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Unique continuation for d with
square-integrable potentials

Yifei Pan and Yuan Zhang

ABSTRACT. In this paper, we investigate the unique continuation property
for the inequality |0u| < V|u|, where u is a vector-valued function from a do-
main in C" to C¥, and the potential V' € L?. We show that the strong unique
continuation property holds when n = 1, and the weak unique continuation
property holds when n > 2. In both cases, the L? integrability condition on
the potential is optimal.
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1. Introduction

Let u = (uq,...,uy) be a vector-valued function from a domain Q c C”"
into CN. We say a differential equation or inequality satisfies the strong unique
continuation property, if every solution that vanishes to infinite order at a point
zo € Q vanishes identically. Here a square-integrable function u is said to van-
ish to infinite order (or to be flat) at z, € Q if for all m > 0,

r—0

lim r‘m/ lu(z)|*dv, =0, (1.1)
|z—z¢|<r

where dv, is the Lebesgue measure element in C" with respect to the dummy
variable z. A differential equation or inequality is said to satisfy the weak unique
continuation property, if every solution that vanishes in an open subset van-
ishes identically.
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While studying the boundary regularity and the uniqueness for CR-mappings
of hypersurfaces in [2], Bell and Lempert had proved and applied the strong
unique continuation property for |du| < C|u| with C a constant. In this paper,
we consider the unique continuation property for the following general type:

|ou| < V0u| a.e., (1.2)

where the potential V' is assumed to be locally square-integrable, i.e., V €
LIZOC(Q). This L? assumption on the potential is rather critical since the strong
unique continuation property fails when V' ¢ L2, as demonstrated by Exam-
ple 3.3 in Section 3. Moreover, Mandache in [8] constructed an example (see
Example 3.4) with an L? potential, 0 < p < 2, where even the weak unique
continuation property fails.

Our first theorem below concerns the strong unique continuation property
in the case when n = 1. Denote by H l’; .(Q) the standard (local) Sobolev space

of functions whose weak derivatives up to order k are in leoc(Q)'

Theorem 1.1. Let Q be a domain in C. Suppose u = (uy,..,uy) @ Q — cN
withu € HIIOC(Q) satisfies |ou| < V|u| for someV € leoc(Q)' If u vanishes to
infinite order at z, € Q, then u vanishes identically.

One can compare Theorem 1.1 with the following strong unique continua-
tion property proved by Chanillo and Sawyer [3] for the differential inequality

|Au| < V|Vl (1.3)
with the potential V € L.

Theorem 1.2. [3] Let Q be a domain in C. Suppose u = (uy,...,uy) : Q - RN
withu € H;, (Q) satisfies |Au| < V|Vu| for someV € L; (Q). If u vanishes to
infinite order at z, € Q, then u vanishes identically.

We note that the two inequalities (1.2)-(1.3) can easily be converted to each
other, at least in the smooth category. However, in terms of the unique con-
tinuation property, it turns out Theorem 1.1 and Theorem 1.2 are no longer
equivalent. In fact, one can obtain Theorem 1.2 from Theorem 1.1 by applying
Theorem 1.1 to du, as a consequence of the facts that A = 490 and |du(z)| =

%qu(x, )| (since u is real-valued in Theorem 1.2). To deduce Theorem 1.1

from Theorem 1.2, it would boil down to the possible existence of flat solutions
to d given flat data. Surprisingly, there is an obstruction to such existence in
the flat category. This phenomenon was discovered by Liu and the two authors
in [7] which constructed a smooth function f that is flat at 0 € C, yet du = f
has no solutions that are flat at 0. The same phenomenon was later investi-
gated by Fassina and the first author in [5] for general elliptic operators with
real analytic coefficients.

While Theorem 1.1 and Theorem 1.2 are concerned with local vector-valued
solutions, there are earlier results about global and/or scalar (namely, N = 1)
solutions to (1.2) and (1.3) on C with L?(C) potentials. See, for instance, [6] by
Kenig and Wang and [12] by Seo.
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A well-known example of Wolff shows that the strong unique continuation
for (1.3) no longer holds when the real dimension of the source domain is larger
than 4. More precisely, Wolff constructed in [14] a smooth real-valued function
on R%, d > 5, which vanishes to infinite order at the origin and satisfies (1.3)
with V € LYRY).

As an immediate application of Theorem 1.1, we obtain the following weak
unique continuation property for (1.2) with an L? potential when n > 2. Here
givenu € H lloc(Q), du is understood as a (0, 1) form with distribution compo-
nents.

