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Fourier-theoretic inequalities for inclusions
of simple C*-algebras
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ABSTRACT. This paper originates from a naive attempt to establish various
non-commutative Fourier-theoretic inequalities for an inclusion of simple
C*-algebras equipped with a conditional expectation of index-finite type. In
this setting, we discuss the Hausdorff-Young inequality and Young’s inequal-
ity. As a consequence, we prove the Hirschman-Beckner uncertainty princi-
ple and Donoho-Stark uncertainty principle. Our results generalize some of
the results of Jiang, Liu and Wu [Noncommutative uncertainty principle, J.
Funct. Anal., 270(1): 264-311, 2016].
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1. Introduction

Jones had discovered a notion of index [M : N] for an inclusion of type II;
factors N C M in [10], which is now an active area of research in operator
algebra having applications in various other fields of mathematics and math-
ematical physics. Subsequently, Kosaki [15] introduced a notion of index for
an inclusion of type III factors. Both type II, and (o-finite) type III factors
are particular cases of more general objects, called simple C*-algebras (i.e., C*-
algebras having no proper closed ideals). Thus, inclusion of simple C*-algebras
encompasses both type II; and type III subfactor theory. As a generalization
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of both Jones’ and Kosaki’s indices, Watatani [21] discussed index for an in-
clusion of C*-algebras with a conditional expectation having a ‘quasi-basis’,
a generalization of Pimsner-Popa basis [18]. Given a subfactor N C M with
[M : N] < o0, Jones crucially observed that one can obtain another type I,
factor M,, called the basic construction, so that [M; : M] = [M : N] and fur-
thermore, this operation can be iterated to obtain a tower of basic constructions:
NcCcMcCM,C:- CM,C ---. Thiswas the key observation in establishing the
famous ‘Jones’ index rigidity’ resultin [10]. Itis well-known from the early days
of subfactor theory that the higher relative commutants N’ N M; and M’ n M.
have incredibly rich structures. Using the relative commutants, Popa had asso-
ciated a ‘standard invariant’ to a subfactor : the A-lattice [19], which is arguably
the most powerful invariant of a subfactor. Subsequently, Jones discovered a
pictorial description of the standard invariant what he called ‘planar algebra’
[11] and it becomes an indispensable tool in subfactor theory. In another di-
rection, Ocneanu introduced a (fundamental) notion of Fourier transform F
from N’ n M; onto M’ N M, (see also |3, 4] for details). This generalizes the
classical notion of Fourier transform for a finite abelian group. Furthermore,
using the Fourier transform, one can associate a new multiplication structure
on N’ n M, that generalizes the classical convolution. Fourier transform on the
relative commutants plays a major role in the abstract subfactor theory; for ex-
ample, the Fourier transform and ‘rotation operators’ are instrumental in the
formalism of Jones’ planar algebra, Ocneanu’s paragroups and Popa’s A-lattice.
Fourier transform also appeared naturally in Bisch’s biprojection theory (see
[2]) which is an indispensable tool in the theory of intermediate subfactors. In
Jones’ planar algebraic language, the Fourier transform, convolution and ro-
tation operator have beautiful pictorial descriptions (see [11, 4]). Exploiting
these pictorial formulations, in a recent paper [8] Jiang, Liu and Wu provided
a non-commutative version of the Hausdorff-Young inequality, the Young’s in-
equality and uncertainty principles for a subfactor N ¢ M with [M : N] < o
and N’ n M = C (such a subfactor is called irreducible). Moreover, for any
extremal subfactor which is not necessarily irreducible, these inequalities were
proved in the Section 7 of [16] using planar algebraic techniques. However, the
proofs use sphericality of the planar algebra and so are no longer valid for the
non-extremal subfactors. We also mention some related works for Kac algebras
and locally compact quantum groups, see for instance [9, 17].

Analogous to Jones’ subfactor theory, given a unital inclusion of simple C*-
algebras B C A, recently in [1], one of the authors and Gupta have system-
atically developed a Fourier theory on the relative commutants B’ N A; and
A'n A, where BC AC A CA, C-- C A C - is Watatani’s tower of
C*-basic constructions (this notion parallels to the Jones’ tower of basic con-
struction in the C*-world). More precisely, we have a notion of the Fourier
transform ¥ : B' N A; — A’ n A,, rotationmap p, : B NnA;, - B’ nA;
and the convolution product *: B’ n A; - B’ n A,. The crucial ingredient
that was used repeatedly is that of minimal conditional expectation and the
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minimal (Watatani) index [A : B],. In particular, for a subfactor N ¢ M with
[M : N] < oo we have another notion of index [M : N], and it is a fact that
N C M is ‘extremal’ if and only if [M : N] = [M : NJ,. In this paper, we
prove a non-commutative version of the Hausdorff-Young inequality, Young’s
inequality and a couple of uncertainty principles in the setting of inclusion of
simple C*-algebras and in particular, for a subfactor (of both type II; factors
and (o-finite) type I1T-factors) with finite index that is not-necessarily extremal.
Unlike [8], in the C*-setting the main difficulty lies in the fact that it is still not
known whether there are pictorial descriptions (similar to planar algebra) of
the Fourier transform and convolution. However, we have found a way around
using the relationship between quasi-basis and minimal conditional expecta-
tions as exploited in [1]. Our proofs are inspired by the corresponding proofs in

[8].

2. Preliminaries

In this section, we fix the notations and briefly recall a few key ingredients
which we repeatedly use in the sequel. For more details the readers are re-
quested to see [21, 14, 1].

2.1. Non-commutative conditional expectation. Analogous to the classi-
cal case, in the theory of operator algebras we have a well-studied notion of
conditional expectation. Suppose we have an inclusion of C*-algebras B C A.
All C*-algebras considered in this article will be unital, and all inclusion B C A
of C*-algebras will be considered as unital inclusion. A conditional expectation
E : A — Bis alinear surjective map satisfying

E(ba) =bE(a) , E(ab)=E(a)b and E(b)=0>b

for allb € B and a € A. In particular, E is a norm one projection (see for in-
stance in [13]). A C*-inclusion may not have any conditional expectation. How-
ever, if we consider an inclusion of von Neumann algebras N ¢ M with M hav-
ing a tracial state tr (i.e., a o- weak-operator-topology(WOT) continuous linear
functional tr : M — Csatisfying tr(xy) = tr(yx) forallx,y € M and tr(1) = 1),
there always exists a unique ‘trace preserving’ conditional expectation, denoted
by EY. More precisely, Ey is characterized by tr(nEy (m)) = tr(nm) for all
n € Nandm € M.

Let us recall the very useful Kadison-Schwarz inequality involving condi-
tional expectation which we shall use later.

Lemma 2.1 ([13]). Suppose that N and M are von Neumann algebras acting on
a Hilbert space 5, N C M, and E : M — N is a conditional expectation. Then,
forall x € M one has E(x)*E(x) < E(x*x).

