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Hilbert modules, rigged modules, and
stable isomorphism

G. K. Eleftherakis and E. Papapetros

ABSTRACT. Rigged modules over an operator algebra are a generalization of
Hilbert modules over a C*-algebra. We characterize the rigged modules over
an operator algebra A which are orthogonally complemented in C (A), the
space of infinite columns with entries in .A. We show that every such rigged
module ‘restricts’ to a bimodule of Morita equivalence between appropriate
stably isomorphic operator algebras.
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Let X, Y be operator spaces. We call them stably isomorphic if the spatial
tensor products X ® K, Y ® X are completely isometrically isomorphic, where
X is the algebra of compact operators acting on an infinite dimensional Hilbert
space. We also denote by C,(X) the operator space of infinite columns with
entries in X. In the case where X is a right rigged module over an operator

algebra, A, so is C(X).

The notion of a Hilbert C*-module was introduced and developed in the early
1970s by Paschke and Rieffel, see [14, 18]. A Hilbert module over a C*-algebra
A isaright A-module Y together with amap(-,-) : Y XY — A which is linear

in the second variable, and which also satisfies the following conditions:

(1) {(y,y)=0forally €Y,

) (y,y)=0ey=0,
) (y,za) =(y,z)a,forally,z€ Y, a €A,
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@) (,z)" =(z,y)forally, z €Y,
(5) Y is complete in the norm ||y|| = || (y, y)||"/2.

Observe that the space I 4(Y), which is the closure of the linear span of the
set{{y,z) € A |y, z€ Y}, isan ideal of A.

Consider the C*-algebra K 4(Y) of the ‘compact’ adjointable operators from
Y to Y. Itis known that Y is a bimodule of Morita equivalence between I 4(Y)
and K 4(Y). But these C*-algebras are not always stably isomorphic.

Let Y be a right Hilbert A-module. In case there exists a sequence (¥ )ren €
Y such that

y= 2 %0y, ¥y €Y
k=1

where the series converges in the norm of Y, we say that (yy )ren is a right qua-
sibasis for Y. It follows by the Brown-Kasparov stabilization theorem, see |3,
Corollary 8.20], that the spaces I 4(Y), K4(Y), Y are all stably isomorphic.

Let Y be a right Hilbert A-module. We call it countably generated if there
exists a sequence (¥ )ren C Y such that

Y =span({y,a | k €N, a € A}).

If Y has aright quasibasis, then Y is countably generated and conversely. Every
countably generated Hilbert A-module is isomorphic as a Hilbert .A-module
with an orthogonally complemented bimodule of C (A).

Blecher in [1] generalized the notion of Hilbert modules to the setting of
non-selfadjoint operator algebras. He called these modules rigged modules,
see the definition below. Hilbert modules over a C*-algebra are rigged modules
in terms of this definition. Using the notion of a ternary ring of operators, we
introduce a new category of A-rigged modules, where A is an operator algebra,
the oA-A-rigged modules. We prove that an A-rigged module is a cA-A-rigged
module if and only if it is isomorphic with an orthogonally complemented mod-
ule in C,(A). We also introduce a subcategory of the cA-A-rigged modules, the
doubly oA-A-rigged modules. In the case of C*-algebras, these two categories
coincide. Every doubly o A-A-rigged module implements a stable isomorphism
between the corresponding operator algebras. Conversely, if A and B are sta-
bly isomorphic operator algebras, there exists a doubly cA-A-rigged module
Y which is a bimodule of strong Morita equivalence (BMP-Morita equivalence)
for A and B in the sense of Blecher, Muhly and Paulsen, [4]. Every cA-A-rigged
module has a ‘restriction’ which is a doubly cA-A-rigged module. Thus, every
orthogonally complemented rigged module in C(A), has a ‘restriction’ mak-
ing it into a bimodule of BMP-Morita equivalence over some operator algebras
C, D. Furthermore, C and D are stably isomorphic.