Theorem 1.3. Let Q bea doma_in in C". Suppose u = (uy,...,uy) : Q — cN
with u € H}, (Q) and satisfies |0u| < V|u| for some V € L; (Q). If u vanishes
in an open subset of Q, then u vanishes identically.

In contrast to the classical strong unique continuation property results for
Laplacian, the integrability assumption on the potential in Theorem 1.3 is in-
dependent of the dimension n of the source domain. On the other hand, the
weak unique continuation property fails for (1.2) with LP potentials, 0 < p < 2,
as shown by a two-dimensional Mandache-type example (see Example 4.2 in
Section 4). This shows the integrability assumption in Theorem 1.3 on the po-
tential is optimal for the weak unique continuation property.

Theorem 1.3 can be applied to obtain the uniqueness of solutions as follows.
Denote by C(o D the space of N-vectors each of whose components is a (0, 1)

form.

Corollary 1.4. Let Q be a domainin C", h = (hy,...,hy)T : Q — CJ(\(’) Wy and
= (Aji<jpen - Q- C(o ) With A € L; (Q). Suppose f,g : Q — CN with

f,g € H}OC(Q) and are solutions to du = Au + h. If f = g in an open subset of
Q, then f = gon Q.

2. Weighted Hardy-Littlewood-Sobolev inequality

Recall that given f € L?(C), the Hardy-Littlewood Maximal function of f,
denoted by M f, is given by

Mf@) i=sup [ IFQOlder, zeC
D

where the supremum is taken over all disks D in C containing z. The Riesz
fractional integral of f of order a € (0, 2) is

W@ i= [ o zec

Definition 2.1. Given a weight function V(> 0)onadomain Q C C, theweighted
L%(Q) space with respect to V, denoted by L? 1/ (Q), is the collection of all functions
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f on Q such that

1

Ifllz2 ) = (f |f(Z)|2V(Z)dUz) < 0.
Q

A more general but rather technical variant of the following theorem can be
found in [4]. We shall prove the boundedness of

£
Lt = f|§—| o

from L2 _,(C)space to L2 +/(C) space with respect to a weight V € L*(C) through
a much simpler approach

Theorem 2.2. Let V € L?(C). Then there exists a universal constant Cy such
that for any f € Lf/_l(C),

I fllzz ) = CollVllzollfllzz_ o)

Proof. Throughout the proof we use C to represent a universal constant, which
may be different at different occurrences. We first show that for any g € L2(C),

1

I1:8@lzz0) = VL) lIglize)- 2.1)

Without loss of generality, we assume g > 0.
For each z € C with § > 0 to be chosen later, write

Ilg(z)=f +f g¢) vy =: T +11.
2 [{=zl<d  JI{-zI>6 |¢ — 2|2

By Holder inequality,

I < dvg | f L4 )
('/|;—2|>5 5 vg) (Is’—z|>5 I$—z[3 %

1
_
1 g C
SC||g||L2(¢:>< Ji S—zds) = gl
é 52
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For I,

8

g

2 5 z
k=t gesle=zlsgm | -z

.
sz(g) | s
k=1 |g’—z|<2k—_1

1
[, s
I{=zl<5=

dU{

D s

2k—1

e k 1
< Z 2_5+27r55Mg(z)

1
=Cé2Mg(z).
Thus we have

1 1
118 < ¢ (83Mg2) + 67 gl )
2

After choosing § = V~1(z) in the above, we further get

ng@ <C (V) Mg + V@2 gl ).

Square both sides of the above inequality, multiply them by V, and then inte-
grate over C. One has

il
<C 1+ IVliee) ligllzo)-

In the last inequality, we have used the boundedness of the Maximal function
operator in L(C) space.
We further employ the standard rescaling technique to get rid of the constant
1 in the last line of (2.2). Indeed, for any k > 0, replacing V by kV in (2.2) and
1

1

2 2
V(Z)dvz) <C (IMgllr2c) + IV lI2o)llgllze)) (2.2)

1.g(z)

then dividing by k2, we have

il

Choosing k =

2 1 l
V(Z)dvz) S C| = + k2 Vileae) | lIgllzace)-
k>

2
1,g(z)

2

1

, this then completes the proof of (2.1).
V12
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Therefore if V is L>(C), I becomes a bounded operator from L(C) to Lé(C).

