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Some nontrivial secondary adams
differentials on the fourth line

Xiangjun Wang, Yaxing Wang and Yu Zhang

ABSTRACT. Let p > 5be an odd prime. Using the correspondence between
secondary Adams differentials and secondary algebraic Novikov differentials,
we compute four families of nontrivial secondary differentials on the fourth
line of the Adams spectral sequence. We also recover all secondary differen-
tials on the first three lines of the Adams spectral sequence.
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1. Introduction

The Adams spectral sequence (ASS) is one of the most useful tools to com-
pute the stable homotopy groups of the sphere 7,.(S). The ASS has E,-page
Ext}“(F,,F,), where A, is the dual mod p Steenrod algebra.

In this paper, we always assume p is an odd prime. Then we have

A, =P[£,&, ] ® E[tg, 71,7, -],

where P[§;,£;,---] is a polynomial algebra with coefficients in F,, and
E[7y, 71,73, -] is an exterior algebra with coefficients in [ ,.
The Adams-Novikov spectral sequence (ANSS) is another useful tool for com-

puting 7,(S). The ANSS has E,-page Exty, ,.(BP,,BP,), where BP denotes
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the Brown-Peterson spectrum. We have
BP>,< .= 71'*(BP) = Z(p)[vl,vz, "'], BP*BP = BP*[tl, tz, "']

where Z ) denotes the integers localized at p.

The Adams-Novikov E,-page can be computed via the algebraic Novikov
spectral sequence (algNSS) [10, 14]. The E,-page of the algNSS has the form
Extf;:([Fp,Ik/Ik“), where I denotes the ideal (p,v;,v,,---) C BP,, and P, =
BP,BP/I = P[ty,1,,---]is the F )-coefficient polynomial algebra. Here, we have
re-indexed the pages to align with the notations in Gheorghe-Wang-Xu [4] and
Isaksen-Wang-Xu [6].

The E,-page of the Adams spectral sequence can also be computed via an-
other spectral sequence, called the Cartan-Eilenberg spectral sequence (CESS)
[3, 15]. For odd prime p, the E,-page of the CESS coincides with the E,-page of
the algNSS. Then, we have the following diagram of spectral sequences.

, CESS k,t+k
Extls,:(ﬂ:p,lk/Ik“):Eth T EF,Fp)

algNSS“ “ASS

ANSS
Extyy, pp(BP,,BP,) 7i—5(S)

In practice, the main difficulty of computing with the ASS is that the Adams
differentials d/\%*™S’s are difficult to be determined in general. On the other

hand, the algebraic Novikov differentials dflg ’sare much easier to be computed.
This is because the entire construction of the algNSS is purely algebraic. Com-
puting d;’ 85 does not require any topological background knowledge. It turns
out that when r = 2, there is a direct correspondence between dg‘dams’s and

lg,
d; ®’s.

Theorem 1.1 (Novikov [14], Andrews-Miller [2,11]). Letz € Extfqtk’Hk([Fp, Fp)
be a nontrivial element detected in the CESS by x € Ext}S;:([Fp,Ik/Ik“). Regard
X as an element in the algNSS, then the secondary algebraic Novikov differential
dg g (x) represents the secondary Adams differential d’z“dams(z).

Let p > 5. A complete list of generators together with their dg‘dams(z) has
been determined for the first three lines of the Adams E,-page, i.e. E xt;i Fp, Fp)
with s = 1,2,3 (see [1, 7, 12, 16, 17, 18]). Meanwhile, only partial results are
known for the fourth line Extiij([Fp, F,) (see, for example, [19]).

In this paper, we demonstrate a practical computing strategy to determine

d’z“dams’s by computing their corresponding d;lg ’s. We will work on several ex-
plicit examples and provide detailed proof. Our main result is the following.
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Theorem 4.4. There are nontrivial secondary Adams differentials given as fol-
lows:

(1) d9™S(hyhs 18;) = agby;_1hs 8, fori > 1.

(2) 599 (g ihs 141kisa) = Aoba iR i1 Kigo, fori > 1.
(3) d5 9% (hy 18ihis3) = Agbyi_18ihiss, fori > 1.

(4) d299S(hyhy 141 ki) = agbs iy ha iy ki fori > 1.

Remark 1.2. Here, we follow the conventions of [17, 19] to name Adams E,-
page elements by their May spectral sequence (MSS) representatives, compare
with Table 2 and Table 3. We would like to comment more explicitly on the
indeterminacy of these classes. For example, the result of (1) should be inter-
preted as follows. If an element x € Extfq’j([Fp, ) has MSS representative

hyihs ;8 = hy;hs;h,;hy;, then its secondary Adams differential d‘z“dams(x)
has MSS representative agb,;_1h3;8; := agby;_1hsh, hy ;. More details of the
MSS are reviewed in Section 3.

It is straightforward to verify that these four families of elements are inde-
composable, i.e., they can not be written as products of elements from the first
three lines. Consequently, one can not deduce the differentials simply via Leib-
niz rule.

From our point of view, the practical computational strategy here is possibly
more interesting than the result itself. To further demonstrate this, in Section
5, we use the same strategy to recover all secondary Adams differentials on the
first three lines.