In Section 4, we will develop a theory of Morita equivalence for rigged mod-
ules. If A, B are operator algebras, E is a right B-rigged module, and F is a
right A-rigged module, we call E and F o-Morita equivalent if there exists a
doubly cA-A-rigged module Y such that

() A=Y Q"LY,
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(i) B2Y ®" Y,
(i) FXEQ®% Y,
where Y is the counterpart bimodule of Y. In this case we write E ~; F. We
will prove that if E ~,,, F, then E and F are stably isomorphic.
This paper has been written with an emphasis on the theory of non-selfadjoint
operator algebras, but the conclusions for C*-algebras follow easily.

At this point, we recall some definitions, notation and lemmas which will be
useful for what follows.

Definition 1.1. [1]

Let A be an approximately unital operator algebra, i.e. an operator algebra
with a contractive approximate identity, and let Y be a right A-operator module.
Suppose there is a net (n(b)),cp of positive integers and right .A-module maps

Dy Y - Cn(b)(ﬂ)a Y, . Cn(b)("q) —-Y,beB
such that

(i) the maps ®,, ¥, are completely contractive,
(i) ¥pod;, — Idy stronglyon,
(iii) the maps ¥}, b € B are right A-essential maps (that is, ¥, e; — ¥, for a
bounded approximate identity (e;);c; of A),
(iv) ®.o¥,od, — ., Vc € B (uniformly in norm)

Then we say that Y is a right A-rigged module.

We denote by B(H, K) the space of all linear and bounded operators from the
Hilbert space H to the Hilbert space K. If H = K, we write B(H, H) = B(H). If
X is a subset of B(H,K) and Y is a subset of B(K, L), then we denote by [YX]
the norm-closure of the linear span of the set

{yxeBH,L)|y€eY, xeX}.

Similarly, if Z is a subset of B(L, R), we define the space [Z YX].

Definition 1.2. (i) A linear subspace M C B(H, K) is called a ternary ring
of operators (TRO) if M M* M C M.
(ii) A norm closed ternary ring of operators M is called a o-TRO if there exist
sequences {m; € M | i € N}and {n; € M | j € N}such that

n t
1im§ mim;“mzm, lim E mn;fnjzm,VmeM
n t =

i=1 j=1

and
n

Zmi m’
1

i=1

<1, <1,Vn,teN.

t
*
Z n;n;
Jj=1

A norm closed TRO M is a o-TRO if and only if the C*-algebras [M* M| and
[M M*] have o-units, [6].
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If X is an operator space, then the spatial tensor product X ® X is completely
isometrically isomorphic with the space K (X), which is the norm closure of
the finitely supported matrices in M, (X). Here, M, (X) is the space of co X oo
matrices with entries in X which define bounded operators. Also, for another
operator space Y, we denote by X ®”" Y the Haagerup tensor product of X and
Y. If A is an operator algebra, X is a right A-module, and Y is a left A-module,
then we denote by X ®ﬁl Y the balanced Haagerup tensor product of X and Y
over A, see [4]. We now give two basic definitions.

Definition 1.3. Let X C B(H,K), Y € B(L,R) be operator spaces. We call
them o-TRO equivalent if there exist c-TROs M; C B(H,L), M, C B(K,R)
such that

X=[M;YM] Y =[MXM!]
In this case we write X ~,rro Y.

Definition 1.4. Let X, Y be operator spaces. We call them oA equivalent if
there exist completely isometric maps ¢ : X - B(H,K),¢ : Y — B(L,R)
such that ¢(X) ~,rro Y(Y). We write X ~,, Y.

If A, B are abstract or concrete operator algebras, we say that they are cA
equivalent and we write A ~;, 3B if there exist completely isometric repre-
sentationsa : A — a(A) C B(H), B : B — B(B) € B(K) and a o-TRO
M C B(H,K) such that

a(A) = [M*B(B)M], B(B) = [M a(A) M*].

For further details about the notion of oA equivalence of operator algebras
and operator spaces, we refer the reader to [7, 8, 9, 10]. If X, Y are operator
spaces, then X ~,, Y if and only if X and Y are stably isomorphic, that is,
K (X) = K (Y) (similarly for operator algebras). We present a lemma which
will be used in some of the proofs in the following sections.

