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Unique continuation for )̄with
square-integrable potentials

Yifei Pan and Yuan Zhang

Abstract. In this paper, we investigate the unique continuation property
for the inequality |)̄u| ≤ V|u|, where u is a vector-valued function from a do-
main in ℂn to ℂN , and the potential V ∈ L2. We show that the strong unique
continuation property holds when n = 1, and the weak unique continuation
property holds when n ≥ 2. In both cases, the L2 integrability condition on
the potential is optimal.
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1. Introduction
Let u = (u1, … , uN) be a vector-valued function from a domain Ω ⊂ ℂn

intoℂN . We say a di�erential equation or inequality satis�es the strong unique
continuation property, if every solution that vanishes to in�nite order at a point
z0 ∈ Ω vanishes identically. Here a square-integrable function u is said to van-
ish to in�nite order (or to be �at) at z0 ∈ Ω if for allm ≥ 0,

lim
r→0

r−m ∫
|z−z0|<r

|u(z)|2dvz = 0, (1.1)

where dvz is the Lebesgue measure element in ℂn with respect to the dummy
variable z. A di�erential equation or inequality is said to satisfy theweakunique
continuation property, if every solution that vanishes in an open subset van-
ishes identically.
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While studying the boundary regularity and theuniqueness forCR-mappings
of hypersurfaces in [2], Bell and Lempert had proved and applied the strong
unique continuation property for |)̄u| ≤ C|u| with C a constant. In this paper,
we consider the unique continuation property for the following general type:

|)̄u| ≤ V|u| a.e., (1.2)
where the potential V is assumed to be locally square-integrable, i.e., V ∈
L2loc(Ω). This L

2 assumption on the potential is rather critical since the strong
unique continuation property fails when V ∉ L2, as demonstrated by Exam-
ple 3.3 in Section 3. Moreover, Mandache in [8] constructed an example (see
Example 3.4) with an Lp potential, 0 < p < 2, where even the weak unique
continuation property fails.

Our �rst theorem below concerns the strong unique continuation property
in the case when n = 1. Denote by Hk

loc(Ω) the standard (local) Sobolev space
of functions whose weak derivatives up to order k are in L2loc(Ω).
Theorem 1.1. Let Ω be a domain in ℂ. Suppose u = (u1, … , uN) ∶ Ω → ℂN

with u ∈ H1
loc(Ω) satis�es |)̄u| ≤ V|u| for some V ∈ L2loc(Ω). If u vanishes to

in�nite order at z0 ∈ Ω, then u vanishes identically.

One can compare Theorem 1.1 with the following strong unique continua-
tion property proved by Chanillo and Sawyer [3] for the di�erential inequality

|∆u| ≤ V|∇u| (1.3)
with the potential V ∈ L2.
Theorem 1.2. [3] LetΩ be a domain in ℂ. Suppose u = (u1, … , uN) ∶ Ω → ℝN

with u ∈ H2
loc(Ω) satis�es |∆u| ≤ V|∇u| for some V ∈ L2loc(Ω). If u vanishes to

in�nite order at z0 ∈ Ω, then u vanishes identically.

We note that the two inequalities (1.2)-(1.3) can easily be converted to each
other, at least in the smooth category. However, in terms of the unique con-
tinuation property, it turns out Theorem 1.1 and Theorem 1.2 are no longer
equivalent. In fact, one can obtain Theorem 1.2 from Theorem 1.1 by applying
Theorem 1.1 to )u, as a consequence of the facts that ∆ = 4)̄) and |)u(z)| =
1
2
|∇u(x, y)| (since u is real-valued in Theorem 1.2). To deduce Theorem 1.1

from Theorem 1.2, it would boil down to the possible existence of �at solutions
to )̄ given �at data. Surprisingly, there is an obstruction to such existence in
the �at category. This phenomenon was discovered by Liu and the two authors
in [7] which constructed a smooth function f that is �at at 0 ∈ ℂ, yet )̄u = f
has no solutions that are �at at 0. The same phenomenon was later investi-
gated by Fassina and the �rst author in [5] for general elliptic operators with
real analytic coe�cients.