Consequently, let I'; be the éual of I'1 with respect to the following inner product

2 2

(f, 8 ::ff(z)@dvz forall f,g e L*(C).
C

Then I* is bounded from L‘Z/_I(C) to L?(C) satisfying for any f € L‘Z/_I(C),
2 1
I f @) < IV ey 112
2
Note that I, is a convolution operator. So one has I = I:. Making use of
the semi-group property of the fractional integrals, w2e obtaizn I, = Lol isa
2 3

bounded operator from L _(©)into L2 ;-(C) with the desired estimate. O

3. Proof of Theorem 1.1

Throughout this section, we restrict to the case when n = 1. The key ingre-
dient of Chanillo and Sawyer’s proof in [3] lies in a pointwise inequality in the
spirit of a technical result of Sawyer in [11], together with a weighted inequal-
ity for the Riesz integral operator I;. The proof of our Theorem 1.1 essentially
follows their idea. Instead of using a Sawyer inequality, we only need the fol-
lowing trivial identity (3.1) for the Cauchy kernel.

m

m—1 1
1 z Z
=3 + l§=0 fi = a0y for all ¢ # z nor 0. (3.1)

As usual, denote by Dy the disk in C centered at 0 with radius R.

Lemma 3.1. Let u € H'(C) has compact support. Then for almost every z € C,

u(z) = f U 4, (3.2)
- §
Ifin addition u vanishes near 0, then for any 1 > 0,
ou($)
f 7 dve = 0. 3.3)

Proof. Let R, > 0 be such that supp u C Dg . Foreach z € C, pick R > R,
so that z € Dg. If u € C!(C), by the Cauchy-Green formula (see for instance

[13]),

g d
u(z):% u(®) g_l u@ 40 =%/Zu_(§§)dv§_
C

aDRg_Z §—Z
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Here we used the fact that supp u C Dg . For general u in Hé(DRO), letting
u; € Ccl(DRo) — uin Hl(DRO) norm, then for any R > Ry,

0
YN
T C _g L2(Dg)

Bu) = 18N
f —t
Dy

<llu = ujllr2py) + =

L2(Dg)
<Cllu — uj||g1(py)
=Cllu = ujllinpg) = 0

as j — oo. Here the validity of the second inequality was based on the bound-
edness of the solid Cauchy integral operator
el [ 1),
T g 2~ ¢
from L?(Dg) space to itself. This proves (3.2).
When u \_fanishes near 0, the integral (3.3) is well defined. Moreover, the

6]
integral f u(i) duvy is zero near 0 by (3.2). Thus
cZ—

v

=0.

z=0

C i+t V¢ = Il 32! —¢ §

féu(s“) oL 8 au@)

O

Proof of Theorem 1.1: Without loss of generality, we assume z, = 0. Let yp
be the characteristic function for a set B. Fix an r > 0 small enough such that
Dy, C Q, |[ullf1(p,,) s finite, and

2
71.2

H ' e 2Co

1+ [z]?

where C) is the universal constant in Theorem 2.2. Replacing V' by V yp + ——

still denoted by V, we have (1.2) holds on D,, with V € L?(C),
V>0o0n C; V>C, on D,, (3.4)

for some positive constant C, dependent only on r, and
2

1||2

/4
o) S ¢, (3.5)

We shall show that u = 0 on Dr. Then the rest of the proof for the strong unique

Iz

continuation property followszfrom a standard propagation argument.

Choose n € C°(C)such thatny = 1onD,;0 <7 < land|Vy| < - on
D,, \ D,;n = 0outside D,,. Let) € C®(C)besuchthaty) =0inD;;0<¢p <1
and |Vy| < 2on D, \ D;; ¥ = 1 outside D,. For each k > ; (then % < g),

SN
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let ¥ (z) = P(kz),z € C. Note that Pnu € H'(C) and is supported inside
D,, \ D1. We apply Lemma 3.1 to ¥, nu and obtain for z € D,, m € Z*,
k

- 2
P u@P = | [ 5(%@)’7@)“@”@{‘
2 | Je z—¢
2
1 1 Sz
=/ [Z_g D) g—]awk@)n(;)u@))dvg
Making use of (3.1), we have
|¢k(Z)|2|u(Z)|2V(Z)dUZ
b, |z|2m
2
= [ am ] [ » gW]a(¢k<s“>n(§>u(§))dvg V(@)
— 2
1 119 @OmQu) |
i (f 2= Kl d‘*) v
1|, (18|
2\ e :
L2(C)
Applying Theorem 2.2 and (3.5), we further obtain
IIPk(Z)IZIu(Z)IZV(Z)dUZ
b, |Z|2m
_0||V” 10 Wi (2)n(2)u(z)) |* dv,
2 12(C) |z|2m V(z)
1 |5¢k(2)| lu(z)|? 19 (2)?|0u(2)|? 36
<2< AP dvz+fD 2PV dv,+ (3.6)
10 (n(2)u(2)) |?
— = d
+sz,\D, 2PV (2) ”Z)
__A B C
= 5 + 5 + E