Lemma 1.5. Suppose that A, B are operator algebrasand D C Bisa C*-algebra

such that [D B] = [BD] = B. Let M C B(H,K) be a o-TRO such that [M* M| =
D (as C*-algebras) and assume that A =~ M ®g B ®g M*. Then, A ~,p B.

A proof of this lemma can be found in [10, Lemma 2.2].

2. Orthogonally complemented modules and oA-rigged modules

Let A be an approximately unital operator algebra and P : Cy(A) — Cy(A)
be a left multiplier of C,(A) (thatis, P € M,(C(A))) such that P is contrac-
tive and P? = P. Then the space W = P(C,(A)) is said to be orthogonally com-
plemented in C(A). In this section we characterize the orthogonally comple-
mented modules in the the terms of ternary rings of operators. A dual version
of the results obtained here is in [2].
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Definition 2.1. Let A C B(H) be an approximately unital operator algebra
and M C B(H,K) be a 0-TRO such that M*M A C A. The operator space

Y, =[MA] C B(H,K) is called a 0-TRO-A-rigged module.

We recall that Y, is a right A-operator module with action
(ma)-x=m(ax), meM, a, x € A.

Definition 2.2. Let.A be an abstract approximately unital operator algebra and
let Y be an abstract right A-module. We call Y a cA-A-rigged module if there
exists a completely isometric homomorphism a : A — a(A) and there exist a
0-TRO-a(A)-rigged module Y, and a complete surjective isometry p : Y — Y|,
which is also a right A-module map. In case A is a C*-algebra we call Y a cgA-
A-Hilbert module.

Proposition 2.3. Let A be an approximately unital operator algebra. Every oc/A-
A-rigged module is a right rigged module over A in the sense of Definition 1.1.

Proof. Let Y be a right oA-A-rigged module. Then there exist a completely
isometric homomorphism a : A — a(A) € B(H), a o-TRO M C B(H,K)
and a complete surjective isometry p : Y — Y, = [M a(A)] which is also a
right A-module map. So, if we choose a {®,, ¥}, | b € B} for the module Y,
then we define for each b € B the maps @, = ®,op, ¥, = p~'o¥, and we
can see that the {(IJ;J, ¥, |be B} satisfy the conditions of Definition 1.1. So, Y
becomes a right A-rigged module. Therefore, it suffices to prove the proposition

when Y = [M a(A)] C B(H,K). Since M is a o-TRO, there exists a sequence
{m; € M | i € N}such that ||(m;);en]] £ 1 and

oo
Zmim;“m=m,VmeM.
i=1

Since Y = [M a(A)], it follows that

oo
Zmim;“yzy,Ver.
i=1

For n € N we define
miy
®,:Y->CA),D,0H»=| - |,
m,y
which is linear and a completely contractive right A-module map. We also de-
fine the linear, completely contractive and right .A-module map

a1 n
W, 1 Co(A) > Y, T, || o [[=D i@
a, i=1
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For all y € Y, it holds that
m;‘ y
W,00,(0) = Wu || o || =2 mimy =y =1dy(y)
my,y)) =1

and we conclude that ¥,,o®,, — Idy strongly on Y. The next step is to prove that
¥,, n € N, is a right A-essential map. To this end, let (e;);c; be a contractive
approximate identity of A. We have that

a a a a
‘Pnei - lpn = llln e — Ipn
al’l al’l al’l al’l
= Z(ml aj)e; — ZmJ aj
j=1
n
= Z m; (a;e; —a;)

n
_Z Im;lllla; e = ajl|

where
hlm||aj e;—a;|| =0
forallj=1,..,n,s0
a ay
lim [|[%e; || ... || = ¥ul] - =0.
' an a}’l

Finally, let r € N. We shall show that
lim [|®, 0¥, 0, — D,|| = 0.
n

We denote by s,, the operators

n
J— k
sn—Zmimi,neN.

i=1
Hence, if y € Y, we have that

||(Dr°anoq)n(y) - q)r(y)ll = ||q)r (lpnoq)n(y) -

my s, —mj
= y
my s, —m;
my s, —mj
< - Iyl
mys, —m;
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my s, —mj
Therefore, ||®, 0¥, 0®, — ®,|| <
my s, —m;
Since
1i£n||mlf“ s,—m||=0,Vi=1,..,r,

we have that
lim ||®, 0¥, 0, — ®,|| = 0.
n

We conclude that Y isaright A-rigged module in the sense of Definition 1.1. [

Theorem 2.4. Let A be an approximately unital operator algebra and Y be a
right A-operator module. Then the following are equivalent:

() Y is a right cA-A-rigged module.
(ii) Y is orthogonally complemented in C o (A).