While Theorem 1.1 and Theorem 1.2 are concerned with local vector-valued
solutions, there are earlier results about global and/or scalar (namely, N = 1)
solutions to (1.2) and (1.3) on ℂ with L2(ℂ) potentials. See, for instance, [6] by
Kenig and Wang and [12] by Seo.
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A well-known example of Wol� shows that the strong unique continuation
for (1.3) no longer holds when the real dimension of the source domain is larger
than 4. More precisely, Wol� constructed in [14] a smooth real-valued function
on ℝd, d ≥ 5, which vanishes to in�nite order at the origin and satis�es (1.3)
with V ∈ Ld(ℝd).

As an immediate application of Theorem 1.1, we obtain the following weak
unique continuation property for (1.2) with an L2 potential when n ≥ 2. Here
given u ∈ H1

loc(Ω), )̄u is understood as a (0, 1) form with distribution compo-
nents.

Theorem 1.3. Let Ω be a domain in ℂn. Suppose u = (u1, … , uN) ∶ Ω → ℂN

with u ∈ H1
loc(Ω) and satis�es |)̄u| ≤ V|u| for some V ∈ L2loc(Ω). If u vanishes

in an open subset ofΩ, then u vanishes identically.

In contrast to the classical strong unique continuation property results for
Laplacian, the integrability assumption on the potential in Theorem 1.3 is in-
dependent of the dimension n of the source domain. On the other hand, the
weak unique continuation property fails for (1.2) with Lp potentials, 0 < p < 2,
as shown by a two-dimensional Mandache-type example (see Example 4.2 in
Section 4). This shows the integrability assumption in Theorem 1.3 on the po-
tential is optimal for the weak unique continuation property.

Theorem 1.3 can be applied to obtain the uniqueness of solutions as follows.
Denote by ℂN

(0,1) the space of N-vectors each of whose components is a (0, 1)
form.

Corollary 1.4. Let Ω be a domain in ℂn, ℎ = (ℎ1, … , ℎN)T ∶ Ω → ℂN
(0,1), and

A = (Ajk)1≤j,k≤N ∶ Ω → ℂN2

(0,1) with A ∈ L2loc(Ω). Suppose f, g ∶ Ω → ℂN with
f, g ∈ H1

loc(Ω) and are solutions to )̄u = Au + ℎ. If f = g in an open subset of
Ω, then f ≡ g onΩ.

2. Weighted Hardy-Littlewood-Sobolev inequality
Recall that given f ∈ L2(ℂ), the Hardy-Littlewood Maximal function of f,

denoted byMf, is given by

Mf(z) ∶= sup 1
|D| ∫D

|f(�)|dv� , z ∈ ℂ,

where the supremum is taken over all disks D in ℂ containing z. The Riesz
fractional integral of f of order � ∈ (0, 2) is

I�f(z) ∶= ∫
ℂ

f(�)
|� − z|2−�

dv� , z ∈ ℂ.

De�nition2.1. Givenaweight functionV(> 0) onadomainΩ ⊂ ℂ, theweighted
L2(Ω) space with respect to V, denoted by L2V(Ω), is the collection of all functions
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f onΩ such that

‖f‖L2V(Ω) ∶= (∫
Ω
|f(z)|2V(z)dvz)

1
2

< ∞.

Amore general but rather technical variant of the following theorem can be
found in [4]. We shall prove the boundedness of

I1f = ∫
ℂ

f(�)
|� − ⋅|

dv�

from L2V−1(ℂ) space to L2V(ℂ) space with respect to a weight V ∈ L2(ℂ) through
a much simpler approach.

Theorem 2.2. Let V ∈ L2(ℂ). Then there exists a universal constant C0 such
that for any f ∈ L2V−1(ℂ),

‖I1f‖L2V(ℂ) ≤ C0‖V‖L2(ℂ)‖f‖L2
V−1

(ℂ).

Proof. Throughout the proofwe useC to represent a universal constant, which
may be di�erent at di�erent occurrences. We �rst show that for any g ∈ L2(ℂ),

‖I 1
2
g(z)‖L2V(ℂ) ≤ C‖V‖

1
2
L2(ℂ)‖g‖L2(ℂ). (2.1)

Without loss of generality, we assume g ≥ 0.
For each z ∈ ℂ with � > 0 to be chosen later, write

I 1
2
g(z) = ∫

|�−z|<�
+∫

|�−z|>�

g(�)

|� − z|
3
2

dv� =∶ I + II.