Previously, the nontrivial Adams differentials on the third line were com-
puted in [17] using matrix Massey products [9]. Comparatively, our computa-
tion has the following advantages: (i) Our computations can be easily adapted
to analyze other d;‘dams’s of interest. On the contrary, the matrix Massey prod-
uct method could fail when the relevant indeterminacy is nontrivial; (ii) Our
computations of the algebraic Novikov differentials are routine and purely al-
gebraic. Such computations are comparatively more straightforward than the
previous ones using matrix Massey products.

Organization of the paper. In Section 2, we review the algebraic structures
and constructions related to Hopf algebroids. These structures are fundamen-
tal to later computations. In Section 3, we discuss several spectral sequences
we use in this paper, including the algNSS, the CESS, and the May spectral se-
quence. In Section 4, we compute relevant algebraic Novikov differentials and
prove Theorem 4.4. In Section 5, we use the same computational strategy to
recover the secondary Adams differentials on the first three lines.

Acknowledgments. We would like to thank the anonymous referee for the
detailed suggestions. The third named author would also like to thank Zhilei
Zhang for helpful discussions. All authors contribute equally.
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2. Hopf algebroids

In this section, we review the definition as well as two important examples of
Hopf algebroids. We will also recall the associated cobar complex construction.

Definition 2.1 ([15] Definition A1.1.1). A Hopf algebroid over a commutative
ring K is a pair (A, I') of commutative K-algebras with the following structure
maps
left unitmapn; : A—>T
right unitmapng : A—>T
coproduct mapA : ' > T'®, I
counitmape : I' - A
conjugation mapc : I' -» T
such that for any other commutative K-algebra B, the two sets of K-homomor-

phisms, Homg (A, B) and Homg (T, B), are the objects and morphisms of a group-
oid.
2.1. The Hopf algebroid (BP,, BP.BP). An important example of Hopf al-
gebroids is (BP,, BP,BP) [5, 12, 15]. Recall that we have
BP, := 7. (BP) = Z,[v1,05,+1], BP.BP = BP,[ty,t5,] 9]

We also have

H*(BP) = Z(p)[ml’ ms, "'] (2)
where |v,| = |t,| = |m,| = 2(p" — D).
Notations 2.2. Throughout this paper, we denote vy = p, and my = t, = 1.

The Hurewicz map induces an embedding

i : BP, - H,.(BP)

(3)

n—1
pl
Oy 1= Py = 3 Uy,
i=1

We can describe the structure maps of the Hopf algebroid (BP,., BP,.BP) as fol-
lows.
The left unit and right unit maps n;,nz : BP, — BP,BP are determined by

nL(Ly) = vy 4)
nr(my,) = Z mitf ©)
i+j=n
The coproduct map A : BP,BP — BP,BP ®gp_BP,BP is determined by
i i i+j
2 mA)P = 3 omit @ty 6)
i+j=n i+j+k=n

The counit map ¢ : BP,BP — BP,, is determined by
E(Un) = Up, E(tn) =0. (7
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The conjugation map ¢ : BP,BP — BP,BP is determined by
pi pi+j
> mt? ()P = m,. (8)
i+j+k=n

In practice, it is more convenient to work with n(v,) instead of nr(m,,).

Let I denote the ideal (p, vy,v,,---) C BP,. Then I is an invariant ideal as a
BP,.BP-comodule, in other words, we have 5, (I) - BP,BP = BP,BP - ni(I). For
k > 0, we let I* - BP,BP denote 7, (I¥) - BP,BP = BP,BP - ng(I¥).

We have the following formulas.

Proposition 2.3. Let n > 0. The right unit map ny : BP, — BP,BP satisfies
" i
nr(L,) = Z Ul-tS_l. mod I? - BP,BP 9)
i=0

Proof. We prove by induction on n. The case for n = 0 is trivial. Now suppose
(9) is true for 0 < i < n — 1. Then, in particular, ngz(v;) € I - BP,BP for
0 <i < n—1. Note (3) implies

v, = pm, modIPH,(BP) (10)
for n > 0. Then, direct computation shows

n-1

(V) = P Nr(m,) — D Nr(Va_ )P NRr(my)  (by (3))

i=1
= p ng(m,) modI? - BP,BP

" i (11)
=pY,mt’ . modIP-BP,BP (by(5))
i=0
n i
= > v’ modIP-BP,BP (by(10)
i=0
O

Similarly, we could obtain the following formulas for A(t,,).