Proof. (i) = (ii) Leta : A - a(A) C B(H) be a completely isometric
representation of A on H and assume there is a 0-TRO M C B(H,K) such
that M* M a(A) C a(A). Consider the ocA-A-rigged module Y, = [M a(A)] C
B(H, K) and a complete surjective isometry ¢ : Y — Y, which is also a right
A-module map. Let {m; € M | i € N} be a sequence of elements of M having
the property

o]
<1,VmneN, Zmimi*m=m,VmeM.
i=1

n
Z m; m’
1
i=1

It follows that

Zmim;ky =y,Vy ey,
i=1
We define the map [ : Yy — Coo(a(A)) by f(¥) = (m]" y);en, Which is linear
and a A-module map. Also,

o0

Dy mimty
i=1

HfDII? = = y*yll =1yl

D.(m; y)y miy
i=1

so f is an isometry. We also define

g 1 Coo(a(A) = Yo, g(a(x))ien) = ), myar(xy),

i=1

which is linear and a contractive A-right module map. We see that

(8o )y = g((m hien) = Y. mim’y =y, Vy € Yy,
i=1
that is, gof = Idy,. We now define P = fog : C(a(A)) — Cy(a(A)). Clearly
P is a contractive map satisfying P2 = P. We shall prove that P € M,(C(A)).
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X1
Forall x = | x, | € C(a(A)) we have that

(0]

P(x) =|m ijxj =SsX,
=t
J ieN

m*

where s = (m} mj);oj=1 € M, (B(H)). Observe that s = | m

=

(my,m,,...) and

[}

due to the fact that ||(m, m,,...)|| < 1 we get ||s|| < 1. We define the map

Tp 1 C3(C(alA))) = Co(Coo(a(A))), Tp ((i)) = (P;X)> - (Syx>

and for all (’y‘) € C,(C.(a(A))) holds that

=(G=ICN=1G 2) G =16)
Ay y 0 L) \y y

S0 Tp is a contraction. Similarly, we can prove that p is completely contractive.

Therefore by [3, Theorem 4.5.2], P is a left multiplier of C (a(A)). It is easy to
see that f(Y,) = P(Cy(a(A))) and thus Y ~ P(C (a(A))).

’

(ii) = (i) Suppose that A C A™ C B(H). Let P : C(A) —» C,(A) be
a left multiplier of C,(A) which is a right A-module map with ||P||., <1 and
such that P> = P, Y = P(C4(A)). According to [5, Appendix B], there is an
extension P : CY(A**) — CL(A**) of P. The operator P lies in the diagonal of
M (C%(A**)), which is contained in M, (A**). Therefore, P = (p; )i, jen Where
Dij € A, Vi, j €N. Thus,

251
P(u) = (pi jijen -t Yu =|uy | € Coo(A).

In what follows we identify P and (pj, ji,j- We have that Y = P(Cy(A)) =
P(C(A)) and P2 = P = P*. Let N, = [P], D be the C*-algebra generated
by P and X, and let N; = C,. By [8, Lemma 2.5],M = [N,DN;]| =[PD C,]
is a 0-TRO. We claim that D C,(A) C C,(A). Indeed,

P(Ceo(A)) = P(Coo(A)) € Coo(A) (2.1)
and C R, C,(A) C C,(A). Due to the fact that X, = C,, R, we have that
Koo Coo(A) C Coo(A). (2.2)

But since D is generated by P, X, by (2.1) and (2.2) we have that D C(A) C
Co(A). Now,

P(Coo(A)) S PD Coo(A) = [M A].
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On the other hand,
[MA] =[PDC, - A] C P(Cx(A)) = P(Co(A))

80, [M A] = P(C(A)).