We remark that all conditional expectations in this paper are assumed to be
faithful.
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2.2. A quick look at C*-index theory. Motivated by the Jones’ index theory,
Watatani developed a theory of index for inclusion of C*-algebras. Given a pair
B C A of C*-algebras, a conditional expectation E : A — B is said to be of
index-finite type if there exists a finite set {4, ..., 4,} C A such that

X=X EGA)A; = ¥ LE(A'X)

for every x € A. The set {4, ...,4,} is called a quasi-basis for E (see [21]). The
Watatani index of E is defined by
Ind,(E) = ¥, LAY,

and is independent of a quasi-basis. In general, Ind,,(E) is not a scalar but an
invertible positive element in the center Z(A) of A. In particular, if A is a simple
C*-algebra, the index is scalar-valued. We denote by £,(A, B) the set of all index-
finite type conditional expectations from A onto B. A conditional expectation
F € &y(A, B) is said to be minimal if it satisfies Ind,,(F) < Ind,(F) for all
E € &y(A, B) (see [21] and the references therein). For inclusion of simple C*-
algebras, we have a privileged minimal conditional expectation as mentioned
below.

Theorem 2.2. [21, Theorem 2.12.3] Let B C A be an inclusion of simple C*-
algebras such that £y(A, B) # (. Then, there exists a unique minimal conditional
expectation E, from A onto B.

For inclusion of simple C*-algebras B C A, the minimal index is defined as
[A : B]y :=Ind,(E)).

As is customary, we shall denote [A : B], by §°. We point out here that if N C
M is a subfactor with finite Jones index [M : N] and is irreducible (i.e., N’ n
M = C), then the trace preserving conditional expectation E%I is the minimal
conditional expectation with [M : N] = [M : N],. In general, the minimal
index and Jones index need not coincide. Indeed, a subfactor is extremal if and
onlyif [M : N] = [M : N],. We also remark that irreducibility of a subfactor
automatically implies extremality.

In the subfactor theory, Jones’ basic construction plays a pivotal role. Using
the language of the Hilbert C*-module, Watatani proposed a parallel notion of
basic construction in the C*-world, the so-called C*-basic construction. For the
convenience of the reader we briefly recall it here and the details can be found

n [21]. Let B C A be an inclusion of C*-algebras and Ey € £y(A, B). Then, A
is a Hilbert B-module with respect to the B-valued inner product given by

(x,y)g = Eg(x*y) forallx,y € A. (2.1)

Recall that the space L£5(A) consisting of adjointable B-linear maps on A is a
C*-algebra. For each a € A, consider A(a) € L5(A) given by A(a)(x) = ax for
X € A. For x € A, the association x — Eg(x) is an adjointable projection on A,
and is denoted by ez € L£L5(A). The projection ep is called the Jones projection
for the pair B C A. The C*-basic construction C*(A, ep) is defined to be the C*-
subalgebra generated by {1(A), ez} in L5(A). It turns out that C*(A, eg) equals
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the closure of the linear span of {1(x)egA(y) : x,y € A} in the C*-algebra
Lp(A); A is an injective *-homomorphism, and thus we may consider A as a
C*-subalgebra of C*(A, ep). It is customary to denote the basic construction by
A, if the conditional expectation is understood from the context, and it is a fact
that A, is simple whenever B C A is an inclusion of simple C*-algebras. There
exists a unique finite index conditional expectation E; : A; — A called the
‘dual conditional expectation’ of E. Furthermore, Ind,,(Eg) = Ind,,(Ep).

2.3. Tracial states on the relative commutants. Let B C A be an inclu-
sion of simple C*-algebras and E € &y(A, B). Let E, be the unique minimal
conditional expectation from A onto B. Suppose B C A C A, is the basic
construction corresponding to E,. Note that [A; : A], = [A : B],. The dual
conditional expectation E, is also minimal [21]. We put E; = E,. Iterating the
tower of C*-basic construction for the inclusion B C A, we obtain
BCACA CA,C--CAC:--

with unique (dual) minimal conditional expectations Ej, : Ay — Ax_1, k >0,
with the convention that A_; := B and A, := A. For each k > 0, let ¢, be
the Jones projection in Aj. The following extremely useful lemma is the C*-
analogue of the ‘push-down lemma’ in subfactor theory [18].

Lemma 2.3 ([1]). Ifx; € A,, then there exists a unique x, € A such that x,e; =
Xoep, Where x, = [A : B]oE (x;e7).

Let B nA; := {x € A, : xb = bxforallb € B} be the relative com-
mutants of B in A,. It is known that for each k, the relative commutants are
finite dimensional [21]. On each B’ N Ay, using the minimal conditional ex-
pectations, one obtains a consistent ‘Markov type trace’ (Proposition 2.21 in
[1]). More precisely, for each k > 0, the map tr;, : B’ n A, — C defined by
try = (EgoE;0---0 Ek)lB’nAk becomes a faithful traical state on B’ N Ay.

Proposition 2.4 ([1]). Foreach k > 0, B’ N Ay, admits a faithful tracial state try
such that

try(xey) = 62tri_1(x) forallx € B' N Ay, (2.2)
and trk|B,nAk_1 =tr,_; forallk > 1.

We shall sometimes drop k and denote tr;, simply by tr for notational brevity.
The following lemma is very useful.

Lemma 2.5 ([1]). Let{1; : 1 < i < n} C A be a quasi-basis for the minimal
conditional expectation E,. Then, the tr-preserving conditional expectation from
B’ n Ay onto A’ N Ay, is given by the following,

B,nAk _ 1 * /
EA,nAk(x) = T 2 AxAT, x € B N A

Recall thatif {4; : 1 <i < n} C A is a quasi-basis for E,, then we have (see
[21])
Dide A =1. (2.3)
i
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Corollary 2.6 ([1]). Following the notation in Lemma 2.5, we have Ef;l,g’:i (e)) =
572

Remark 2.7. The reader should note that in [8] the authors have taken unnor-
malized trace Tr; on N’ N M;, and thus Tr,(e;) = 1. More precisely, tr;(x) =
§~U+DTy (x) for any x € B' N Ay.

2.4. Some useful inequalities. For the convenience of the reader, we recall
a few important inequalities as mentioned in [8].

Definition 2.8. For x € B’ n A;, we define the p-norm of x for1 < p < oo as
follows :

1
lIxllp = (te(lx]P))#;
and for p = o
Ixlleo = l1II,
where ||.|| denotes the operator norm and tr denotes the Markov type trace on B' n
Aj as in Proposition 2.4.