Proposition 2.4. Forn > 0, we have

n n—1
n—k
Alty) =Dty ® 0 = > vib,;y modI*-BP,BP Qgp BP.BP (12)
k=0 i=1

where we denote
i i
1 i—k v j+1 i—k+j+1
b; = E[(Z b ®t, P = @t | (13)
k=0 k=0

fori>1,j>0.
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Proof. We prove by induction on n. The case for n = 0 is trivial. Now suppose
(12)is true for 0 < i < n — 1. Then, direct computation shows

D mi(Atj)pi = m(At,_)P

i+j=n i=1

A(ty)

n

i i+j i

Z mitf 1 _Zmi(Atn—i)p
i=1

i+j+k=n

) (14)
n n—k n n-l i n—k n i
= 2tk ®t,  +2m(Q 7 @ty )= D miAty )P
k=0 i=1 k=0 i=1
n n—k n ; n-i i n—k
=D @ =Y mlAL_ )P =Y e ]
k=0 i=1 k=0
Modulo I* - BP,BP ®gp, BP,BP, we have

n ) n—i ; ek
YomilAn_ P =Y en ]
i=1 k=0
n n-i n—i—k : n-i i n—k

= 2ml(Y e ®ty P =tr et ]
i=1 k=0 k=0
n—1 1 n—i ik n—i ; ek

= pm; - _[(Z tn-i—k ® tllj » - Z tlf—i—k ® tllz ]
n—1

= Uib,_ii—1
i=1

This completes the proof. O

2.2. The dual Steenrod algebra A.. The Steenrod algebra provides another
important example of Hopf algebroids.

Let A, denote the dual mod p Steenrod algebra for an odd prime p, we have
[13]

A, = P[£1,&, -] ® E[1¢, 71,72, ] (15)

as an algebra, where P[§;, 5, -] is a polynomial algebra with coefficients in [,
El7gy, 71,75, -] is an exterior algebra with coefficients in F,. For the internal
degrees, we have |&,| = 2(p" — 1), |t,,| = 2p" — 1. We also denote &, = 1.
One can show A, is a Hopf algebra over [,,. In particular, (F,,A,) has a
Hopf algebroid structure. We can describe the structure maps as follows [13].
The left unitn; : F, — A,, right unitng : F, - A,, and counite : A, —
[, maps are all isomorphisms in dimension 0.
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On generators, the coproduct A : A, - A, ® A, is given by:
n ; n i
Agn = Z %‘rll’_i ® gi’ At, =7,81+ Z §5_i ®T; (16)
i=0 i=0

The conjugation map ¢ : A, — A, is an algebra map given recursively by

c(§0) = 1’ Z grll)l_lc(gl) = 07 n> O’ (17)
i=0
T, + Z é'si_ic(ri) =0,n>0. (18)
i=0

For our computational purposes, we prefer to use a different set of generators.
We denote t,, = c(§,),n > 1, and 7, = c¢(z,,), n > 0. We also denote t, = 1.

Proposition 2.5. Let p be an odd prime, we can write
A* :P[tlatZa"']®E[f0’f1af25"'] (19)

as an algebra, where |t,| = 2(p" — 1), |T,| = 2p"™ — 1. Moreover, the coproduct
A A, - A, ®A,isgiven by:

n . n .
AtnzZti®tp Afn=2fl®t5_l+1®fn (20)
i=0

n—i’
i=0

Proof. It is straightforward to deduce the coproduct formulas by induction on
n. Here, we outline the strategy to prove (20) for t,,. The formula for %, can be
verified similarly.

The case for n = 0 is trivial. Now, suppose (20) is true for 0 < m < n — 1.
Note (17) implies

n—1

Z(Agn—i)pi(Ati) +At, =0
i=0

To deduce the desired result, it suffices to show

n—-1

> a0 a0+ S e <o

i=0 i=0
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Indeed, we have

n—1 n .
S A& P+ Y @
i=0

0
n

-3

n—i ) i i k
(ORI TDLIOIN-T749)
i=0 j=0 k=0
ot P K
= VI & @Yt ®tF,)] (21)
i=0 j=0 k=0
_ Z gfn—r tk ® é“?I{Jrs tfk
Jjtr+k+s=n
= Y & ueC Y iyttt Y d el
r+k<n jHs=n—k—r r+k=n
=0

O

Remark 2.6. The advantage of using the new set of generators is that, as we
will see in Section 3, ¢(£,,) corresponds to the generator t,, € BP,BP and c¢(t,)
corresponds to v, € BP,.. Hence, we abuse the notation and denote c¢(§,,) as t,,
when no confusion arises.

2.3. Cobar complexes.

Definition 2.7. Let (A,T') be a Hopf algebroid. A right I'-comodule M is a right
A-module M together with a right A-linear map ¥ : M - M ®, I" which is
counitary and coassociative, i.e., the following diagrams commute.

MM, T M—2 _Me,T
\LM@E IPL LM@A
M _
MuT o0 MR sJT R T

Left I'-comodules are defined similarly.
Definition 2.8. Let (A,T") be a Hopf algebroid. Let M be a right I'-comodule.
The cobar complex Q"(M) is a cochain complex with
S,% —®s
QS (M)=M®,T

where T'is the augmentation ideal of e : I' — A. The differentialsd : o' (M) >
QI (M) are given by

dm@x; ®x, Q- @x) =—P(M) - MO @ x; ® X, @ - @ X

S
- Z(—I)M’jim X Q@ QX ® (Z x!,j,— ® xi,,/jl-) QXiy1 ® - @ X,

i=1 Ji
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where
>, @) = M) ~1® % —x ® 1
Ji

A, =i+ x|+ + x|+ |x{j_|
sJi

The cohomology of Q1" (M) is Exty"(A, M) (see [15, Section A1.2]).