By Hölder inequality,

II ≤ (∫
|�−z|>�

|g(�)|2dv�)

1
2

(∫
|�−z|>�

1
|� − z|3

dv�)

1
2

≤C‖g‖L2(ℂ) (∫
∞

�

1
s2ds)

1
2

= C

�
1
2

‖g‖L2(ℂ).
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For I,

I =
∞∑

k=1
∫

�
2k
<|�−z|< �

2k−1

g(�)

|� − z|
3
2

dv�

≤
∞∑

k=1
(2

k

� )

3
2

∫
|�−z|< �

2k−1

g(�)dv�

=
∞∑

k=1
(2

k

� )

3
2 |||||||
D �

2k−1

|||||||

⎛
⎜
⎜
⎝

1
|||||||
D �

2k−1

|||||||

∫
|�−z|< �

2k−1

g(�)dv�
⎞
⎟
⎟
⎠

≤
∞∑

k=1
2−

k
2
+2��

1
2Mg(z)

=C�
1
2Mg(z).

Thus we have

I 1
2
g(z) ≤ C (�

1
2Mg(z) + �−

1
2 ‖g‖L2(ℂ)) .

After choosing � = V−1(z) in the above, we further get

I 1
2
g(z) ≤ C (V(z)−

1
2Mg(z) + V(z)

1
2 ‖g‖L2(ℂ)) .

Square both sides of the above inequality, multiply them by V, and then inte-
grate over ℂ. One has

(∫
ℂ

|||||||
I 1
2
g(z)

|||||||

2
V(z)dvz)

1
2

≤C
(
‖Mg‖L2(ℂ) + ‖V‖L2(ℂ)‖g‖L2(ℂ)

)

≤C
(
1 + ‖V‖L2(ℂ)

)
‖g‖L2(ℂ).

(2.2)

In the last inequality, we have used the boundedness of the Maximal function
operator in L2(ℂ) space.

We further employ the standard rescaling technique to get rid of the constant
1 in the last line of (2.2). Indeed, for any k > 0, replacing V by kV in (2.2) and

then dividing by k
1
2 , we have

(∫
ℂ

|||||||
I 1
2
g(z)

|||||||

2
V(z)dvz)

1
2

≤ C
⎛
⎜
⎝

1

k
1
2

+ k
1
2 ‖V‖L2(ℂ)

⎞
⎟
⎠
‖g‖L2(ℂ).

Choosing k = 1
‖V‖L2(ℂ)

, this then completes the proof of (2.1).
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Therefore ifV is L2(ℂ), I 1
2
becomes a bounded operator from L2(ℂ) to L2V(ℂ).

Consequently, let I∗1
2

be the dual of I 1
2
with respect to the following inner product

⟨f, g⟩ ∶= ∫
ℂ
f(z)g(z)dvz for all f, g ∈ L2(ℂ).

Then I∗1
2

is bounded from L2V−1(ℂ) to L2(ℂ) satisfying for any f ∈ L2V−1(ℂ),

‖I∗1
2

f(z)‖L2(ℂ) ≤ C‖V‖
1
2
L2(ℂ)‖f‖L2V−1 (ℂ).

Note that I� is a convolution operator. So one has I∗1
2

= I 1
2
. Making use of

the semi-group property of the fractional integrals, we obtain I1 = I 1
2
◦I∗1

2

is a

bounded operator from L2V−1(ℂ) into L2V(ℂ) with the desired estimate. �

3. Proof of Theorem 1.1
Throughout this section, we restrict to the case when n = 1. The key ingre-

dient of Chanillo and Sawyer’s proof in [3] lies in a pointwise inequality in the
spirit of a technical result of Sawyer in [11], together with a weighted inequal-
ity for the Riesz integral operator I1. The proof of our Theorem 1.1 essentially
follows their idea. Instead of using a Sawyer inequality, we only need the fol-
lowing trivial identity (3.1) for the Cauchy kernel.

1
z − �

+
m−1∑

l=0

zl
�l+1

= zm
�m(z − �)

, for all � ≠ z nor 0. (3.1)

As usual, denote by DR the disk in ℂ centered at 0 with radius R.