Finally,
M*M A C M* P(Cy(A)) = Ry D P(C(A))
C Ry DCy(A) C R, Cyp(A)
=RCy A=A
so Y is a right oA-A-rigged module. O

There is a category of rigged modules, the so-called countably column gener-
ated and approximately projective modules. We are going to examine whether
there is a connection between them and the cA-rigged modules.

Definition 2.5. [1].

Let A be an approximately unital operator algebra. A right .A operator mod-
ule Y is called countably column generated and approximately projective (CCGP
for short) if there are completely contractive right A-module maps ¢ : Y —
CoA)and 3 : C(A) » Y with 9 finitely A-essential (that is, for alln € N
the restriction map of ¢ to C,(A) C C(A) is right A-essential) and also o =
Idy.

Remark 2.6. From [1, Theorem 8.3] and Theorem 2.4, it is obvious that a CCGP
module is a oA-rigged module. The converse is not true. Indeed, by [1, The-
orem 8.2], we have that the CCGP modules over C*-algebras are precisely the
countably generated right Hilbert modules, but there exist cA-Hilbert modules
which are not countably generated. For example if A a C*-algebra without o-
unit, since C A = A then A is a cA-Hilbert module over itself, but clearly is not
countably generated, so it is not a CCGP module.

3. Doubly oA-rigged modules

In this section we introduce a subcategory of cA-rigged modules, the doubly
oA-rigged modules and we prove that these modules implement stable isomor-
phism between the corresponding operator algebras.

Definition 3.1. Let Y be a right A-operator module over the approximately
unital operator algebra A. We call Y a BMP equivalence bimodule if there ex-
ist an operator algebra B such that Y is a left B-operator module and a B-A-
operator module X such that

B2Y Q! X, A=XQ®LY.
In this case we call X and Y bimodules of BMP-Morita equivalence.

We note that every B-A-bimodule of Morita equivalence is a right A-rigged
module. We now introduce the notion of a doubly oA-rigged module.
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Definition 3.2. Let.A C B(H) be an approximately unital operator algebra and
M C B(H,K) be a 0-TRO such that

M*M A C A, [M*M A] = [AM* M].

We call the operator space Y = [M A] C B(H,K) a doubly o-TRO-A-rigged
module.

We note that every doubly o-TRO-A-rigged module is also a -TRO-A-rigged
module in the sense of Definition 2.1.

Definition 3.3. Let.A be an abstract approximately unital operator algebra and
Y be an abstract right A-module. We call Y a doubly cA-A-rigged module if
there exists a completely isometric homomorphism a : A — a(A) and also
there exists a doubly o-TRO-a(A)-rigged module Y, and a complete onto isom-
etry¢ : Y — Y, which is a right A-module map.

Definition 3.4. Let .A be an approximately unital operator algebra and Y be a
oA-A-rigged module. There exist a : A — a(A) C B(H), a completely isomet-
ric representation of A on H and a 0-TRO M C B(H, K) such that M* M a(A) C
a(A)and Y = Y, = [M a(A)]. Then the operator space Z = [YoM*M]| C
B(H, K) is called the restriction of Y over A. Observe that Z is a right module
over the operator algebra [a(A) M* M].

In the following theorem we prove that the notions of oA right Hilbert mod-
ules and of doubly oA right Hilbert modules coincide:

Theorem 3.5. Let A be a C*-algebra and let Y be a right Hilbert module over A.
The following are equivalent:

(1) Y is orthogonally complemented in C . (A).

(i) Y is a oA right Hilbert module over A.
(iii) Y is a doubly oA right Hilbert module over A.

Proof. (i) = (iii) Let P : C(A) — C(A)be an adjointable map such that
P =P? =P*and Y =~ P(C.(A)). Since P € M;(C(A)), where M;(C,(A))
is the left multiplier algebra of C,(A), P can be extended to a multiplier of
CY% (A**). Here A** is the second dual of A and C¥% (A**) is the space of columns
with entries in A** which define bounded operators. The algebra of left multi-
pliers of C¥ (A**) is isomorphic to M, (A**) (we refer the reader to [5]). There-
fore, we may assume that there exist a; i€ A**,1, j € N such that

P(u) = (a;;) - u, Yu € Coo(A).

