.2]).

It follows from the cases above that the multipliers of %, may be extended
beyond the common domain of .7%,. However, this is not always true (see [6,
Theorem 3.6]).

The following is the main theorem of this paper, which generalizes the afore-
mentioned results (i) and (iv).

Theorem 2.3. Suppose that

sz‘awwju(g) >0, n>2, @)
]z
Jln

where u and 8, are given by (1) and (2), respectively. Then M (4, ) is isometri-
cally isomorphic to H®(Hew ) N D.
2

Remark 2.4. Here we make some observations:

(a) If 8, = —oo, then there are no non-constant multipliers of 7%, . Indeed,
if p € M (), then by Theorem 2.1, ¢ is entire and bounded. Hence,
by the Liouville’s theorem (see [11, Corollary 4.5]), ¢ is constant.

(b) Ifw = {w j};’;z in the above theorem is replaced by {w j};?';k C (0, ) for
an integer k € Z, and

;{j—éwwj,u(?) >0, n= k, (8)
]z
Jjln

then the conclusion of Theorem 2.3 will be same.
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The following consequence of Theorem 2.3 deals with additive functions.

Corollary 2.5. Letw be an additive function (i.e., w,,, = w,, +w, for all integers
m,n > 2 such that gcd(m, n) = 1) satisfying
Wyj-1
uf—J < p~% for all integers j > 2 and all prime numbers p. 9)
pi

If 6 < 0, then M(H,) is isometrically isomorphic to H®(Hsy ) N D.
2

The proofs of Theorem 2.3 and Corollary 2.5 will be presented in Section 3. In
Section 4, we discuss some consequences of Theorem 2.3 (see Theorem 4.1 and
Proposition 4.2). In particular, we recover [12, Corollary 4.2]. We also present
some examples of the Hilbert spaces 7%, illustrating the results of this paper.

3. Proof of Theorem 2.3

In view of Remark 2.4 (a), we assume that d,, € R. To prove Theorem 2.3,
we require several lemmas.

The first one relates the condition (7) with the positive semi-definiteness of
a kernel.
Lemma3.1. Letw = {n%w Wy, and f§ = % max{oy, — 8y, 1}. Then the kernel
n : Hg X Hg — C defined by
X (S, u)
Ky (s, u)’
is positive semi-definite if and only if (7) holds.

Proof. By [2, Example 11.4.1],

n(s,u) = s,u € Hg (10)

1 o0
— = > u()j, H;.
0 j:1M(J)J s €H,

This, combined with Proposition 1.1 and (3), yields

nsw) = (27w =) (X ki)i~T)
j=2 j=1
(0] n _
= j—aww# —)n™5%,  s,u € Hp.
% (5 rounl?) :
Jjln
The desired equivalence is now immediate from [7, Lemma 20]. O

The following lemma is needed in the proof of Theorem 2.3.
Lemma 3.2. Fort € R,let W = {n"'w,}*° . If p € M(H,), then ¢ : How-t —
C defined by

@(s) = go(s+ %) s € I]-HawT—r
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is @ multiplier of 7, (see (3)).
Proof. Let j : /%, — ., be a map defined by
S = F(s+5). 5 €M,
Since ¢ € M(,), for any f € H,,
BNG) = o(s+3)f(s+3)
= @ Ns+3) =@ N5 € Ha,

As j is surjective, ¢ - g € 7 for every g € 7. This concludes the proof. [

The following fact shows that the inclusion map M(J%,) & H®(Hesw ) N D
is surjective (cf. [12, Theorem 4.5]). ’

Lemma 3.3. If (7) holds, then H*®(Hsw ) N D = M(4,) (as a set).
2

Proof. Assume that (7) holds. In view of Theorem 2.1, it suffices to check that
H*®(Hsw )ND C M(H,). To see that, let g € H®(Hsw )ND. Then p : Hy - C
2 2

defined by @(s) = (s + %W), s € Hy, belongs to H*(H,) N D. Hence, by 5,
Theorem 3.1], @ is a multiplier of .74 . Therefore, by [9, Theorem 5.21], there
exists ¢ > 0 such that

(2 = @()p(w))xy (s, u) > 0.
Let W = {n~%w wy} . Then, by Lemma 3.1 and [9, Theorem 4.8],

(e — F(5)Pw))kg (s, 1) > 0.

Thus, by [9, Theorem 5.21], § € M(5%; ). An application of Lemma 3.2 now
completes the proof. O

Proof of Theorem 2.3. By Lemma 3.3,
H®(Hsw ) N D = M(H,) (as a set). (11)
2

Hence, in view of Theorem 2.1, it is sufficient to check that
Mg wllg, < ll9llcops,» ©€HT(Hew)ND.
<2 2
To see the above estimate, let 9 € H®(Hsw ) N D. Note that ¢ : Hy — C,
2
defined by @(s) = ¢(s + 57“’), s € Hy, belongs to H*(H,) N D. Therefore, by an
application of [5, Theorem 3.1],
the multiplication operator M ; is bounded on 4.