3. Some relevant spectral sequences

In this section, we review the construction and properties of some relevant
spectral sequences, including the algebraic Novikov spectral sequence (algNSS),
the Cartan-Eilenberg spectral sequence (CESS), and the May spectral sequence
(MSS). These spectral sequences will be used in later computations.

3.1. The algebraic Novikov spectral sequence. Let I be the ideal of BP,
generated by (p, v, Uy, --+). The ideal I induces a filtration

BP,=I'>I'>PPoDP>.-2oIFo [l 5 ... (22)

Consider y = ap"()l)lflv;<2 --- € BP,, where a € Zp is invertible. We let I(y) =
3,;k; denote the length of y. Then y € I¥ if and only if I(y) > k.

Let E;BP, denote the associated graded object, where E’gBP* i= IR /IR,
We have

E;BP, = P I* /1! = Fplq0, 91, 42 -] (23)
k>0

is a [F)-coefficient polynomial algebra, where the generator g; corresponds to
v;, I /T¥*1 corresponds to those homogeneous polynomials of degree k.

Similarly, we can filter BP,.BP. Denote

F¥BP,BP :=n,(I*)BP,BP = BP,BPni(I¥)

We define the associated graded object EXBP,BP := F¥BP,BP/F¥*1BP,BP.

The filtration of BP, and BP,BP together induces a filtration on Qgp_gp(BP,,).

Such filtration induces an associated spectral sequence [15, A1.3.9] converging
S,t

to ExtBP*BP(BP*, BP,).

Theorem 3.1([10, 14]). Thereis a spectral sequence, called the algebraic Novikov

spectral sequence (algNSS), converging to Ext;’;, sp(BP., BP,) with E»-page

ik :
EY"" = Bxty (Fp, I*/TF)

and d*® : ESUK o pSLORT=Lphere
P, := EoBP,BP ®ppp, F, = BP.BP/I = P[t},15,] (24)
is the [ -coefficient polynomial algebra.

Remark 3.2. Our index of pages here is different from the ones used in [2, 15].
We have re-indexed the spectral sequence to align with the notations in [4, 6].
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3.2. The Cartan-Eilenberg spectral sequence. Let.A, denote the dual Steen-
rod algebra for an odd prime p. Recall from Proposition 2.5 that we have

A, = Plty, by, -] @ E[To, T1, T2, ]
Let P, denote P[t;,t,,--] C A,. Let E, denote E[%, T;, 5, -*]. Then
P, - A, —E,
is an extension of Hopf algebras [15, A1.1.15], which induces a spectral se-

quence [15, A1.3.14] converging to Ext}"(F,, F ).

Theorem 3.3 ([15] Theorem 4.4.3, 4.4.4). Let p be an odd prime. There is a spec-
tral sequence, called the Cartan-Eilenberg spectral sequence (CESS), converging
to Ext2+sz’t(ﬂ:p, F,) with E,-page

B, = Exty” (Fp, Exty} (Fp, Fp)

WL +r,t,8—r+1 .
andd, : E;V" — E,'""""27" Moreover, one can prove the following results:

(a) Exthz’*([Fp, F,) = Plag, a1, -+-] is a polynomial algebra with generator a; €

Ext12P'=1 yepresented in the associated cobar complex Qg (Fp) by [].
(b) The P-coaction on Extg (Fp,Fp) is given by

Ya) =Y a et (25)
i=0

(c) The CESS collapses from E, with no nontrivial extensions.
(d) There is an isomorphism

Exty!(Fp, I*/1¥Y) = Exty ™ (F , Extf (Fp, Fp) (26)
between the E,-page of the algNSS and the E,-page of the CESS.
The (d) part shows the two Ext groups are isomorphic (up to degree shifting).

Moreover, we can show the two associated cobar complexes are isomorphic (up
to a shifting of degrees). More precisely, there is a natural isomorphism

Qp (I* /1) QP*(Extb'E*([Fp, Fp) 27)
sending ¢; to ¢; and g; to q;.

Indeed, by Theorem 3.3 (a), Extg*(Fp, [Fp) is the homogeneous degree k part
of the polynomial P[ay, a;, a,, ---]. Hence I¥/I¥+1 =~ Extg*([Fp, Fp). Ifx €
I¥ /11 has inner degree t, then its corresponding element X € Extg*([Fp, Fp)
has inner degree ¢ + k. This degree shifting is a consequence of the fact that

lgil = 2(p* — 1) = |g;| — 1. Moreover, the comodule structure map ¥ :
Ik /11 — 1% /1*1 @ P, induced from (9) is given by

W) =D g @ (28)
i=0

which also agrees with (25).
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Notations 3.4. In this paper, we often refer to E,-terms of the algNSS by their
representative in the cobar complex Qp (I k/1%+1). For example, we let g, ®

tf denote its homology class in Ext}l;*([Fp, I/I?). The correspondence between
different E,-pages becomes clear under this naming convention. For example,
qQ®t € Ext};*([Fp, I/I?) in the algNSS corresponds to

ao ® t! € Exty(F,, Extl (F,,F,))
in the CESS, which represents 7, ® tf S Exti’"f([Fp, [Fp) in the ASS.