Lemma 3.1. Let u ∈ H1(ℂ) has compact support. Then for almost every z ∈ ℂ,

u(z) = 1
� ∫

ℂ

)̄u(�)
z − �

dv� . (3.2)

If in addition u vanishes near 0, then for any l ≥ 0,

∫
ℂ

)̄u(�)
�l+1

dv� = 0. (3.3)

Proof. Let R0 > 0 be such that supp u ⊂ DR0 . For each z ∈ ℂ, pick R > R0
so that z ∈ DR. If u ∈ C1(ℂ), by the Cauchy-Green formula (see for instance
[13]),

u(z) = 1
2�i ∫)DR

u(�)
� − z

d� − 1
� ∫

DR

)̄u(�)
� − z

dv� =
1
� ∫

ℂ

)̄u(�)
z − �

dv� .
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Here we used the fact that supp u ⊂ DR0 . For general u in H1
0(DR0), letting

uj ∈ C1c (DR0) → u inH1(DR0) norm, then for any R > R0,
‖‖‖‖‖‖‖‖
u − 1

� ∫
ℂ

)̄u(�)
⋅ − �

dv�
‖‖‖‖‖‖‖‖L2(DR)

≤‖u − uj‖L2(DR) +
1
�

‖‖‖‖‖‖‖‖‖
∫
DR

)̄(u(�) − uj(�))
⋅ − �

dv�
‖‖‖‖‖‖‖‖‖L2(DR)

≤C‖u − uj‖H1(DR)
=C‖u − uj‖H1(DR0 ) → 0

as j → ∞. Here the validity of the second inequality was based on the bound-
edness of the solid Cauchy integral operator

Tf ∶= − 1� ∫
DR

f(�)
z − �

dv�

from L2(DR) space to itself. This proves (3.2).
When u vanishes near 0, the integral (3.3) is well de�ned. Moreover, the

integral ∫
ℂ

)̄u(�)
z − �

dv� is zero near 0 by (3.2). Thus

∫
ℂ

)̄u(�)
�l+1

dv� = −1l!
)l
)zl

∫
ℂ

)̄u(�)
z − �

dv�
||||||||z=0

= 0.

�

Proof of Theorem 1.1: Without loss of generality, we assume z0 = 0. Let �B
be the characteristic function for a set B. Fix an r > 0 small enough such that
D2r ⊂ Ω, ‖u‖H1(D2r) is �nite, and

‖‖‖‖‖‖‖
V�Dr +

r
1 + |z|2

‖‖‖‖‖‖‖

2

L2(ℂ)
≤ �2
2C0

,

whereC0 is the universal constant inTheorem2.2. ReplacingV byV�Dr+
r

1+|z|2
,

still denoted by V, we have (1.2) holds on D2r with V ∈ L2(ℂ),
V > 0 on ℂ; V ≥ Cr on D2r (3.4)

for some positive constant Cr dependent only on r, and

‖V‖2L2(ℂ) ≤
�2
2C0

. (3.5)

We shall show that u = 0 onD r
2
. Then the rest of the proof for the strong unique

continuation property follows from a standard propagation argument.
Choose � ∈ C∞c (ℂ) such that � = 1 on Dr; 0 ≤ � ≤ 1 and |∇�| ≤ 2

r
on

D2r ⧵Dr; � = 0 outsideD2r. Let  ∈ C∞(ℂ) be such that  = 0 inD1; 0 ≤  ≤ 1
and |∇ | ≤ 2 on D2 ⧵ D1;  = 1 outside D2. For each k ≥ 4

r
(then 2

k
≤ r

2
),
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let  k(z) =  (kz), z ∈ ℂ. Note that  k�u ∈ H1(ℂ) and is supported inside
D2r ⧵ D 1

k
. We apply Lemma 3.1 to  k�u and obtain for z ∈ Dr,m ∈ ℤ+,

| k(z)|2|u(z)|2 =
1
�2

||||||||
∫
ℂ

)̄( k(�)�(�)u(�))
z − �

dv�
||||||||

2

= 1
�2

|||||||||||
∫
ℂ

⎛
⎜
⎝

1
z − �

+
m−1∑

l=0

zl
�l+1

⎞
⎟
⎠
)̄ ( k(�)�(�)u(�)) dv�

|||||||||||

2

.

Making use of (3.1), we have

∫
Dr

| k(z)|2|u(z)|2
|z|2m V(z)dvz

= 1
�2 ∫Dr

1
|z|2m

|||||||||||
∫
ℂ

⎛
⎜
⎝

1
z − �

+
m−1∑

l=0

zl
�l+1

⎞
⎟
⎠
)̄ ( k(�)�(�)u(�)) dv�

|||||||||||

2

V(z)dvz.