Proposition 2.9 (Holder’s Inequality). [22] For any x,y,z in B’ N A, we have
the following,

. 1 1

@ 1trGey)l < l1x]lplyllg, wherel <p < oo, — 4= =1;

s 1 1 1
@iD) [tr(xyz)l < lIxllpliyllgllzlly » wherel < p,g < 0o, —4 -+ 2 =1;
1 1 1
@it eyl < [lxllpllyllg» wherel < p.g.r <o, ==+ -

Proposition 2.10 ([22]). Forany xin B’ n A; and1 < p < oo, we have
lIx]l, = sup{ltr(xy)| : y € B'n Ay |lylly <1},

where - + 1 =1.
P q
Proposition 2.11 ([15]). Let M be a finite von Neumann algebra with a faithful

normal tracial state . Suppose that T : M — M is a linear map. If
ITxllp, < Killxllg, and |[|Tx|,, <K;||x]lg,,
then for any 6 € [0,1],
1Tl p, < K{7°K5 [1x]lg,
1-6

1 6 1 _1-6 , 06
where — = — 4+ —and — = — + —.
be b1 )2 de T a2

3. Revisit of non-commutative Fourier theory

Analogous to subfactor theory, in [1] the authors have provided a Fourier
theory using Watatani’s notions of index and C*-basic construction of certain
inclusions of C*-algebras. In this section we further investigate this Fourier
theory and its properties which we shall use in the sequel. Throughout this
section let B C A denote an inclusion of simple C*-algebras with a conditional
expectation of finite Watatani index.
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3.1. The Rotation maps. The Fourier transform of paragroups for a finite
depth subfactor was first introduced by Ocneanu and as already mentioned
in the introduction, it plays a major role in the development of the subfactor
theory. More generally, for any extremal subfactor an explicit formula for the
Fourier transform on the higher relative commutants was given by Bisch in
(Def. 2.16, [3]) (see also [4] for many interesting results involving the Fourier
transforms). The subtle difference between the Fourier theory for C*-inclusion
asin[1] and that of subfactor theory lies in the fact that, unlike for finite factors,
we neither have a tracial state on the C*-algebra to begin with nor the ‘modular
conjugation operator’.

Definition 3.1. For each k > 0, the Fourier transform ¥, : B n A, — A’ n
Ay 4 is defined by the following,

B'nA
gjk(x) = 5k+2 EA’ﬂA::i(xek"'lek eZel) .

The inverse Fourier transform 9—',:1 : A" N Ay — B’ n Ay is defined by the
following,

-7,:1()’) = "2 B a(yere, -+ exepy) -

The meaning of “inverse” in the preceding definition is justified by the fact
that FoF ;' = idyna,,, and F; 'oFy = idgnga, for all k > 0 (Proposition
3.2in [1]). In this paper, we will be mainly interested in the case of k = 1 and

hence for simplicity, we denote the Fourier transform &, by #. Recall that both
1

F and F~! are isometries with respect to the norm given by ||x||, = (tr(x*x))>
(Theorem 3.5 in [1]).

We now revisit the rotation map defined in (Definition 3.7 in [1]) and derive
a few more properties of it. Recall the rotation map p, : BN A, — B' N A;
defined by,

p4(X) = (FH(FNN*.
It is known that p, is a unital involutive *-preserving anti-automorphism (Re-
mark 3.11 and Theorem 3.16 in [1]), and hence ||x||, = ||+(X)||e- It is also
shown in [1] that if the inclusion B C A is irreducible, then p, is tr-preserving.
Analogous to p, , we can define a rotation operator p_ : A’'nA, — A'NA,
by the following,

p-(w) = (F(F (Ww)*)N*.

Lemma 3.2. We have p_ = Fop, oF L. Inotherwords, the diagram in Figure 1
commutes.

Proof: Since p, is s-preserving, we have the following,

F(x)* = Fop(x¥). (3.1
Now again from the definition,
P_(F(x)) = (F(x*))* = Fop(x), (3.2)

where the last equality follows from Equation (3.1). Thus, p_oF = Fop,. O
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B'NA, —25 A'nA,

A 1=

B nA, —2% A'nA,
FIGURE 1. Relation between p, and p_

Next we show that p_ also satisfies properties similar to p, .

Proposition 3.3. The rotation operator p_ is a unital involutive x-preserving
anti-automorphism.

Proof: First we show that p_ is x-preserving. To see this, for any w € A’ N A,
we observe the following,

w* = (FF W)
= Fop (F~H(w)*) (3:3)

using Equation (3.1). Applying #~! on both sides of the Equation (3.3) we get
the following,

F W) = p (FHw)). (3.4)
Now apply p, on both sides of Equation (3.4) and use the fact that pi =id to
get the following,
(F W) = pyoF T (w")
= Flop_(w*) (3.5)
using Lemma 3.2. Finally, apply & on both sides of Equation (3.5) and use the
definition of p_ to conclude that p_ is s-preserving. The fact that p2 = id is an
easy consequence of pi = id and Lemma 3.2.
It remains to show that p_ is a unital anti-homomorphism. If{4; : i € I}is
a quasi-basis for E, then by Lemma 2.5 we obtain the following,
p-(w) = (F(F~ w)*)*

B'NnA —
= 53EA’2A2 (eler 1(w))

=4 Z Aiere, FH(w)AS
i
= 54 Z /‘lielezEvz(u)elez)l?< . (36)
i

Since, e,e,e; = 6 2%¢; and E,(e,) = 572, we have

p_(1) = 8% 3, LierEx(e)Af = X, e A = 1.
This last equality follows from Equation (2.3). As p_ is *-preserving, to show
that it is an anti-homomorphism, it is enough to show that, p_(w;)p_(w,)* =
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p—(w;wy), for any wy,w, € A’ N A,. By Equation (3.6) and Lemma 2.3 we
finally get the following,

p_(wp_(w,)* = &° Z /lielezEz(wlelez)/lf/lez(ezelw;)ezelﬂ;

Lj

= 56 Z /L-elEl OEz(wlell;kljezel w;)ezell}(
Lj

= 56 Z/‘lielE‘lOE‘z(ell;k/‘ljezelu);u)l)ezel/‘l;.< (Lemma 3.111in [14])
Lj

= §° Z Aie1Ey (e By (A A jese w) wl))ezelxlj
Lj

=54 Z AierE>(A A jeze wgwl)ezel/l;? (by Lemma 2.3)
Lj

= 54 Z liellejEz(ezelw;wl)ezell}(
Lj

= 54 Z /‘l]‘Ez(ezelwzwl)ezel/‘l}(
J

= p_(wiw,)"

= p_(wiw)

and this completes the proof. O

Proposition 3.4. If B C A is irreducible, then p_ is a tr-preserving map on A’ N
A,, where tr on A’ N A, is the restriction of tr on B’ N A,.