In what follows we identify P with the matrix (a; ;). We also may consider a
Hilbert space K such that A C A** C B(K) and also Iy € A**.

Let N, be the linear span of the element P. Since P> = P = P* we get that N,
isa o-TRO. Let A! = [A + CIx] and N; = C.(A"). Clearly N, is a 0-TRO. If D
is the C*-algebra generated by P and K, (A"'), then M = [N, D N;] is a o-TRO,
[8, Lemma 2.5].
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We note that
[M*M A = [NfDNj N, DN, A] = [N;‘DN;‘ C(AVA] C A.

IfY, = [MA], then
Yo = [N, DNy Al = [N; D Cou(A)] = [PD Cou(A)] = P(Cor(A)).
We have that
[M* M A] = [M* P(Cy(A))] = [Ny DNJ PCy(A)]
= [N} D P Coo(A)] = [Reo (A1) P(Coo(A))]
= [Roo(A) P(Coo(A))]

and therefore

([M* M A])* = ([Re(A) P(Coo (D,
that is

[AM*M] = [Ro(A) P(Coo(A)] = [M* M A,
which implies that

[M*M A] = [AM*M] C A.
Since also

Y = P(Cuo(A) =Yy = [M A,
we conclude that Y is a doubly oA Hilbert module.
(iii) = (ii) This is obvious.
(ii) = (i) This is a consequence of Theorem 2.4. O
At this point, we prove a Lemma which will be very useful for what follows.

Lemma 3.6. LetA be an operator algebra with cai (ay)rex and C be a C*-algebra

with cai (c;);er. Assume that CA C A, AC C A. We define Ay = [CAC] C A.
Then A, is an operator algebra with a two-sided approximate identity

X(ik) = Ci A Cj, iel,keKk.

Proof. The space A, is a closed subspace of A and is an algebra since

Ay Ag C[CACCAC]C[CACAC]IC[CA ALC]C[CAC] = A,.
It is obvious that x;x) = ¢;ar¢c; € Ay, i € I, k € K and A, C A. Now, if
a € Ay, thenc;a - aand a,a — a.Foralli € I, k € K we have that
XG0 a—all = |le;ac;a — all

<llagagca—call +|lcga—all
<llaxc;a—all +|lc;a —all
<llaxcia—axall +|laxa—all + ||c;a —all
<llea—all+llaxa—all +|lc;a —all
=2llc;a—al| + |laxa—al|
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Thus,

limx;ya=a.
(i)~ GO

Similarly, we can prove that

limax;.y=a. O
Gy k)

Lemma 3.7. Let A C B(H) be an approximately unital operator algebra and
M C B(H,K)beao-TROsuchthatM* M A C A. Wealso assume that AM*M C
A. We define B = [M AM*] C B(K) and also A, = [M* BM] C B(H). Then
Ag and B are approximately unital operator algebras and Ay ~;rro B.

Proof. It suffices to prove that A,, B are closed under multiplication and that
AO ~oTRO B Indeed,

BBC[MAM*MAM*] C [MAAM*] =[MAM*] = B

so B is an operator algebra. Now, we observe that M M* B C B and then

Ay Ay C [M* BM M* BM] C [M* BBM] C [M* BM] = A,

which means that A is an operator algebra. We have that A, = [M* BM]| =
[M*M AM*M]. If C is the C*-algebra [M* M|, then CA C A, AC C A. By

Lemma 3.6, the operator algebra A, has a cai. Also, since A, = [M* B M| and
on the other hand

[MAyM*| = [MM* BMM*| = [MM*MAM*MM*] = [MAM*| = B

we deduce that A, ~,rro B. Since A, has a cai, we have that B has also a
cai. O

Theorem 3.8. Let A be an approximately unital operator algebra and Y be a
doubly o A-A-rigged module. Then, there exist operator algebras A, B with cai’s
such that Ay ~,1ro B and also B ~yrro Y. In case A is a C*-algebra and Y is
a o A-A-Hilbert module then Ay ~ 1 4(Y), B ~ K 4(Y).