≤ 1
�2 ∫Dr

(∫
ℂ

1
|z − �|

|)̄ ( k(�)�(�)u(�)) |
|�|m

dv�)
2

V(z)dvz

≤ 1
�2

‖‖‖‖‖‖‖‖‖
I1 (

|)̄ ( k�u) |
| ⋅ |m )

‖‖‖‖‖‖‖‖‖

2

L2V(ℂ)
.

Applying Theorem 2.2 and (3.5), we further obtain

∫
Dr

| k(z)|2|u(z)|2
|z|2m V(z)dvz

≤C0�2 ‖V‖2L2(ℂ) ∫
ℂ

|)̄ ( k(z)�(z)u(z)) |2
|z|2m

dvz
V(z)

≤12 (∫
ℂ

|)̄ k(z)|2|u(z)|2
|z|2mV(z)

dvz + ∫
Dr

| k(z)|2|)̄u(z)|2
|z|2mV(z)

dvz+

+∫
D2r⧵Dr

|)̄ (�(z)u(z)) |2
|z|2mV(z)

dvz)

= ∶ A2 + B
2 +

C
2 .

(3.6)

We �rst have limk→∞A = 0. Indeed, since )̄ k is only supported onD 2
k
⧵D 1

k
,

and V > Cr on D 2
k
(⊂ Dr),

A ≤ ∫
1
k
<|z|< 2

k

|∇ k(z)|2|u(z)|2
|z|2mV(z)

dvz ≤
k2m+2
Cr

∫
|z|< 2

k

|u(z)|2dvz → 0

as k → ∞, as a consequence of the fact that u vanishes to in�nite order at 0.
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On the other hand, applying the inequality (1.2) to B, we get

B
2 ≤ 1

2 ∫Dr

| k(z)|2|u(z)|2
|z|2m V(z)dvz.

Subtract B
2
from both sides of (3.6) and let k → ∞. Then for each m ∈ ℤ+, by

Fatou’s Lemma,

∫
Dr

|u(z)|2
|z|2m V(z)dvz ≤ lim

k→∞
∫
Dr

| k(z)|2|u(z)|2
|z|2m V(z)dvz

≤∫
D2r⧵Dr

|)̄ (�(z)u(z)) |2
|z|2mV(z)

dvz.

Now multiplying both sides of the above inequalities by r2m, then

∫
Dr

r2m
|z|2m |u(z)|2V(z)dvz ≤∫

D2r⧵Dr

r2m|)̄ (�(z)u(z)) |2
|z|2mV(z)

dvz

≤∫
D2r⧵Dr

|)̄ (�(z)u(z)) |2
V(z)

dvz.
(3.7)

Shrinking the integral domain of the left hand side of (3.7) to D r
2
, and making

use of (3.4), we further infer

22m ∫
D r
2

|u(z)|2V(z)dvz ≤
1
Cr

∫
D2r

|)̄ (�(z)u(z)) |2dvz = C̃r‖u‖2H1(D2r)
,

for some constant C̃r dependent only on r. Lastly, letting m → ∞, we have
u = 0 on D r

2
. �

It is worth pointing out that when V ∈ Lp, p > 2, the weighted Hardy-
Littlewood-Sobolev inequality is not needed to obtain the unique continuation
property for (1.2). Indeed, the strong unique continuation property follows by
repeating the same proof as in Theorem 1.1, except with those integrals over the
domain ℂ substituted by those over D2r, r <

1
2
, and with Theorem 2.2 replaced

by the following inequality

‖I1f‖L2V(D1) ≤ Cp‖V‖Lp(D1)‖f‖L2V−1 (D1) for all f ∈ L2V−1(D1) (3.8)

for a constant Cp dependent only on p. (3.8) can be proved by simply us-
ing Hölder inequality. This is because when p > 2, ‖ 1

⋅−z
‖Lq(D1) is uniformly

bounded on D1 by some constant Cp, where q is the dual of p, i.e., 1
p
+ 1

q
= 1.
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Therefore,

‖I1f‖2L2V(D1)
≤∫

D1

|||||||||||
∫
D1

|f(�)|

|� − z|
1
2V(�)

1
2

⋅ V(�)
1
2

|� − z|
1
2

dv�

|||||||||||

2

V(z)dvz

≤∫
D1
∫
D1

|f(�)|2

|� − z|V(�)
dv� ⋅ ∫

D1

V(�)
|� − z|

dv�V(z)dvz

≤Cp‖V‖Lp(D1) ∫
D1
∫
D1

|f(�)|2

|� − z|V(�)
dv�V(z)dvz

=Cp‖V‖Lp(D1) ∫
D1

|f(�)|2

V(�)
∫
D1

V(z)
|� − z|

dvzdv�

≤C2p‖V‖2Lp(D1)‖f‖
2
L2
V−1

(D1)
.