Proof: Forw € A’ N A,, there exists a unique x € B’ N A; such that w = F(x).
By Lemma 3.2, we have

tr(p_(w)) = tr(p_oF (x)) = tr(Fop,(x)) = 6> tr(Ely, 0 (p,(X)esey))
Since Eﬁ:ﬂii is tr-preserving, we get by Proposition 2.4,

tr(po_(w)) = & tr(p,(x)eze;) = d tr(e; p4(x)) = S tr(p,(xey)).
Here, the last equality follows from the fact that p,(e;) = e; and p, is an anti-
homomorphism. Since p, is tr-preserving, we immediately obtain the follow-
ing,
tr(p.(xey)) = tr((xey)) = 82 tr(xese;) = 62 tr(Ey 0 (xezey))
= 5~tr(F(x)) = 6 tr(w).

Therefore, we have tr(o_(w)) = tr(w) as desired. O

Corollary 3.5. Let 1 < p < o0. For an irreducible inclusion B C A, we have

IxXllp = e+,  and  [wll, = [lo-W)I|,
forx e BnA;andw € A’ n A,.
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Remark 3.6. Note that Corollary 3.5 need not be true for non-irreducible sim-
ple C*-inclusions for p # oo. For extremal II; factors, not necessarily irre-
ducible, an easy pictorial calculation shows that p . (resp. p_) being tr-preserving
is equivalent to Figure 2, which in turn is equivalent to the sphericality, and
hence Corollary 3.5 holds.

NSNS,

FIGURE 2. tr(x) = trop(x)

X

3.2. Convolution. Using the Fourier transform, we can introduce a new mul-
tiplication structure on the relative commutant B’ N A; (resp. A’ N A,), which
we call the convolution product. This is defined formally below.

Definition 3.7. [1] The convolution product of two elements x and y in B' N A;,
denoted by x * Yy, is defined as

x xy=F Y FQ)F(x)).
Similarly, for any two elements w,z € A’ N A, we define
wx z=F(FH2F 1 (w)).

Recall that (Lemma 3.20, [1]) the convolution * is associative. We now prove
that it is well behaved with the adjoint operation.

Proposition 3.8. For x,y € B'nA;, we have (x = y)* = (x*) = (y*). Similarly,
forw,z € A’ n A,, we have (w * z)* = (w*) = (z*%).

Proof: Let x,y € B’ n A;. Using Proposition 3.3, Equations (3.5,3.1) and
Lemma 3.2 we observe the following,

(x * ) = (F(F@F X))
= F - (F®)F X))
= F o (FE)*F®)*)
= F o (F@)H)p_((F(x)*))
= F Y (p_oFop,(y*)p_oF op,(x*))
= F U (FOHF(x*))
= x* * y*,

which proves the first assertion, and the second assertion follows similarly. O
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We finally show that p, and p_ are anti-multiplicative with respect to the
convolution.

Proposition 3.9. For x,y € B’ n A}, we have p,(x * y) = p,(y) * p (x).
Similarly, forw,z € A’ N Ay one has p_(w * z) = p_(z) * p,(w).

Proof: Observe that by Equations (3.2, 3.4) and Proposition 3.8, we get

P+(¥) * py(x) = FH(Fop, (x)F op, (1))
= FH(FENFEN
= FH((FOGHFE)
= p (FHEFOHFE N
= p((x™ * y*)*)
=pi(x *y),

proving that p, is anti-multiplicative. A similar computation proves the result
for p_. O

4. Fourier-theoretic inequalities

In this section we prove the Hausdorff-Young inequality and Young’s in-
equality for inclusion B C A of simple C*-algebras which is not necessarily
irreducible. We also provide various uncertainty principles on the second rel-
ative commutant of such an inclusion. In the non-commutative world, these
Fourier-theoretic inequalities were first established in [8] for a finite index ir-
reducible subfactor. We prove the non-commutative version of these inequali-
ties for inclusion of simple C*-algebras with a conditional expectation of index-
finite type by finding the correct constants.

Notation: To avoid notational difficulty, for x € B N A; and w € A’ N A,,
we denote p, (x) and p_(w) by X and w respectively. In the case of inclusion of
extremal II; factors, p, coincides with the 2-click rotation in the anti-clockwise
direction, and hence it is consistent with the notations in [8].

Define

k3 = min{tr(p) : p € P(B' N A)},

Ky = min{tr(q) cqePA N Al)}

and

Recall that, § = +/[A : B],.
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4.1. Hausdorff-Young inequality. Goal of this subsection is to prove the fol-
lowing non-commutative analogue of the classical Hausdorff-Young inequality
for inclusion of simple C*-algebras B C A with a conditional expectation of
index-finite type.

Theorem 4.1 (Hausdorff-Young inequality). Let B C A be an inclusion of simple
C*-algebras with a conditional expectation of index-finite type. For any x € B' n
Aq,

2

5 p
Ixlly <17, < (i) Iy
where,zgpgooandl+l=1.
p q

The main point is Proposition 4.6 which is instrumental in proving Theo-
rem 4.1. To begin with, we prove a few useful lemmas.

Lemma 4.2. For x € B’ n A, we have F)F(x)" = 82 gEn4

A/nAz(erX*)'

Proof: Let{A,---,4,} C A be a quasi-basis for the minimal conditional ex-
pectation E,. Using Lemma 2.5, we observe that for x € B’ N A, the following
holds :

B'NA B'NnA %
g_r’(x)gt(x)* = 56 EAngz(erel)EAlez(eler )

_ <6 oB'nA, B'NA, %
=9 EA,M2 xezelEA,mAz(elezx )

_ s4 B'nA, * 7%
=6 EA,nAZ(erzelxlielezx A5)
i

= 8V EP M2 () Xy (Bo(A)ey Jepx A7)
i

A'NA,

A'NA,

= 2E5 M2 (Y xEy(A)e,x*2)
i

=52 Eﬁigﬁz (xezx*( Z EO(/li)/ll.*))
i

which completes the proof. O

Recall the following well-known result from the basic von Neumann algebra
theory (see item 2.17 in [20], for instance).

Lemma 4.3. If 0 < a < 1and p is a projection, then 0 < a < p if and only if
a=ap.

Lemma 4.4. Suppose thatv € B’ N A, is a non-zero partial isometry. Then, we
have the following.