Proof. Let H be a Hilbert space, a : A — a(A) C B(H) be a completely
isometric representation of A on H and let M C B(H, K) be a 0-TRO such that
M*M a(A) € a(A) and also

[M* M a(A)] = [a(A) M* M] (3.1)
Consider now a complete surjective isometry
$:Y->Y,=[Ma(A)] CBH,K)

which is a right A-module map. We define the spaces B = [M a(A)M*] C

B(K) and A, = [M* BM] C B(H). Now by Lemma 3.7, A,, B are operator
algebras with cai’s such that Ay ~,rro B. It remains to prove that B ~,rp0 Y.
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Set M; = M* C B(K,H) and M, = [M M*| C B(K). Then, M;, M, are c-TRO’s
and we have that

[M; $(Y) M,] = [M M* M a(A) M*] = [M a(A) M*] = B

and

(M, BM;] = [Ma(A) M M] ‘= MM+ M a(A)] = [Ma(A)] = $(¥).

From Definition 1.4 we get that B ~ 7o Y.
The other assertions follow easily. O

Theorem 3.9. Let A be an approximately unital operator algebra, a : A —
B(H) be a completely isometric homomorphism and M C B(H,K) be a o-TRO
such that M* M a(A) C a(A). We define the cA-A-rigged module Y = [M a(A)].
Then there exist operator algebras A, B with cai’s and a restriction Z of Y such
that Z is a doubly o A-A-rigged module and Ay ~y;1ro0 B ~o1rRO Z-

Proof. We define the restriction Z = [YM*M]| = [M a(A)M*M] of Y. Let
Ay = [ M* Ma(A) M* M]. Then A, is an operator algebra and

[M Ay] = [MM*M a(A)M* M] = [M a(A)M*M] = Z

such that

[ M*M Ay] = [M* M M* M a(A) M* M] = [M* M a(A) M* M] = A,

[A, M* M] = [M* M a(A) M* M M* M] = [M* M a(A) M* M| = A,

which means that [M* M A,| = [Ay,M* M], that is, Z = [M A,] is a doubly
oA-Ay-rigged module. If we define B = [M a(A) M*] then by Lemma 3.6, A,

and 3B have cai’s and by Lemma 3.7, we get that Ay ~,1r0 B.
Finally, B ~,7ro Z. Indeed, if we consider the c-TRO’s M; = M and M, =

[M M*], then

[M,Z M?] = [M M*M a(A) M* M M*] = [M A M*] = B

[M? BM,] = [MM*M a(A)M*M] = [MM* BM] = [M Ay = Z.
O

Corollary 3.10. Every oA-A-rigged-module Y over an approximately unital
operator algebra A has a restriction which is a bimodule of BMP equivalence,
which actually implements a stable isomorphism over the operator algebras A
and B defined as in Theorem 3.9.

Corollary 3.11. Every orthogonally complemented module over an approxi-
mately unital operator algebra A has a restriction which is a bimodule of BMP
equivalence between operator algebras which are stably isomorphic.
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Proof. IfY isan orthogonally complemented module over the operator algebra
A, then according to Theorem 2.4, Y is a 0A-A-rigged module and due to the
previous corollary, Y has a restriction which is a bimodule of BMP equivalence
between operator algebras which are stably isomorphic. O

Another interesting category of rigged modules is the category of column
stable generator modules. We prove that the restriction of a cA-rigged module
over A is a column stable generated module (maybe over another operator alge-
bra than A). We refer the reader to [1, Section 8] for facts about column stable
generated modules.

Definition 3.12. [1].

A right A-rigged module Y is called a column stable generator (CSG for
short) if there exist completely contractive right A-module maps ¢ : A —
Co(Y)and 7 : Cy(Y) — A such that oo = Id .

Proposition 3.13. Let A be an approximately unital operator algebra, a : A —
a(A) C B(H) be a completely isometric homomorphism and suppose there is a
o-TRO M C B(H, K) such that

M*M a(A) C a(A), a(A)M*M C a(A).