Clearly the above approach no longerworkswhen, for instance, the potential
V is exactly L2 (namely, in L2 but not in Lp for any p > 2) as in the following ex-
ample. For those cases, we have to use Theorem 1.1 to justify the nonexistence
of nontrivial �at solutions.

Example 3.2. For 0 < � < 1
2
, let

u0(z) = e−(− ln |z|)� and V(z) = �
2|z| (− ln |z|)1−�

on D 1
2
. Then V ∈ L2(D 1

2
), yet V ∉ Lp(D 1

2
) for any p > 2. By Theorem 1.1, the

equation |)̄u| = V|u| has no nontrivial �at solution. Since u0 is continuous on
D 1

2
and satis�es |)̄u| = V|u| inD 1

2
⧵ {0} pointwisely, by LemmaA.1we have u0 ∈

H1(D 1
2
) and satis�es |)̄u| = V|u| on D 1

2
. Thus u0 can not be �at in particular.

On the other hand, one can directly verify that u−10 (0) = {0}, yet u0 fails to vanish
to in�nite order (in fact, (1.1) fails for allm ≥ 3) at 0.

When V ∈ Lp, p < 2, the strong unique continuation property fails in gen-
eral as seen below.

Example 3.3. For each 0 < p < 2, choose � ∈ (0, 2−p
p
) (so that (� + 1)p < 2).

Then u�(z) ∶= e−
1

|z|� vanishes to in�nite order at 0 and satis�es |)̄u| = V|u|with
V = �

2|z|�+1
∈ Lp(D1) on ℂ.

More strikingly, Mandache constructed an example in [8] with an Lp, p < 2
potential, where even the weak unique continuation property fails.

Example 3.4. [8] There exist two functions u ∈ C∞c (ℂ) andV ∈ Lp(ℂ), 0 < p <
2, such that u is supported on D1 and satis�es )̄u = Vu.
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Despite the above examples in p < 2, the �rst author showed (in Lemma
7 [9]) that the strong unique continuation property may still be expected if the
target dimensionN = 1 andV takes a certain special form, such as amultiple of
1
|z|
. Note that 1

|z|
∉ L2. It should be noted that the strong unique continuation

property no longer holds for this potential when N = 2. In fact, Wol� and the
�rst author in [10] constructed a smooth function v0 ∶ ℂ → ℂ which vanishes
to in�nite order at 0 and satis�es |∆v| ≤ C

|z|
|∇v| for some constant C > 0. (See

also [1] by Alinhac and Baouendi for another example in the same setting.)
Letting u0 ∶= ()ℜv0, )ℑv0), then u0 ∶ ℂ → ℂ2 vanishes to in�nite order at 0
and satis�es |)̄u| ≤ C

|z|
|u| for some constant C.

4. Proof of Theorem 1.3 and Corollary 1.4
We shall assume n ≥ 2 in this section. Note that the inequality (1.2) reads as

|)̄u| ∶=
⎛
⎜
⎝

n∑

j=1

N∑

k=1
|)̄juk|2

⎞
⎟
⎠

1
2

≤ V
⎛
⎜
⎝

N∑

k=1
|uk|2

⎞
⎟
⎠

1
2

∶= V|u|. (4.1)

Proof of Theorem 1.3: Without loss of generality, assume n = 2. We only
need to show that for any r2 ≥ r1 > 0, s > 0, if u satis�es (1.2) on the bidisk
Dr2 × Ds and u = 0 on Dr1 × Ds, then u = 0 on Dr2 × Ds.

Since V ∈ L2loc(Dr2 × Ds), by Fubini’s theorem, for almost every z2 ∈ Ds,
V(⋅, z2) ∈ L2loc(Dr2), and similarly for u(⋅, z2) ∈ H1

loc(Dr2). Restricting (4.1) at
each such z2 = c2, we have v ∶= u(⋅, c2) on Dr2 satis�es

|)̄v| =
⎛
⎜
⎝

N∑

k=1
|)̄1uk(⋅, c2)|2

⎞
⎟
⎠

1
2

≤ |)̄u(⋅, c2)| ≤ V(⋅, c2)|u(⋅, c2)| = V(⋅, c2)|v|.