. . 1
(i) E1(v*v) < —|Il];-
X,
0
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gBnA 1
(ll) A/nAl (VV*) < K_—”V”1
0

Proof: First note that p = v*v is a projection in B’ N A; and so,

1
]|, = tr|v| = tr((v*v)2) = tr(v*v).
Take minimal projections {e;}, C B’ N A such that ) e, = 1. Thus, there are
scalars o > 0 such that E;(v*v) = 3 ayey. It follows that

tr(v*v) = 3, axtr(e) > %y 2, i > x5 2, Akey = Ky B1(v*v).
This completes the proof for the first part. The proof for the other part is similar
and we omit it. i

Lemma 4.5. Suppose thatv € B’ N A, is a non-zero partial isometry. Then, we
have
lIvll,

*

ve,v* <

0

Proof: Let p = vv* be the range projection of v. Now, using Lemma 4.4 we get
|| ||1

0
After taking co-norm on both sides of the above inequality we have

ve,v*.ve,v*

<1

ve,v*

|||| vl

and hence, 0 < erzv < 1. Since v is a partial isometry, we have
1

K+

( vev*)(vv*) = ” ” V7

Thus the proof follows by Lemma 4.3 with a = ﬁvezv* and p = vv*. O
Vil

vl

Proposition 4.6. For x € B’ N A, we have
)
< < — .
Ixll < IFC, < KOIIXII1
Proof: Note that by the Kadison-Schwarz inequality we have [|x|[; < [[x]],,
and we also know that ||x||, < [[x||_ . Since ||F(x)||, = [|x]|,, it follows that

. )
lIx[ly < [[F Il - It remains to prove ||F(x)|| , < K—0||x||1. We first prove the

inequality for a partial isometry and then appealing to rank-one decomposition
as depicted in [8] proves the result for a general x € B’ N A;. Let v be a partial
isometry in B’ N A;. By Lemma 4.2 and Lemma 4.5 we have the following,

|| ||1

0

B'nA
arna, V")

B'nA
FW)FW) =8%E A,MZ( e,V
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Now, using Lemma 4.4(ii), we obtain the following,

52
FOFO)" < S|l
Ko
Applying || . || on both sides and taking square root finishes the proof for v.
For an arbitrary x € B’ n Ay, let x = Y}, o) be the rank- one decomposition
of x. Then, ||x||; = 2., aillvll; and hence we have the following,

o) o)
1F )l < D5 tllF V)l < K—Zakllvklll = —lixll
k (U 0

and this completes the proof. O

Proof of Theorem 4.1: Using Proposition 4.6 and the fact that ¥ and !

1
both are isometries with respect to the norm given by ||x||, = (tr(x*x))2, we
have the following,

)
IFCOll, < K—Ollxlll and  [IFGOll, = lIx]l, -

12
p
The proof of the inequality ||F(x)|[, < (g) [|lx||4 is now clear from Propo-
0
sition 2.11 with p; = 00, q; =1, p; = 2,9, = 2, K; = Ki,Kz =1land6 = 2.
0 p
The proof of [|x||; < [|F(X)|, is similar. O

As a corollary of Theorem 4.1, we obtain the following Hausdorff-Young in-
equality for a finite index subfactor not necessarily irreducible and in particular,
in the extremal case we recover the result in (Theorem 7.3, [8]).

Corollary 4.7. Let N C M be a subfactor with finite Jones index. Then, for any
x €N nM,,

12

M:N )
Il < W@l < (FEER) 7

11
where,2 < p<ocoand-+-=1.
P q

4.2. Non-commutative uncertainty principles. Motivated by [8], we prove
the Donoho-Stark uncertainty principle and Hirschman-Beckner uncertainty
principle for inclusion of simple C*-algebras B C A with a conditional expecta-
tion of index-finite type. Our proofs are essentially applications of Section 4.1
and marginal modification of the proofs in [8] with revised constants.

Recall that for x € B’ n A;, the range projection x is the smallest projection
I(x) € B’ n Ay such that I[(x)x = x. Now if x = Z}. A;v; is the rank-one
decomposition of x, then it is easy to see the following,

1(x) = D, vvi. (4.1)
J
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For x € B’ n A,, we denote 8(x) = tr(l(x)).

Theorem 4.8 (Donoho-Stark uncertainty principle). Consider an inclusion of
simple C*-algebras B C A with a conditional expectation of index-finite type. For
any non zero x € B’ n A, we have

2

SCOSF(x) = —2
[A : B],

In particular, if N C M is a subfactor with finite Jones index, then for any non
zero x € N' n M, we have

2

%o
S(x)8(F(x)) > m .

Proof: The proof is inspired by the proof of Theorem 5.21in [8]. Let x € B'n A,
and F(x) = Zj A;v; be the rank one decomposition of F(x). It is easy to see

that S(F(x)) = Z}. |lvjll:- By Proposition 2.9 and Proposition 4.6 we have the
following,

o)
sgp/lj = |F )] < K_o”le

- %nl(x)xnl

- %||x||2||l(x)||2

= 7l
0

= K£||3t(x)||2(5(x))§ : (4.2)
0

1
Itis clear from the rank one decomposition of #(x) that || F (x)||, = (Zj /1]2.||v ill)z.
Hence, Equation (4.2) becomes,

) ! 1
supd; < o (gﬂinv,-nl)%&x»z
< GupA)( X v ) (563
0 j 7

= 2 (sup 2,)((F () (50):
0

which completes the proof. O
Consider the continuous function 7 : [0, o) — R defined by

—tlogt ift >0,

4.3
0 ift =0. (“3)

n(t) =
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Definition 4.9 (von Neumann entropy). For x € B’ N A, the von Neumann
entropy of | x|? is defined by the following,

H(|x|*) = tr((|x])).

Theorem 4.10 (Hirschman-Beckner uncertainty principle). Let B C A be an
inclusion of simple C*-algebras with a conditional expectation of index-finite type.
Foranyx € B’ nA,,
1 )
SHFCOR) + H(Jx) = [l (1og () + log x1).
In particular, if ||x||, = 1, then we have
1 )
SHIFCP) + H(xP?) > —log ().
Ko
Proof: The proof is a consequence of Theorem 4.1 and the standard argument

as in Theorem 5.5 in [8]. However, we sketch the proof for completeness. Let
0 # x € B’ n A, so that F(x) # 0. By Theorem 4.1 we have the following,

)
157Gl < () 7 lxll (4.4)

where, 2 < p < o0 and L+ 1 =1. Consider the following function,
P q

2
5\ 77
(p) = log |G, ~ logl el ~ g )
By Equation (4.4), we have f(p) < 0. Now, since & is an isometry with respect
to ||.]|,, we have f(2) = 0 and hence f’(2) < 0. Hence, we obtain

d 1
a5, (1I7IE) = =5H(FP)
e (17 CP)
d 1 H(|F(x
- log ||F(x = —=log||F(x 2——.
3,108 17 Clp) = =7 g 703 AT
Similarly,
d 1 H(|x|?)
— log ||x]|4) = = log||x||? +
ap o (108 11%llg) = 3 log I3 Al
and

2
d S\ _ 1. (8
E’pﬁ(log(%) ) =3le (K_o)
Now, the above equations together with the facts f/(2) < 0 and ||F (x)||, = ||x||»
implies the following,
lH(lf(x)lz) _ llOg ||x||2 _
4 lF@ 4 ’

A rearrangement of Equation (4.5) completes the proof. O

1H(x]» 1 )
- Zlog 2 < 0.(4.5)
AT T2 P

1 2
~ logl 2 -
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Corollary 4.11. Let N C M be a subfactor with finite Jones index. Then, for any
x € N' n M; we have

1 VI[M : N]
SHAFCP) + H(1xP2) > =[] (10g (=) +loglIx[2).
In particular, if ||x||, = 1, then we have

1 VIM : N]

SHAFCOP) + H(xP) > ~log(~———2).