In particular, the Hilbert space adjoint M ; 1 0f M, iswell-defined as a bounded
linear operator.
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Note that Lemma 3.1 combined with (7) yields that the kernel 7 defined by
(10), is positive semi-definite on HgxHpg, where 8 = % max{o,, —Jdy, 1}. Hence,
by [9, Theorem 2.14], there exists a reproducing kernel Hilbert space F#(7) as-
sociated with 7. Thus, by (4), for any s,u € Hg,

(ew (5w, kg (45 8)) g, = (2 (5 u) @ (- w), 1105 8) @ N(, 9)) s 09¢(m)-

An application of the Lurking isometry Lemma (see [1, Lemma 2.18]) yields a
linear isometry V' : J¢; — 7 ® H(n) such that

V(Kw(',u)) = Kl('iu') ® 77(7 u): ue [I-[lﬁ (12)

Further, since ¢ € M(J4,) (see (11)), by Lemma 3.2, § € M (5, ). This
implies that the multiplication operator M g is bounded on J%, and hence,
by [9, Corollary 5.22],

VM, @ DV (1) = VM, @ Dkl 1) ® 1, w)

= PV (aluw) ®n(,w)

= M;,W(Kﬁ,(-, u)), u € Hg.
Since V"‘(M;;’1 ® IV and M;;,w are bounded linear operators on 77,

VM, @DV = Mj .
Because V is an isometry, we obtain
IMpwll , < IVFIIMG; VIS [1Pllo, 1, = ||§0||oo,u+]57w,

which completes the proof. O
Remark 3.4. Let x be given by

o .
x(z,w) = Z ajzjwj.
=0

Suppose that x converges on D X D. If {a; ;?‘;0 is an increasing sequence of non-

negative real numbers, then the multiplier algebra M (.7 (x)) of 7 (x) is iso-
metrically isomorphic to H*(D). This can be shown using the arguments in
the proof of Theorem 2.3 with the essential change that x; is replaced by the
Szego kernel S : D x D — C defined by

1
S(z,w) = —, z,w e D.
1—zw

w(n)

Proof of Corollary 2.5. Fix an integer n > 2,let [ pir’", rm € Z,, be the prime
m=1 "

factorization of n. If j € Z such that j|n, then

w(n) w(n)

i=TIp™, Gupils e TN, (13)
m=1 m=1
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w(n)

Hence, there exists a bijective map ¢ : {j € Z, : jln, j > 2} = J[ N, —{0}
=1

defined by ¥(j) = (s, j)w(") Therefore, by (13),

2 i wu(5)

j=2
Jjln
w(n) w(n)
= 2 (e, Je(ILe™) s
(sm)w<")elm(z/1) m=1 m (;)"nl l:r?

Let W be the extension of w to Z by letting w; = 0. Since w is additive, W is
additive. This together with (14) and the multiplicativity of u gives

OSSR D o R4 PR 01 )

Jj=2 (sm)“’(")elm(l,b)[ 1
Jjln
w(n) w(n) w(n)
wSm m—Sm
= 2 2 (wp(Te)(I k™)
(=15, ¥ e imeyy | m=l
@ 2w ) —8yS, -
= X 2 (wp I (o welr™™)),
=1 (sm)w(z)eun m=1
w(n)
where U, = [ {rm — 1,1} For any positive integer t < w(n), let
m=1
w(n) 5
To= X (wy IT (p " utp ™).
(sm)w(”>eu " m=1
Then
! r Ta(n) w(n) r s
T, = Z Z Z (w N H( e . m)))

s1=ri—1s,=r,—1 Seo(n)= rw(,,)—l

& —5_ 5, w(n) T'im 5
= (X p o) II( 2 " uelr™)
s;=r;—1 Tq;} Syt

)
(p, ™"

t

—OwT,
wpi'tt_l’u(pif) + pi [wpl_ftt,u(l))

W s r
H( "Pup,,) + (@)

m;ét
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w(n)
(1) —5w( —1) —5w _5w( m_l) _5W
= pit & (pi[ wPirf - wpft_l) H (plm ' (P,m - 1))
173 :1
et
This combined with the assumptions &, < 0 and (9) (which imply that pl._a‘” >
1 and p Yw, n > wpr[ 1) shows that T, > 0 for every positive integer ¢t <

w(n). Slnce n 1s arbltrary, (7) is valid for all integers n > 2. An application of
Theorem 2.3 now completes the proof. O

We provide an example illustrating Corollary 2.5.
Example 3.5. Let w = w. Note that w is additive and satisfies
w(p’) = 1 for every prime p and integer j > 1. (15)
By [13, Chap. I, Equations (1.6.1) and (1.6.2)],

2 (D =¢() 2P s e Hy (16)
j=2 j=1

It follows from (15), (16) and [2, Theorem 1.13] that g, = 1. To compute &,
consider any € > 0 and an integern > 1,

n n ) m;
X et =% % ( > i .pl.jj)—e)
ng(j)<Pn j=1 il,iz —1

iﬁﬁz, s;ﬁt

n j oo

(% 05 o

il’i2 ..... ljzl r=1 mirzl

is#iy, SEL

In view of (15), ngf(j) <, w(j) diverges for all n > 1. This combined with (17)
yields 8, = 0, and hence, (9) holds. Therefore, by Corollary 2.5, M(.7%,) is

isometrically isomorphic to H*(H,) N D. Moreover,
15)
w(pq) =2 # w(p)w(q) for distinct primes p and q.