We first have lim,_, ., A = 0. Indeed, since 9y is only supported on Dz \ D1,
k k
and V > C, on D2(C D,),
k

\V/ 2 2 2m+2
AS/ | ¢k(z)| |u(z)| dUZS k f IM(Z)lszZ*O
-<|z|< lz|>mV(z) Cr |Z|<§

as k — o0, as a consequence of the fact that u vanishes to infinite order at 0.
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On the other hand, applying the inequality (1.2) to B, we get
B_1 [ [h@Pu@P

- <= V(z)dv,.
272}, zpm (2)dv,

Subtract g from both sides of (3.6) and let k — oo. Then for each m € Z*, by
Fatou’s Lemma,

f lu(z)le(z)dvzslimf Ilbk(Z)IZIu(Z)IZV(z)dvZ
b |z|?m k= Jp, |z|2m

[ BaE@uE) P
oo, 1ZPV@

<

Now multiplying both sides of the above inequalities by r>™, then

m 2m| A3 2
f |sz|“(Z)|2V(Z)dUZ < f r7lom(@)uz)) | dv
D,

by, 1EPVE
< f 19 (n(2)u(2)) I d
< — = duv,.

D2r\Dr V(Z)

Shrinking the integral domain of the left hand side of (3.7) to Dr, and making
use of (3.4), we further infer ’

r

1 3 ~ 2
2o fD u@PVE)dy, < - fD 8 (r(2u() Pdv, = Colul g,
r 2r
2

for some constant C, dependent only on r. Lastly, letting m — oo, we have
u=0onDr. O

2

It is worth pointing out that when V' € LP,p > 2, the weighted Hardy-
Littlewood-Sobolev inequality is not needed to obtain the unique continuation
property for (1.2). Indeed, the strong unique continuation property follows by
repeating the same proof as in Theorem 1.1, except with those integrals over the

domain C substituted by those over D,,,r < %, and with Theorem 2.2 replaced
by the following inequality

I fllzz oy < CpllVlleeplifllez_ o,y forall f € L,,(D) (38

for a constant C,, dependent only on p. (3.8) can be proved by simply us-
ing Holder inequality. This is because when p > 2, ||é|| La(p,) 1s uniformly

bounded on D, by some constant Cp,, where q is the dual of p, i.e., lil=t
P q
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1
Lf (I V({)>
f . —dve| V(z)dv,

L DiiE— 23 VQ)E I -2l

FOPR V)
/ﬁf| —ﬂV@)f'f =z V@

1 1

2
<C,| |V||LP(D1)ff |§|f(§)| dvgV(z)dv,
D,

||Ilf||L2 (D )

1

IA

V()

IfOP [ V@
=CpllVllzroy) v, |§—Z|dvzdv§
1 1

SCIZJ||V||ip(D1)”f”i;_l(Dl)'

Clearly the above approach no longer works when, for instance, the potential
V is exactly L? (namely, in L? but not in L? for any p > 2) as in the following ex-
ample. For those cases, we have to use Theorem 1.1 to justify the nonexistence
of nontrivial flat solutions.

Example 3.2. For0 <e¢e < % let

€

uy(z) = e~In1zD° gpd V(z) = -
2|z| (—1n|z])

onDi. ThenV € L*(D1), yetV & LP(D:1) for any p > 2. By Theorem 1.1, the

2 _ 2 2
equation |0u| = V'|u| has no nontrivial flat solution. Since uy is continuous on
D1 and satisfies |ou| = V|u| in D1 \ {0} pointwisely, by Lemma A.1 we have u, €

Hl(D ) and satisfies |0u| = V|u| on D1 Thus u, can not be flat in particular.

On the other hand, one can directly verify that u; 1(0) = {0}, yet uy, fails to vanish
to infinite order (in fact, (1.1) fails for all m > 3) at 0.

When V € LP, p < 2, the strong unique continuation property fails in gen-
eral as seen below.

Example 3.3. Foreach 0 < p < 2, choose ¢ € (0, 2_—p) (so that (¢ + 1)p < 2).
P
1
Then ue(z) = e I vanishes to infinite order at 0 and satisfies |0u| = V|u| with
V= € LP(D;)onC.