4.3. Young’s inequality. Goal of this subsection is to prove the Young’s in-
equality. Throughout this subsection we fix an (not necessarily irreducible)

inclusion of simple C*-algebras B C A with a conditional expectation of finite
Watatani index.

Theorem 4.12 (Young’s Inequality). Suppose B C A is an inclusion of sim-
ple C*-algebras with a conditional expectation of index-finite type. Then, for any
x,y € B'n Ay, we have

1
5 (bl
I ol < < (T2 ) 1l
% VIl
where, 1 < p,q,r < coand ~+= = - + 1.
p q r

As a corollary, we prove Young’s inequality for a subfactor which is not nec-
essarily extremal. Recall that, a subfactor is extremal if and only if [M : N] =
[M : N], and furthermore, in the extremal case for any y € N’ n M; we have
I¥ll; = lIyll, (see Remark 3.6). We would like to mention that in the extremal
case we recover the following Young’s inequality for spherical planar algebras
as in (Theorem 7.6, [8]).

Corollary 4.13 ([8]). If N C M is an extremal subfactor with [M : N| < oo,
then for any x,y € N' n M; we have

[M : N]
lIx # yll, < ——— IIxllpl¥llg
9
0
where,1 < p,q,r <coand = + = =~ +1.
p q r

To prove Theorem 4.12 we start with proving a few results involving the
Fourier transform # which will be crucially used.

Lemma 4.14. For x € B’ n Ay, we have F(x)e; F(x)* = xe,x*.

Proof: Let{A; : i € I} be a quasi-basis for E;. Using Lemma 2.5 we observe
the following,

B'nA B'NnA
?(x)elf(x)* = 56 EA/nAz(erel)elEA/nAz(eleZX*)
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=6” Z Aixezell?evljelezx*l;f
Lj

= o2 Z /liXEo(/lgk)Eo(/lj)ezelezx*/l;f
Lj

B Z (Z AiEO(A?))EO(lj)xezx*/lj
J i

= Z Ey(4 j)xezx*l;‘
J

xezx*( Z EO(/lj)/l;‘)
J

= Xxe,x*

which finishes the proof. O

Lemma 4.15. For x,y € B’ N A;, we have

Ex(FyF(0)?) = %(y + (xx").

Proof: Let{A; : i € I} be a quasi-basis for E,. Using Lemma 2.5 we observe
the following,

Ex(F)yF (X)) = 8° By )2 (xese )y E y oy (ere2x™)

= §2 Z Ey(Aixezer [ yAje1e,x*27)
Lj
= > AiXE (e, AfyA jeXTAT. (4.6)
Lj
Since y € B’ N A;, we can write y = y,e;y; for some y,,y; € A. Then, from
Equation (4.6) and again using Lemma 2.5, we have the following,
Exy(F()yF (x)*) = 3 hxEx(eid; yoeryrAje)x*2;
L
= Z AiEO(/lfyO)XX*El(el)EO(yl/lj)/lj
Lj
= 2 ixx*Ey(Bo(A; yo)ern)
i

= Z Aixx*E1(e14]'y)
i

= D, Aixx*Ey(ei ;A Eg(X)y)
Lj
= 52 Z /LxxxEl(elll*/ljy)EO(/l;‘)Ez(ez)
L,j
= 54 Z Ez(/lixx*El(el/llfk/ljy)eon(/l;‘)elez)
LJ



FOURIER-THEORETIC INEQUALITIES FOR INCLUSIONS OF SIMPLE C*-ALGEBRAS 353

=54 Z Ey(Aixx*ese [ A;yeser A ere;)
Lj
B'nA B'nA
=&° EZ(EA,QAE(xx*ezel)EA,gAz(yezel)elez)
|
= g? H(F (xx™)F ()

= %y % (xx™)
which completes the proof. O

As a corollary, we prove the following Schur product theorem. In the planar
algebraic language this was first noticed by Liu (Theorem 4.1 in [16]).

Corollary 4.16. (Schur product theorem)Ifx,y € B'NA; are positive, then x * y
IS positive.

Proof: Letx = aa*, y = bb* for some a,b € B’ N A;. Then, by Lemma 4.15
and in view of the fact that E, is a positive map it is now easy to see that x = y
is positive. Indeed,

x x y = (aa*) * (bb*) = § E,(F(b)aa*F (b))
= § Ey(F(b)a(F (b)a)*)
>0.
O

Remark 4.17. We would like to remark that as a consequence of Lemma 4.15,
we can prove that the ‘coproduct’ on B’ n A, is well behaved with adjoints.
However, at present we are not sure whether these two notions are equivalent.
To see this, it is enough to take x,y € B'NA; such that y > 0. We write y = bb*
for some b € B’ N A,. Then by Lemma 4.15 and since E, is * - preserving, we
have:

(x * y)* = (x * (bb*))*
= 57 E,(F (b)xF (b)*)*
= 6 Ey(F (b)x* f(b)")
= (x* * (bb™))
= (x* % y*).
Next we prove a Frobenius reciprocity type result as follows.
Corollary 4.18. For x,y,z € B’ n A;, we have
tr((x * y)z) = tr(x(z * y)

Proof: First we claim that troE, = tr,, where tr, is the Markov type trace on
B’ N A, (see Proposition 2.4). Observe the following for x € B' N A, :

trioE,(x) = EyoE;|pna, (E2(X))
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= E(oE 0E;|pna,(x)
= try(x)
which finishes the proof of the claim. .
Recall that by Equation (3.1), we have (F(x))* = F(x*). Now to prove the

statement, assume that y is positive so that y = bb* for some b € B'nA;. Then,
by Lemma 4.15 we have the following,

tr(x * y)z) = tr((x * (bb*))z)
= S tr(Ey(F(b)xF(b)*z)
= 0 try(F(b)xF (b)*z)
= dtry,(xF(b)*zF (b))
= 8 tr(xBy(F (b*)z(F(b*))"))
= tr(x(z * (b*(6*)")
= tr(x(z * y))
where, the last equation follows from Proposition 3.3. O

The following lemma is crucial in proving the Young’s inequality.

Lemma 4.19. Forany x,y € B’ n A;, we have

) — )
— Xyl and [y * X[l < — |

0 Ko

lIx * Ylleo < IXloo Y1l -

Proof: First we prove that for w € A’ N A, we have the following,
F LU w)F Y (w) = 6% Ey(we,w*). (4.7)
To see this, using Lemma 2.3 we observe the following,
FHw)F " (w)” = 8° By(we,e)E,(ere,w*)
=&° Ej(we;e;Es(ee;w*))
= 6* E,(we e e w*)
= 6% E,(we;w*).