3.3. The May spectral sequence. The E,-terms E xtff (Fp, Fp) of the Adams
spectral sequence could be computed via the cobar complex QZ*([FP). In prac-
tice, we could simplify such computations by filtering Q’"(F ).

Theorem 3.5 ([8], [15] Theorem 3.2.5). Let p be an odd prime. A, can be given
an increasing filtration by setting the May degree M (tip j) = M(f_;) = 2i—-1
fori—1,j > 0. The filtration of A, naturally induces a filtration of QZf(Fp).
The associated spectral sequence converging to Extféi([Fp, F,) is called the May
spectral sequence (MSS). The MSS has E; page

E"" =E[h;li>1,j 20l Q@P[b;;li >1,j > 0] ® Pla;li 0]  (29)

LM 16.M—
andd, : EX" - EY " where

1,2(p'-1)p/ 2i-1

J
h’i,j =[tlp ] S E1

p-1 ; . , ;
J J - J+1 i—
bij =[k§: (i)/p G A= TG L o cr (30)
=1

1,2p'—1,2i+1

a; =[fi] € E1

Remark 3.6. Technically, we could denote the generator by Ei, j instead of b; ;
to avoid possible confusion with the element

i

i
1 i—k i1 J+1 i—k+j+1
b= E[(Z tik ® l‘,f LR Z tf)_k ® tf |
k=0

k=0
defined in (13). However, let x be the element in QZ*([FP) corresponding to b ;
(Notations 3.4). Note Q7*(F ) has coefficient F,, we have

1 p—1 pj+1 Pk ) PR (pot)p)
x== 2 20 N @t Py, @1 PP
P Fk, i=1 P
1 2 =

p—1 ) ) L L
_1 D\ ,tp) (p-0D)p’ o tp*iTR (p—p)pitike
7 Z Z (t)(ti—klti—kz ®tk1 tkz )
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Its May filtration leading term is

L5 (P o (-0 _
EZ(t)ti L = by

t=1

Therefore, we often abuse the notation and also denote Ei, j by by j.

Note that we can analogously define an increasing filtration on Qp (I ke jrk+ty
(hence also on Qp, (Ext’é (Fp,Fp))) by setting the May degree

J .
M) =M(giy) =2 -1

fori —1,j > 0. We observe the following structure maps:
" i " i
@) =) G ®L_,, A= @1, (31)
i=0 i=0

Fori < n,wehave M(g,) = 2n+1>2n=2i+1+2(n—i)— 1= M(q; ®t"_).

Similarly, forO <i<n,M(t,) =2n—-1>22n-2=M(; ® tﬁl_i). Let d denote
the differential of the cobar complex Qp (I k /1%+1) (see Definition 2.8). Then d
respects this May filtration. Hence, we can talk about the May filtration of the
algNSSs E,-terms. Moreover, the May filtration of the elements in the algNSS E,-
page agrees with the May filtration of the corresponding elements in the ASS
E,-page (see Notations 3.4).

4. Secondary Adams differentials on the fourth line

In this section, we prove our main result Theorem 4.4. Using Theorem 1.1,
we determine these secondary Adams differentials dg‘d‘”’”s by computing their

corresponding secondary algebraic Novikov differentials d; &
Our computational strategy in this paper can be summarized as follows:

(1) Let x be an element in the Adams E,-page. Let | be the MSS represen-
tative of x.

(2) As stated in Notations 3.4, we find the the element x’ (resp. I’) in the
algebraic Novikov spectral sequence corresponding to x (resp. ). We
deduce !’ is the May filtration leading term of x’.

(3) Through a careful analysis of I, we determine the May filtration leading
term y’ of dglg(x’).

(4) Lety be the element in the MSS corresponding to y’. Then we conclude
dg‘dams (x) is represented by y.

In particular, we will use Table 1 for the four families of Adams E,-terms in
Theorem 4.4.
Now we start the actual computations.
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Adams E,-term x | MSS representative [ | corresponding algNSS term [’

P oy (P o P on (P
hyihs 8 hyihsihyihy f, ®l; L, B

pi pi+l pi+2 pi+3

hyihsipikiva hyihsivihyiiah s , ®t; ®t, Q)
hyigih: haihyihy hy, P el @ @i
4,lgl i+3 4,072, 1,iT4,i+3 4 ® 2 ® 1 ® 1

pi pi+1 pi pi+1
hsihy i1k hsihy 4102 ih 4 i ®L, L, ®L

TABLE 1. Representations of the four elements

Lemma4.1. Letd denote the differential in the cobar complex QZ’; pp(BP..) (Def-
inition 2.8). Let n,i > 1, we have

n—k+i

. n—-1
d@b)y=> " ®t'  +pb,;.; modI* BP,BP ®gp BP.BP  (32)
k=1

Proof. After reduction module I? - BP,BP ® sp, BP,.BP, we have
APy =at) -1t —iF @1

n n—1
n—k i i i
=Q tp ® =Y vb, )P - 1@ -tk ®1 (by (12))
k=0

i=1

n
n—k_ i i
=Q @ W -10th -tk ®1
k=0

7
L

i n—k+i

tﬁ_k ® ti + pb, ;1 (compare with (13))

=~
1l

1

0

Proposition 4.2. Letx € Ext;;’*([Fp, BP. /1) be an element in the E,-page of the
algNSS such that x has May filtration leading term tfl ® té’ l ® tg l P l, where
i>1. Then d;lg(x) has May filtration leading term qob, ;1 ® tfl ® tfl ® tfl.