2| |E+l

More strikingly, Mandache constructed an example in [8] with an L?, p < 2
potential, where even the weak unique continuation property fails.

Example 3.4. [8] There exist two functionsu € C°(C)andV € LP(C),0< p <
2, such that u is supported on D, and satisfies du = Vu.
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Despite the above examples in p < 2, the first author showed (in Lemma
7 [9]) that the strong unique continuation property may still be expected if the
target dimension N = 1 and V takes a certain special form, such as a multiple of
I;II' Note that é & L2. It should be noted that the strong unique continuation

property no longer holds for this potential when N = 2. In fact, Wolff and the
first author in [10] constructed a smooth function v, : C — C which vanishes

to infinite order at 0 and satisfies |Av| < < |Vu| for some constant C > 0. (See
z
also [1] by Alinhac and Baouendi for another example in the same setting.)
Letting u, := (6Rv,, ISvy), then uy : C — C? vanishes to infinite order at 0
and satisfies |du| < %|u| for some constant C.
z

4. Proof of Theorem 1.3 and Corollary 1.4

We shall assume n > 2 in this section. Note that the inequality (1.2) reads as

2 2

n N N
Oul :=| D> 16wl <V lwl?| :=Vlul. (4.1)
j=1k=1 k=1
Proof of Theorem 1.3: Without loss of generality, assume n = 2. We only
need to show that for any r, > r; > 0,5 > 0, if u satisfies (1.2) on the bidisk

D,, X Dgand u = 0 on D, X Dy, thenu = 0on D,, X D;.
Since V € L? (Dy, X Dy), by Fubini’s theorem, for almost every z, € D,

loc

V(.,z,) € L; (D,,), and similarly for u(-,z,) € H, (D,,). Restricting (4.1) at
each such z, = ¢,, we have v : = u(, ¢;) on D,, satisfies

N

10v] = [ D] 181k e P | < 10uC, )l S VE,elul,ex)l = VG, ep)lvl.
k=1

Since v = 0 on D, , applying Theorem 1.1 we have v = 0 on D,,. Thusu = 0 on
D,, X Dy. The proof is complete. O

Proof of Corollary 1.4: Letu := f —g. Thenu € HIIOC(Q) vanishes in an
open subset and satisfies

ou = Au on Q.
LetV 1=,/ Z]J.\’kﬂ |Aj |2, the matrix norm of A. Then u satisfies |0u| < V0ul
with V € L (Q). By Theorem 1.3, we have u = 0 on Q. O

One may modify the one-dimensional Example 3.2 to obtain an inequality
in higher dimensions with an exact L? potential, where Theorem 1.3 can be
applied to get the weak continuation property.

Example 4.1. For0 <e¢ < %, let

uO(Zl’ Z2) — e_(_ In |le)Ee_(_ In |ZZ|)E
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and

1
€ 1 1 2
V(z1,2,) = 2 ( 2 T 2—2e)

|z11% (= In|z4]) |221% (= In|z;])

onD1XDi. ThenV € L*(D1xD1),yetV & LP(D1xD1)forany p > 2. Moreover,
2 2

2 2 2 2

since uy is continuous on D1 X D1 and satisfies |0u| = Vu| in (Dl \{0}) X

2 2
(Dl \{0}) Uy € Hl(Dl xDl)andsatlsﬁes [ou| = V|u| onD1 X D1 by Corollary

A.3. By Theorem 1.3, any nontrwzal solution, and thus u, can notvamsh in open
subsets of D1 X D1. In fact, one can directly verify that u, only vanishes on {z; =

2 2
0}U{z, = 0}in D1 X D1.

2 2

Similarly, making use of Mandache’s example, one can construct an example
in n > 2 where the weak unique continuation property fails if the potential is
atmost L?, p < 2.

Example 4.2. For each 0 < p < 2, there exist nontrivial u € CX(C?»),V €
LP(C?) such that u is supported on D, x D, and satisfies |ou| < V'|u| on C2.