Since v = 0 on Dr1 , applying Theorem 1.1 we have v = 0 on Dr2 . Thus u = 0 on
Dr2 × Ds. The proof is complete. �

Proof of Corollary 1.4: Let u ∶= f − g. Then u ∈ H1
loc(Ω) vanishes in an

open subset and satis�es
)̄u = Au on Ω.

Let V ∶=
√∑N

j,k=1 |Ajk|2, the matrix norm of A. Then u satis�es |)̄u| ≤ V|u|
with V ∈ L2loc(Ω). By Theorem 1.3, we have u ≡ 0 on Ω. �

One may modify the one-dimensional Example 3.2 to obtain an inequality
in higher dimensions with an exact L2 potential, where Theorem 1.3 can be
applied to get the weak continuation property.

Example 4.1. For 0 < � < 1
2
, let

u0(z1, z2) = e−(− ln |z1|)
�
e−(− ln |z2|)

�
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and

V(z1, z2) =
�
2 ( 1

|z1|2 (− ln |z1|)
2−2� +

1
|z2|2 (− ln |z2|)

2−2� )

1
2

onD 1
2
×D 1

2
. ThenV ∈ L2(D 1

2
×D 1

2
), yetV ∉ Lp(D 1

2
×D 1

2
) for anyp > 2. Moreover,

since u0 is continuous on D 1
2
× D 1

2
and satis�es |)̄u| = V|u| in (D 1

2
⧵ {0}) ×

(D 1
2
⧵ {0}), u0 ∈ H1(D 1

2
×D 1

2
) and satis�es |)̄u| = V|u| onD 1

2
×D 1

2
by Corollary

A.3. By Theorem 1.3, any nontrivial solution, and thus u0, can not vanish in open
subsets of D 1

2
× D 1

2
. In fact, one can directly verify that u0 only vanishes on {z1 =

0} ∪ {z2 = 0} in D 1
2
× D 1

2
.

Similarly, making use ofMandache’s example, one can construct an example
in n ≥ 2 where the weak unique continuation property fails if the potential is
at most Lp, p < 2.

Example 4.2. For each 0 < p < 2, there exist nontrivial u ∈ C∞c (ℂ2), V ∈
Lp(ℂ2) such that u is supported on D1 × D1 and satis�es |)̄u| ≤ V|u| on ℂ2.

Proof. Let w,W be as in Mandache’s Example 3.4 with w ∈ C∞c (D1),W ∈
Lp(ℂ) and |)̄w| ≤ W|w| on ℂ. De�ne u(z1, z2) ∶= w(z1)w(z2), (z1, z2) ∈ ℂ2.
Then u ∈ C∞c (ℂ2)with support inD1×D1. One can check that for (z1, z2) ∈ ℂ2,

|)̄u(z1, z2)| ≤|)̄1w(z1)||w(z2)| + |w(z1)||)̄2w(z2)|
≤W(z1)|w(z1)||w(z2)| +W(z2)|w(z1)||w(z2)|
=

(
W(z1)�D1(z2) +W(z2)�D1(z2)

)
|u(z1, z2)|.

Letting V(z1, z2) ∶= W(z1)�D1(z2) +W(z2)�D1(z2). Then |)̄u| ≤ V|u| with

‖V‖pLp(ℂ2) ≤ C (∫
ℂ
|W(z1)|pdvz1 + ∫

ℂ
|W(z2)|pdvz2) < ∞

for a constant C > 0. �

The following theorem gives an example where the strong unique continua-
tion property may hold when the potential V is a multiple of 1

|z|
as below. We

note that when n ≥ 2, 1
|z|

is in L2 but not in L2n. Let B1 be the unit ball centered
at 0 ∈ ℂn.

Theorem 4.3. Let u be a smooth function from B1 ⊂ ℂn to ℂ satisfying

|)̄u| ≤ C
|z| |u| (4.2)

for some constant C > 0. If u vanishes to in�nite order at 0, then u vanishes
identically on B1.
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Proof. For each z ∈ B1 ⧵ {0}, de�ne w(�) ∶= u(�z), � ∈ D 1
|z|
. Then w vanishes

to in�nite order at 0 and satis�es

|)̄w(�)| ≤ |z||)̄u(�z)| ≤ C
|�| |w(�)|.