Proof. We will compute d; 8 (x) as follows. First, we will find a representative X

of xin Q%;* pp(BP.). Afterward, we will analyze d(%), whered : Qé’;* sp(BPy) =

Q;’; sp(BP.) denotes the differential in the cobar complex Q7 ,,(BP,). This
analysis will provide us with the necessary information about d(x), which rep-
resents d;lg(x) € Ext)*(F,, 1/1%).
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Using Lemma 4.1 and the Leibniz rule, we have
Py (D' o P o (DN gD J L L L -1 P P oo D
dity @t @ @ P)=d(?)@l @t @t? - @dtH)®@E @
P oo P p' PP o P oo P p
+i @Y @dl) @t —tf @ @) @d(th)
=R+pby; @t 1) @t +L modI*- BP,BP®>

=R mod]I-BP,BP®
(33)

where we denote
_ pi pi+3 pi pi+2 pi pi+1 pi pi pi
R=( @t +1t) @t) +1) @ty )Qt, Q) Q1

pi pi pi+2 pi pi+1 pi pi pi pi pi pi+1 pi
—t @+ @) IR @Y +1F L @Y @1] @17,

(34)

and

L= —tfl ® pbs;, ® tg’l ® tfl + tfl’l ® tfl ® pbyi 1 ® tfl — tfl ® tfl ® té’l ® pby;_;
(35)

which is a sum of monomials in I - BP,BP®° with May degrees lower than
M(pby;_, ®1t; @12 @) =7p+10. -
Since x € Ext;’.*(Fp, BP, /I) has May filtration leading term tf l ® tf l ® tf l ®

4% (BP,) = BP,BP®* in the

pi . ~ .
t; , we can choose a representative X of x in QBP*BP

form of A A . A
x=1 @ @12 @1 =y, (36)
r

such that:
(a) eachy, isa monomial in BP*BP@"‘ and is not an element of I - BP, BP®*,
) My,) <M(t? @P @¥ @) =7+5+3+1=16,
(c) X, d(y,) = RmodI-BP,BP®°, ensuring that d(X) = 0 mod I-BP,BP®".

For each r, we express d(y,) as a sum of monomials in BP, BP®>:

dy) = Zrs. (37)

Next, we define the sets 4, :={z, ,|z,, € I - BP,BP®}and B, :={z,,|z,, €
I-BP,BP®° z,, & I?- BP,BP®}, which correspond to the (possibly empty)
sets of summands. Using these sets, we then obtain:

0=d®=R-), >, 2z, modl BP,BP® (38)

r oz, €A,

d(®) = pby1 ®F ®F ®F +L—Y ¥ z, modI*-BP,BP® (39)

r z,,EB,
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Therefore, pby; ) ® t3 '® t) '® 17 I- Y 2. ep, Zru TEPresents dglg(x) €
Exty*(Fp, I/1%). |

The condition M(y,) < 16 strongly restricts the form of y,. To show that
M(z,,) < M(pby;—1 ® tfl ® tgl ® tfl) = 7p + 10 holds for all z,,, € B,
we can conduct a tedious but straightforward check through all possible forms

of y,. Alternatively, we can summarize the idea as follows, considering three
different cases:

(a) Ify, = tf ‘ ® A with k > 1, where A ismade up of t1, t,, and ¢ terms and
M(A) < 8, then we have M(z, ;) < M(pbyj_1 ®A)=7p+1+M(A) <
7p +9 < 7p + 10.

(b) Ify, = t,® A, where A is made up of t, t,, and t5 terms, and M(A) < 8,
we note that d(t,) = t; ® tf3 +5,® tg’z +1, Q5 —v1b3 g —vyby ) — U3y 5.
Also, M(b; ;) = p(2i —1) < 5p fori < 3. We can then observe that
M(z,,) < 7p + 10.

(c) Ify, ismade up of t;, t,, and t; terms, we can also use similar ideas and
check that M(z,,,) < 7p + 10.

Thus, we conclude d; 8 (x) has May filtration leading term Qoba;1 @Y '® t) ®
pl
7 O
We can compute the following differentials similarly to Proposition 4.2.

Proposition 4.3. We have the following secondary algebraic Novikov differen-
tials.

W ¥ @ @ ") = qoby @ @ @1 fori > 1.

@ d @ @1 @ ") =qoby @ P @1F, fori > 1.

@) dB5 @ @ @ 1P ) = qobs, @ @ @ fori > 1.
Here, the equations hold after modding out lower May filtration terms.

Proof. These results can be computed directly analogous to Proposition 4.2.
0

Theorem 4.4. There are nontrivial secondary Adams differentials given as fol-
lows:

(1) d299S(hy ;hs,18;) = agby;—1hs g, fori > 1.