Next, suppose v € B’ N A, is a partial isometry. For x € B'nA;, using Equation
(4.7) we observe the following,
@ * 0@ * x)* = FHF)F @NFH(F)F @)))*
= 6% Exy(F(X)F )ey(F )" (F (x))*)
= 82 Ey(F (x)ve,v* F(x)*).
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v ||1

Now, by Lemma 4.5 we have ve,v* < ——»v*. Then, using Lemma 4.15, we
0

lIvlly

0

sl

O

|| ||1

observe that

v * x)(v * x)* < 82 Ez(?( WV F(x)*)

— (") * (xx¥)

V) % (4.8)
On the other hand, we note that
(w*) * 1 = F U FQ)F(vv*))
= S E,(F(D)F (vv*)ese,)
= §*Ey(e;F (vv¥)esey)
= 57E2(Ei,2A2(92VV ese1)ee;)
= 6B, (ES 04 By (vv)eseneres). (4.9)

Now, using Corollary 2.6, Lemma 4.4 and Equation (4.9) we conclude that

)
(vv*) * 1 < —|;.
Ko
Therefore, from Equation (4.8) it follows that
2

o) 2,0 12
W X)(v * x)* < (K—+> VIl
0
Thus we obtain,

)
Vs oo < = 1Vl l1Xlleo (4.10)
0

Now, lety € B’ N A, be arbitraryand y = Zk A Vi be the rank one decomposi-
tion of y. Then, by Equation (4.10) we have the following,

NEES sZAknv % X[

IA

— Zﬂk 11 1xloo

o+|0') o

XMl 11115

and by Proposition 3.9 we have the following,

[l 5 Ylloo = 11X Ylleo = 11 X[leo
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0 =y =
— [IXlleo 1Yl

<
Ko
=l -
0
Here ||x||s = ||*||c» Since the map p, is a unital anti-homomorphsim. This
completes the proof. O

Lemma 4.20. Forany x,y € B’ n A, we have

o)
[l = ylly < —lxll2[¥]l1 -
Ky

Proof: For any x,y € B’ N A;, using Proposition 2.10, Corollary 4.18, Proposi-
tion 2.9 and Lemma 4.19 respectively, we get the following,

llx s ylly = sup |tr((x * y)z)| = sup |tr(x(z * y))|

llzllo=1 llzlleo=1

[1x[11Z - Ylloo

IA

IA

o) =
— Il ly 1l
KO

o)
—[lx1 ¥l -
Ko

Lemma 4.21. Forany x,y € B’ n A, we have

9 (IIYI|1

= yllp < —

1

P — 9
T ) Ixllpllylly  and {ly * x[l, < —|Ixlpll¥lly
KO K

1Yl 0
wherel < p < .

Proof: Forfixedy € B'nA;,defineT), : B nA; — B'n A, by

Ty(x) = x % y.
Clearly T), is linear. Now, Lemma 4.19 and Lemma 4.20 respectively implies
the following,

o) _
1Ty (oo = 11X * Yo < —IX[ol¥l1
x
0
and

)
1Tyl = lIx = ylls < =[xl -
%o
Applying Proposition 2.11 with p; = o0, p, = 1,q; = 0,9, = 1,6 = %,
K, = %Hﬂh and K, = %||y||1 we get the first part. For the second part, for
X x

0 0
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fixed y we define T,(x) = y * x. Then, a similar proof as above implies the
result. ]

Lemma 4.22. Forany x,y € B’ n A, we have
9] —
I Yllo < — lIxlIpll¥llg
o

Wherelspgooandl+l=1.
P q

Proof: Letx xy =Y. i Vi be the rank-one decomposition of x * y. Then,

tr((x = y)vy)
tr(logl)

Using Corollary 4.18, Proposition 2.9 and Lemma 4.21 respectively we see that

[|x * Y|l = Sup ¢ = sup (4.11)
k k

(e % YU = [tr(x(v) % 7))

< lxlipllvye = Yllg
) _

< — Ixliplyllglvelh
o
5 i it s

< = lIxllplyllg tr(v D (4.12)
o

The proof is now clear from Equations (4.11 and 4.12). a

Proof of Theorem 4.12: Fix x € B'NA; anddefine T, : BnA, - B'nA,
by T,.(y) = x * y. For x,y € B’ n A;, thanks to Lemma 4.21 and Lemma 4.22,

we have the following,
1

— ) i
Tl = Il yllp = = lixllpllylh 2yl Iyl
0

and
_ o) —
ITxOlleo = 112 Ylleo < Il IVI
0 T
The proof is now clear by the Proposition 2.11 with p; = p, p, = ©,q; = 1,
1 1
1 5 = PNy g p
G = > Ku = =Xl VI, "IVl Ko = —lIxll,and 6 = 1 — = O
-z X, X, r
q r

Remark 4.23. We remark thatif B C A isanirreducible inclusion of simple C*-
algebras with a conditional expectation of index-finite type, then the quadruple
(B'NAj, tr, %, p,) forms a Frobenius §-algebra. We refer the reader to [7] for the
definition of a Frobenius k-algebra. We also send the reader to [6] for related
notions.
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5. Appendix

In this appendix, we discuss two examples to illustrate our results. We skip
the proofs as they are routine verification. In order to investigate theory con-
cerning Fourier transform for inclusion of simple C*-algebras, these two exam-
ples can be considered as model examples to test new theories.

5.1. Fourier transform for noncommutative torus. Let O be an irrational
number and consider the universal C*-algebra .7, called the noncommutative
torus, generated by two unitary elements U and V satisfying UV = e 270V U,
It has a unital dense subalgebra T4 given by the following,

—l]—@ ‘= {a = Z am,nUmVn . {am,n} € S(Zz)}’
m,nez
where 8(Z2) is the space of rapidly decreasing double sequences. The C*-algebra
g is equipped with a distinguished faithful tracial state, given on the dense
subalgebra Ty by 7(a) = ay and extends to < by continuity. We refer to
(Chapter 6, Section 3 in [5]) for these facts. Moreover, <7, is a simple C*-algebra
since 0 is irrational.

Let k > 2 be any natural number. Let us consider the unital C*-subalgebra
By of o7, generated by UX and V. By the universality and simplicity of .7,
it follows that By is canonically isomorphic to «7,9. Assume further that 8 is
not an algebraic number of degree 2. Then, the Watatani index [<% : By, is
equal to k (Page 112 in [21]). Observe that B, is nothing but the fixed point
subalgebra of <7, under the Z, action given by m.U = e?™"/kU and m.V =V

for all m € Z,. This says that the inclusion By C 7 is in fact %Z" C o,
and hence the basic construction is @7 X Z,. Since Z, is abelian, it then turns
out that the Fourier transform ¥ simply becomes the Fourier transform from
the group algebra CZ,, onto 62k =~ CZy, and hence given by the k x k Fourier
matrix.