Making use of Lemma 7 in [9], we havew vanishes onD 1
|z|
, and thus u vanishes

identically on B1. �

Appendix A.
The following lemma is known in folklore, and is particularly useful while

checking for weak derivatives in examples. For convenience of the reader, we
provide a proof below.

Lemma A.1. Let f ∶ D1 → ℂ and f ∈ L1(D1). Suppose u ∶ D1 → ℂ with
u ∈ L2(D1) satis�es

)̄u = f in D1 ⧵ {0}
in weak sense. Then

)̄u = f in D1
in weak sense.

Proof. Let � ∈ C∞c (D1) be a cut-o� function with � = 1 on D 1
2
and |∇�| < 3

on D1. For each k > 0, let �k(z) = �(kz), z ∈ ℂ. Given a �xed testing function
� ∈ C∞c (D1),

∫
D1
u(z))̄�(z)dvz

=∫
D1
u(z))̄ (�k(z)�(z)) dvz + ∫

D1
u(z))̄ ((1 − �k(z)) �(z)) dvz ∶= A + B.

Since (1 − �k)� is a testing function on D1 ⧵ {0}, by assumption

B = −∫
D1
f(z) (1 − �k(z)) �(z)dvz → −∫

D1
f(z)�(z)dvz

when k → ∞. ForA, since �k and |)̄�k| are only supported onD 1
k
with |�k| ≤ 1

and |)̄�k| ≤ 3k, we have by Hölder inequality

|A| ≤ ∫
D1

|u(z)||)̄�k(z)||�(z)|dvz + ∫
D1

|u(z)||�k(z)||)̄�(z)|dvz

≤3k ∫
D 1
k

|u(z)�(z)|dvz + ∫
D 1
k

|u(z))̄�(z)|dvz

≤3k
√
�
k ‖u�‖L2(D 1

k
) +

√
�
k ‖u)̄�‖L2(D 1

k
)

≤C‖u‖L2(D 1
k
)
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for some constantC > 0 (dependent only on�). Lettingk → ∞, we get |A| → 0.
The proof is complete. �

We remark that the assumption u ∈ L2(D1) in Lemma A.1 cannot be further
relaxed, as indicated by the following example.

Example A.2. Let u0(z) =
1
z
, z ∈ D1. Then u0 satis�es

)̄u = 0 in D1 ⧵ {0}.
However, u0 is not a weak solution to )̄u = 0 in D1.

Proof. We only need to verify for a general � ∈ C∞c (D1), ∫D1
)̄�(z)
z
dvz ≠ 0.

Indeed, by Stokes’ theorem,

∫
D1

)̄�(z)
z dvz = lim�→0

∫
D1⧵D�

)̄�(z)
z dvz

=12 lim�→0
∫
D1⧵D�

)̄ (
�(z)
z dz)

= − 1
2 lim�→0

∫
)D�

�(z)
z dz

= − �(0)�i.
�

One can immediately extend Lemma A.1 to higher dimensions as follows.

Corollary A.3. Let fj ∶ D1 → ℂ and fj ∈ L1(D1), j = 1, 2. Suppose uj ∶ D1 →
ℂ with uj ∈ L2(D1) and satis�es

)̄uj = fj in D1 ⧵ {0}
in weak sense for each j. Then u(z1, z2) ∶= u1(z1)u2(z2) satis�es

)̄1u(z1, z2) = f1(z1)u2(z2) and )̄2u(z1, z2) = u1(z1)f2(z2) in D1 × D1
in weak sense.

Proof. We only prove the �rst equation holds in D1 × D1 in weak sense. For a
�xed testing function � ∈ C∞c (D1 × D1), by Fubini’s theorem,

∫
D1×D1

u(z1, z2))̄1(�(z1, z2))dvz = ∫
D1
u2(z2) ∫

D1
u1(z1))̄1 (�(z1, z2)) dvz1dvz2 .

Since �(⋅, z2) ∈ C∞c (D1) for each z2 ∈ D1, applying Lemma A.1 to u1, we get

∫
D1×D1

u(z1, z2))̄1(�(z1, z2))dvz = − ∫
D1
u2(z2) ∫

D1
f1(z1)�(z1, z2)dvz1dvz2

= − ∫
D1×D1

f1(z1)u2(z2)�(z1, z2)dvz.

�
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