(2) 599 (g ihs pa1kisa) = Aoba iR i1 Kigo, fori > 1.

(3) A2 (hy gihiys) = agby i 18ihiys, fori > 1.

4) dzAdams(h?a,ihz,Hlki) = agb3;_1hy ki, fori > 1.

Proof. These results can be directly deduced from Propositions 4.2 and 4.3.
Moreover, these differentials are all nontrivial. We can take agb,;_1h;;g; as an

example to show agb,;_1h;;8; #0 € Extfq’*. The other three cases are similar.
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Note ayb, ;1 h3;g; has May spectral sequence representative

6,6L.M
aobsi_1hsih,ihy; € E]

Here, the inner degree is
t=1+qp(A+p+p*+p)+1Q+p+pH+Q+p+1)

where we denote ¢ = 2(p — 1). Let x be an element in Eft* Inspection of

degrees shows x must be aghy ;13 5, jhy ;. Then M(x) < M(agby;—1hs;hy 0 ;).

Hence, agb,;_1h;;h,;h;; can not be the image of any May differential d, :

Er5 LMAT E,6 M p > 1. This completes the proof. (]

It is worth pointing out that Zhong-Hong-Zhao [19] also computed two other
nontrivial differentials on the fourth line.

Theorem 4.5 (Zhong-Hong-Zhao [19]). On the fourth line Extjl’*([Fp, Fp) of the

Adams spectral sequence, there exist two nontrivial secondary Adams differentials
given as follows:

ey dfdams(ha,igihz,i—ﬂ = aobs3 18Ny fori > 2.
(2) 599 (hy ki1 Mo i) = Aobsj—1Kivihon fori > 1.

Their result can be recovered by computing the following corresponding al-
gebraic Novikov differentials.

Proposition 4.6. We have the following secondary algebraic Novikov differen-
tials. Here, the equations hold after modding out lower May filtration terms.

1 i i i i—1 i i i—1 .
(1) dy5 @Y @17 @15 ) =qoby;1 @t QP @1, fori > 2.
1 i i+1 i+2 i+2 i+1 i+2 i+2 .
(2) dy5(t) @) Q1] @ty )=qoby;1 @ @10 @ty Lfori>1

Proof. These results can be computed directly analogous to Proposition 4.2.
O

Our computations here are comparatively more straightforward than the orig-
inal computations in [19] using matrix Massey products.

5. Secondary Adams differentials on the first three lines

In this section, we use the strategy explained in Section 4 to recover sec-
ondary Adams differentials on the first three lines.

The generators for the first two lines of the Adams spectral sequence were
determined by Liulevicius in [7]. We summarize them in the following table.

Generator | Representation in MSS | Inner Degree | Range of indices
ao ag 1
h; hy qp’ 120
ahy ajhy 2g+1
2 2
a, a, 2
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aoh; aohy gp' +1 i>1

8i hyihy q(2p' + ph) i>0

ki hy iy i q(p' +2p™") i>20

b; by gp'*! i>0
hih; hyihy, aqp'+p) | j-2>i>0

. 1,% 2%
TABLE 2. A [Fp-ba51s ofExtA* and Extﬂ*

For odd primes, Aikawa [1] determined a basis for Extil’f‘ using A-algebra.

For p > 5, Wang [17] determined the May spectral sequence*representatives of
the generators. The result is summarized in the following table.

Generator | MSS Representation Inner Degree Range of indices
hihjhy hyihy jhy g q(p' + p’ + p") k—4>j-2>2i2>0
aohih; aohyihy j q(p' +pH+1 J—22i>1

agh; aghy qp' +2 i>1
ag ag 3
bih; byihy q(p'*! + p)) i,j>0,j#i+2
aob; aoby gpt +1 i>1
gih; hyihyhy q2p' + p" + p/) jAEI+2,0,i-1,
andi,j >0
8o hyihy a0 q2p' + p*) +1 121
kih; hyihy i1y j q(p' +2p™** + p/) JFI+2,i£1,i,
andi,j >0
kiay hyihy 100 q(p' +2p"*) +1 i>1
ahoh; ajhyohy g2+ p/)+1 Jj=2
hs ;8 hsihy ihy q(3p' +2p™*! + p'*?) 120
axky axh,ohy q2+3p)+1
hyi8iv1 hyiho iy i q(p' +3p™! + p*?) i>0
a1 8o arhyoh o q3+p)+1

hs ihiahi hsihy ol q(2p' + p™*! +2p™?) i>0

hs ki h3ihy 1R 40 q(p' +2p™! +3p™?) 120
ahy athy 3g+2
by ihis byihy i q2p™! + p'*?) 120
byihita byihyisa q(p™*' +2p™*?) i>20
TABLE 3. A F,-basis of Extil’;k
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We can compute d£9%" for the basis elements in Table 2 via computing d; '8

of their corresponding elements. For simplicity, we only list the nontrivial dg 8
differentials here.

Proposition 5.1. Let p be an odd prime. Amongst the elements in the algebraic
Novikov spectral sequence that corresponds to the first and second line basis listed

in Table 2, all nontrivial dglg ’s are summarized as follows. Here, the equations
hold after modding out lower May filtration terms.