However, in this example one can take the pedestrian way to find the explicit
form of the Fourier transform and the rotation maps without invoking any re-
sultinvolving the crossed product. Observe that (see Proposition (2.2.11,2.2.12)
in [21]) we may use the GNS construction to realize the C*-basic construction
in this case. We only mention the intermediate steps and leave the detail to the
interested reader for verification. For notational simplicity, we denote B C A
to mean the inclusion By C %. The GNS Hilbert space L*(.%, ) is isomor-
phic to £%(Z?) via the identification U™V" — e, ,,. Define k-many mutually
orthogonal projections p, € Z(¢%(Z?)),0<r <k—1,byp, : eun  €nn
if m € kZ + r and 0 otherwise. Considering the unital C*-subalgebra A; of

% (¢*(Z*)) generated by U, V and p, (here 7(p,) = 1/k) one gets the basic con-

. . . k— .
struction B C A C A;. Using the decomposition A; = @rzg P, as inner-

product space, the GNS Hilbert space L?(A;, 7) is isomorphic to Ck ® ¢%(Z?)
by the following map,
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1
pU™V™ @ ... ® pr UM Vit i — ﬁ(emo,no s Gy y) -
The following orthogonal projection q : C* ® ¢%(Z?) — Ck ® ¢%(Z?)

q: (emo,no PRI emk_l,nk 1 (Zr o0 €myn, 005 er:; em,,n,)

hasrange ¢2(Z?%) =~ L*(A, ), and we obtain the basic construction tower of sim-

ple C*-algebras B Cc A CP A; C9 A,,whereA, = C*{A;,q} C % (Ck @ ¢X(Z7?)) =
M (C)RZ (*(Z?)). Tt follows that A, = M, (C)®.c%. ForasubsetS C M, (C),

we denote by Alg{S} the subalgebra generated by S and S* = {x* : x € S}

in M (C). Let C}, denote the permutation matrix E; j + Z E1+11 in M (C).

Then, B’ NA; = Alg{pg, ..., px_1} ® Cand A’ N A, = Alg{Ik, Cr» - CF}QC

are subalgebras of M (C) ® % (¢%(Z?%)). The Fourier and the inverse Fourier
transform are given by the following maps,

k-1 =
F a.p,— — ), a,Cl
'é) rr’r ﬁlg) r~rk

and
k—1 k-1
-1 . Zyrclz — Vk Z Yy Drs
r=0 r=0
where «,,7, € C. Let us consider the following multiplication on C¥,
(0o, s A1) * (Bos v s Br—1) 1= (Vo» -+ » Yi—1) (5.13)

wherey; = er:g & Bi+jr for 0 < j < k —1, with the convention gy, ; = §; for
all j. Then, Alg{I, Cy, ..., C}i_l} ~ (CkK, ) as unital algebras and the following
map

k-1 - k-1
D : (050a se s Af— 1) — _( Z Ars Z w" Aps Z wzrar, ) Z CU(k_l)rOCr) s
r=0

where w = e¥"/k is a primitive k-th root of unity, implements a unital alge-

bra isomorphism between (C¥, ) and C¥ equipped with the standard algebra
structure. It now follows that ®oF : CK — C¥ is equal to the Fourier matrix.
Moreover, the rotation maps p,, po_ are given by the following,
k-1 k-1
P+ - Zr —o %rPr Zr 1 Xke—rPr and p-: zr oyrcr — Zr 1 Vk— er5
with the convention p; = p,. Therefore, as an element of M k(C) both p, and
®op_od~! are equal to the k X k permutation matrix E;; + ZJ Bl

M, (C). It turns out that the convolution product on Alg{py, ..., Pk—1} = C" is
the product * defined in Equation (5.13), and that on Alg{l},Cy, ..., C’g_l} =

(C¥, ) is the usual componentwise multiplication on CK.
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5.2. Fourier transform for matrix algebras. Let us consider the inclusion
C c M,(C). It is well known that the (standard normalized) trace-preserving
conditional expectation is of index-finite type and it is the unique minimal one.
We shall use the notation («;;);j, 1 < i, j < n, to denote a matrix in M,,(C), and
the elementary matrices will be denoted by E;;. The unique normalized trace
on M,(C) is denoted by tr. It is known that the basic construction for the unital
inclusion C C M,,(C) is of the following form
Cc Mn((]:) ca Mn(C) ® Mn(q:) ce Mn(q:) ® Mn(C) ® Mn(C) Coeeeeee

with e; = % ZZ]=1 E;j®E;jande, = % ZZJ=1 E;; ®E;; ®1I, (see [12]). Thus, in
accordance with the notations used in earlier sections, we have in this situation
the inclusion B C A C A; C A, where,

B=C®C®C , A=C®C®M,OC),
A =CRM(C)@M,(C) , A, =M,(C)®M,(C)®M,(C).
Clearly, BN A, = A, and A’ nA, = M,,(C)®M,(C)RC. Then, it is clear that

the conditional expectation Eﬁ,zmz is given by id ® id ® tr and the conditional

expectation Eﬁf is given by tr ® id ® id. We shall use the standard convention
E(i’[p)(j]’g) := E;j ® Ep, for the matrix units in M,,(C) ® M, (C) (Sec. 6, Page 97
in [18]).

Proposition 5.1. The Fourier and the inverse Fourier transform on M,(C) ®
M,,(C) are given by the following,
F . Ekf ®qu I—)Efq ®Ekp1
7_1 . Ekf ®qu I—)Epk ®qu .
We now find convolution on M,(C) ® M, (C) defined by the formula
x#y i=F N FQ)F(x).
Given two elements A,D € M,(C), let A ® D be their Schur product. Since the
projection 1y w € M, (C),withJ, = Z?j_l E;j, is a minimal projection, we have
" L=

%JH(A ® D)J,, is a scalar multiple of %J n- Denote this scalar by a4 . That is,

1 1 1
(5:7)(A @ D)(--Tn) = ann(Tn) (5.14)
Wlth CCA,D (S C

Proposition 5.2. The convolution on M,(C)®M,,(C) implemented by the Fourier
and the inverse Fourier transform is the given by the following,
(A®B) * (C®D) = nCCA’D(C®B)
where ay p € Cis as defined in Equation (5.14).
Proposition 5.3. The rotation maps p,, p_ : M,(C) ® M,(C) — M,(C) ®
M, (C) coincide, i,e. p, = p_, and they are given by the following,
Eij ®Ekf > Eﬁ’k ®E]l .
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Remark 5.4. It is easy to see that p, is trace preserving, i,e., tr(p.(x)) = tr(x)
for all x € M, (C) ® M,,(C). Therefore, the Young’s inequality in Theorem 4.12
becomes the following,

[l s yll, < n2lIx]lp 11y llg
1

forx,y € M,,(C) ® M,,(C), where 1 < p,q,r < ooand§+ % =-4+1.

r
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