Proof. Let w, W be as in Mandache’s Example 3.4 with w € C&(D), W €
LP(C) and |dw| < W|w]| on C. Define u(z;,z,) := w(z))w(z,),(z;,2,) € C2.
Then u € CX(C?) with support in D; XD;. One can check that for (z;, z,) € C?,

10u(z1, 2,)| <[01w(z)|[w(z2)| + [w(z))]|d,w(z)|
Wz w(z)[[w(z)] + W(zy)w(z))|[w(z,)]
= (W(Z1))(D1 (z2) + W(z2)xp, (Zz)) lu(zy, z,)|.
Letting V(z;,2,) 1= W(z1)xp,(22) + W(22) xp,(22). Then |ou| < V|u| with

VI ey < C ( f W(z)IPdu,, + f W (z)IP dvz)<oo

for a constant C > 0. O

The following theorem gives an example where the strong unique continua-
tion property may hold when the potential V is a multiple of ﬁ as below. We
z

note that when n > 2, ﬁ isin L? but not in L?". Let B, be the unit ball centered
z
at0 e C".

Theorem 4.3. Let u be a smooth function from B; C C" to C satisfying

|5u| < ﬁlul (4.2)
for some constant C > 0. If u vanishes to infinite order at 0, then u vanishes
identically on B;.
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Proof. For each z € B, \ {0}, define w(r) := u(rz), r € D1 . Then w vanishes
Izl

to infinite order at 0 and satisfies

15w(0)] < |2l1du(cz)| < |f—l|w<r)|.

Making use of Lemma 7 in [9], we have w vanishes on D 1 , and thus u vanishes
Iz]

identically on B;. O

Appendix A.

The following lemma is known in folklore, and is particularly useful while
checking for weak derivatives in examples. For convenience of the reader, we
provide a proof below.

Lemma A.l. Let f : D, - Cand f € LY(D,). Supposeu : D; — C with
u € L*(D,) satisfies
ou=f in Dy \ {0}
in weak sense. Then
du=fin D;
in weak sense.
Proof. Letn € C°(D,) be a cut-off function with 7 = 1 on D: and |Vy| < 3

on D;. For each k > 0, let n,(z) = n(kz),z € C. Given a fixed tzesting function
¢ € C2(Dy),

f W(2)3p(z)dv,
D

Z/J;

Since (1 — ;)¢ is a testing function on D, \ {0}, by assumption

B=— [ f@) - n@)d@)dv, — - f F@E)dv,
D,

D,

u(2)d (i (2)¢(2)) dv, + f w(z)d (1 — n(2)) $(2)) dv, = A+ B.

1 Dl

when k — 0. For A, since 5, and |97 | are only supported on D1 with |5, | < 1
k

and |97 | < 3k, we have by Holder inequality

Al < | [u@lIon(@)l¢@)ldv, + | [u@)]Ine(2)]19¢(2)dv,
D, D,

<3k f (@)@ dv, + f u(2)36(2)|dv,
D1 D

1
k k

7T \/71' -
S3k7||u¢||L2(D1) + & 1u0¢llr2p, )
x k

<Cllullr2p,)
k
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for some constant C > 0 (dependent only on ¢). Lettingk — oo, we get |A| — 0.
The proof is complete. O

We remark that the assumption u € L?(D;) in Lemma A.1 cannot be further
relaxed, as indicated by the following example.

Example A.2. Let uy(z) = l, z € D;. Then u satisfies
4
ou=0 in D, \ {0}
However, u, is not a weak solution to du = 0 in D;.

Proof. We only need to verify for a general ¢ € C°(D,), fD1 —a¢(z)duz #+ 0.
4
Indeed, by Stokes’ theorem,

f 2 11, —1im f 2 1,
D, VA =0 Dl\Ds z

=1nmf a<@dz)
2(—:—»0 Dl\Ds zZ

L im @dz

O
One can immediately extend Lemma A.1 to higher dimensions as follows.

Corollary A.3. Let f; : D; — Cand f; € L\(D,), j = 1,2. Supposeu; : D; —
C with u; € L*(D,) and satisfies

in weak sense for each j. Then u(z,,z,) : = u;(z)u,(z,) satisfies
01u(z1,2,) = f1(20)ux(2;) and d,u(zy,2,) = uy(21)f2(22) in Dy x Dy
in weak sense.

Proof. We only prove the first equation holds in D; X D; in weak sense. For a
fixed testing function ¢ € C°(D; X D,), by Fubini’s theorem,

| ez znde. = [ e [ n@s @z do, do,
D, xD,; D, D,
Since ¢(-, z,) € C°(D,) for each z, € Dy, applying Lemma A.1 to u,, we get

f w(z1, 2,)3, (21, 2))dv, = — f uz) [ fr(z)é(z z)dv, du,,
D, XD, D

1 Dl

__ f F1(zDus(z)$(z1, 22)dv,.
Dy xD;
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