1) d¥8(t"") = goby 1, fori > 0,

(@) 55 (pt?) = by 12 1.

(3) &% ® 1) = qoby @1 i > 1.

4) dglg(tz ® t1) = —q1b1 ® 11

(5) A%t @ ") = qoby @10 i > 1

(©) dy*(t} ® 1) = qobyi 1 ® 1 — 1} ®qobyjy, j—22i21.

Proof. Analogous to Proposition 4.2, all of the results are computed directly
from the construction of the cobar complex. O

Then, we can recover the d’z“d“’”s results on the first two lines directly from
Proposition 5.1.

Theorem 5.2 (Liulevicius[7], Shimada-Yamanoshita [16], Miller-Ravenel-Wil-
son [12], Zhao-Wang [18]). Amongst the first and second line basis in Table 2,
all nontrivial Adams d, differentials can be summarized as follows.

(1) df99S(hy) = agh;_y, 1 > 1.
(2) d299ms(aghy) = a2b;_y, i > 1.
(3) d9™S(gy) = agby;_yhy, i > 1.
(4) d9™S(gy) = —arbohy.
(5) 499 (k;) = agby iy higy, i > 1.
(6) d9%™S(hih;) = agh;_1h; — hjagh;_y, j—2>1> 1
Similarly, we can compute d’z“d“ms for the third line basis via computing d;JL '8

of their corresponding elements. For simplicity, we only list the nontrivial dif-
ferentials here.

Proposition 5.3. Let p > 5 be an odd prime. Amongst the elements in the al-
gebraic Novikov spectral sequence that corresponds to the third line basis listed in

Table 3, all nontrivial d; lg ’s are summarized as follows. Here, the equations hold
after modding out lower May filtration terms.

I i J k J ke i k i
ey d;_g(tf Rt @t ) =qoby1;1 @ @17 —t7 ®qoby ;1 @1 +1) @
7 @ qoby ey, fork—4>j—2>i>1
1 i J J i . .
(2) dy*¥(qot; @17 ) =qgbr;1 ® 1) —qlt] @by, forj—2>i>1
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(3) d5%(g2t?) = qibriy, fori> 1.
(4) d¥(by; ® 17') = qoby by jp, fori > 0,j > 1,j #i+2.
(5) d8( @ 1P @ ") = qobyyy ® 1P @ 1P, fori, j>1,j #i+2,ii—1.
(6) d;lg(t2®?1®tfj) = —Q1b1,0®t1®tfj+t2®t1®%b1,j—1,f0”j >0,j#2
(7) d3®(qot? @ ) = q2byy @17, fori > 1.
®) d8 (P @ @) = qobyy @ @1F fori, j > 1,j #i+2,ix1,i.
9 d;lg(%tgi ® tfm) = Q§b2,i—1 ® tfiﬂ,fo”i 21
(10) d28(t? @ 2 @ 1) = qobs; 1 ®1F @7, fori> 1.
(11) dy®(t; ® , ® 1)) = =120 ® L, ® 1. | | |
2 &5 84" o D= aha @l 8y~ Sa e
oritL 2z 1.
(13) d;lg(‘htz ®t)=—-qbo®1t.
14) d%P @ " @ 1) = qobs, ® 1P @ 1Y, fori > 1.
(15) ¥ @7 ®1) = —qiby @) @1
16) d( @ 1" @ P") = qobs @8 @ P fori > 1.

Then, we can recover the following result directly from Proposition 5.3.

Theorem 5.4 (Wang [17]). Let p > 5 be an odd prime. Amongst the third line
g p p g
basis in Table 3, all nontrivial Adams d, differentials can be summarized as fol-
lows.
(1) dzz‘ldaVVLS(hihjhk) = Clobi_lhjhk—aohibj_lhk+aohihjbk_1, k—4 Z ]—2 Z
i>1
(2) d899S(aghih;) = ab;_1hj — a?hbj_y, j—2>i> 1.
(3) d49ems(a2h;) = alb;_y, 1> 1.
(4) d299S(b;h;) = agb;b;_1,1>0,j > 1,j #i+2.
(5) d299S(gih;) = agby;_yhihy, i, j > 1, j # i+ 2,0,i— 1.
(6) d9™S(goh;) = —aybohoh; + aggobj_1, j > 0, # 2.
7 dfdams(giao) =alby;1h, i > 1.
(8) d899™S(kh;) = agbyyhiprhy, i, j > 1, j #i+2,i 21,0
9 d‘;dams(kiao) = a(z)bz,i—lhi+1: i>1
(10) d£99S(hy,g;) = agby ;18 i > 1.
(11) d?dams(l’l&ogo) = —a; b, 8.
(12) d99S(hy,g141) = aobyi_18i1 — Aol ki i > 1.
(13) dzAdams(algo) = —afboho-
(14) d’;dams(h&ihwzhi) = agb3;_1hioh;, i > 1.
(15) d';dams(haohzho) = —a;byoh,hy.
(16) d?dams(hlikiﬂ) = qobz;1kiy1, i 2 1.
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