So, w is not multiplicative. Also, because w is not monotone, (5) does not hold.

4. Applications

In this section, we discuss some applications of Theorem 2.3. The first one
recovers [12, Corollary 4.2].

Theorem4.1. Letw = {w; };‘;1 be an multiplicative function satisfying (6). Then
M (A, ) is isometrically isomorphic to H®(Hsw ) N D.
2
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Proof. Fixanintegern > 2,let Hm 1 pl , rm € Z,,be the prime factorization

of n. Since any divisor of n is given by Hm 1 pl s Sm €N,

() Ty
20 qu( ) = T1 X2 5,2 wym u(p" ™
j=1 m=1s,,=0

jln

w(n)
@ S (=1 . 6
= H( (r ))(p Wprm — wpf'm—l) = 0.

Im

Thus, (8) is valid for all integers n > 2 and is trivially true for n = 1. Hence by
Theorem 2.3 and Remark 2.4(b), the conclusion now follows. O

As a consequence of the previous theorem, we recover [3, Theorem 3]. In-
deed, for any @ > 0, consider w, = {(d( j))“}}‘?‘;l. Since d(n) = o(n®) for every
€ > 0 (see [2, Equation (31)]), o, = 1 and dy,_ = 0. For any prime p and inte-
ger j € Z,,d(p’/) = j+1. Thus, (9) holds, and hence by Theorem 4.1, M ()
is isometrically isomorphic to H*(Hy) N D.

The following proposition yields a family of Hilbert spaces 7%, illustrating
the main result.

Proposition 4.2. Letw = {w j}j‘?';l be a multiplicative function satisfying
(i) w; = O(j°) for every § > 0,
(ii) foreach prime D, {ij};‘;o is increasing.

IFw = {1+ w;}? 1 then M (7, ) is isometrically isomorphic to H*(Hy) N D.

Proof. For areal number r > 1, let § be a positive number such thatr > § + 1.
Then by (i),

[e0]

DA+ w)j T KT+ Cs Y i < o, (18)

j=2 j=2 j=2

whichyields oy, < 1. Moreover, since Z;iz j~tdiverges, oy = 1.Foranyo > 0,
let & be such that 0 < § < o. Then, [12, Lemma 3.2] combined with (i) yields

DowiiT< ) j <0, n2l (19)
>2 >2
gpf(j)<pn gpf(j)<pn

This implies d,, < 0 and 3 < 0. Moreover, since Zoo_ w,; diverges, Oy, =
Jj=0

dw = 0. This together with (19) yields d, = 0. Hence, by (ii), (9) holds. Thus,

by using the steps in the proof of Theorem 4.1, we obtain

Zw],u( ) nzl.

j=1
jln
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Combining this with [2, Theorem 2.1] gives

>a+wip()>0, nx1.
j>1 J
jln
The desired conclusion is now immediate from Theorem 2.3 together with Re-
mark 2.4(b). O

Note that W defined above is never multiplicative. Moreover, Proposition 4.2
applies tow = {d(j )};‘;l. We conclude this paper by revealing that Theorem 2.3
also recovers [6, Theorem 1.11] for some particular sequences.

Example 4.3. Let w be given by (5). Then by [6, Equation (1.4)], oy, < 1. Since
W is an increasing sequence, oy, = 1. So, k,, converges absolutely on H; /, X
H, /. For an integer a > 0, consider the sequence w, = {(log(j))* ;.";2. By [6,
Section 1],

2“
(log(j))y = f o L oy, iy,
[0,00) I'(a)
where I" denotes the Gamma function, and hence oy, = 1. Also, combining [6,
Equation (1.4)] with [12, Lemma 2] yields &,, = 0. In addition, by [4, Equa-
tion (3.16)], we obtain the non-negativity of the Generalized von Mangoldt func-
tion:

. n
>, (log(N)*u(=) > 0. (20)
i>2 J

Jjln
An application of Theorem 2.3 now shows that M(J7, ) is isometrically iso-
morphic to H*(H,) N D.

The previous example yields that for any integer a > 0, w, satisfies (20). In
general, we don’t know whether w satisfying (5) guarantees that

Z wj/,t(z_) =20, n2=n,
JjZho J
Jln
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