Consider the o A-A-rigged module Y = [M a(A)]. Then, there exist operator al-
gerbas Ay and B and a restriction Z of Y over A such that Z is a CSG module
over A,.

Proof. Since M is a 0-TRO, we fix a sequence {m; € M | i € N} C M such that
n

Z m m;
i=1

We define the operator algebras B = [M a(A) M*] C B(K), Ay = [M* BM] C

B(H) and also Z = [Y M* M| = [B M], which is a restriction of Y, and is also a
doubly oA-Ay-rigged module (Theorem 3.9). Since

[M Ay] = [MM* M a(A)M* M| = [M a(A)M*M] = [BM] =Z
and [M* Z] = [M* B M| = A, the maps
0 Ay = Co(2), a(a) = (m; a)ien

[o¢]
<1,VneN, Zmi*mim*zm*,VmeM. (3.2)
i=1

and
T ! Coo(Z) = Ay, T((Z))ien) = Z m; z;
i=1
are well defined and also completely contractive right .4;-module maps. For all
m*bn e M*BM C A, we have that

(too)(m* bn) = 7((m; m* bn)en) = Z mim;m*bn & m*bn =Id, (m*bn).

i=1
It follows that (too)(a) = Id4 (a), Va € Ay = 100 =1dy,. O
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Theorem 3.14. Let A, B be approximately unital operator algebras such that
A, B are stably isomorphic. Then, there exists a doubly o A-A-rigged module Y
which is also an A-B-operator module and there exists a B-A-operator module
XsuchthatB2Y ®f‘q Xand A =X ®’% Y. Furthermore, A, B, X, Y are all
stably isomorphic.

Proof. Since A and B are stably isomorphic, we have that they are also oA
equivalent, that is, A ~;5 B, [8, Theorem 3.3]. So, there exist Hilbert spaces
H, K and completely isometric homomorphismsa : A - B(H)and 8 : B —

B(K) and also a 0-TRO M C B(H, K) such that a(A) = [M* 8(B)M], B(B) =
[M a(A) M*]. We have that

[a(A) M* M] = a(A) = [M* M a(A)]

andso Y = [M a(A)] C B(H,K) is a doubly cA-A-rigged module which is also
a left B-operator module since

B(B)Y C [Ma(A)M* M a(A)] € [M a(A) a(A)] C [Ma(A)] =Y.

We also define X = [a(A) M*] C B(K, H) which is a left A-operator module
via the module action

a(x)-(ayym*)=alxy)ym*, x,y e A, m € M.

Furthermore X is a right B-operator module since

X B(B) C [a(A) M* M a(A) M*] = [a(A) a(A) M* M M*] C [a(A) M*] = X.

By Lemma 1.5, if D; = [M* M], then

Y @y X = [Ma(AD] @), [a(A) M*]
> (M @, a() @}, (a4 @), M)
=M ®p a(A) ®) M*

15—
= [Ma(A)M*] = B(B)
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and also, due to the fact that Y = [a(A) M*] = [M* B(B)], if D, = [M M*] we
have that

X ® 5 Y = [M*B(B)] ® ;) [MM* S(B)M]

B(B)
= (M* @) B(B)) ®"

= M* @) (B(B) @y M a(A)])

= M* @), [M a(A)]
= M* @ (M®) a(4))
=~ (M* @ M)®% a(4)

=~ [M*M] ®}, a(A)

[M a(A)]

~ [M* M a(A)]
= [M* M M* B(B) M]
= [M* B(B)M] = a(A).

By the same arguments, we obtain the following corollary:

Corollary 3.15. Let A, B be stably isomorphic C*-algebras. There exists a cA-
Hilbert module Y over a C*-algebra D such that

A= Kp(Y), B = Ip(Y).

Furthermore A, B and Y are all stably isomorphic.

4. Morita equivalence of rigged modules

Definition 4.1. [1]. Let A be an approximately unital operator algebra and
let Y be a right A-rigged module. If {®;,, ¥} | b € B} is a choice for Y as in
Definition 1.1, then we write Ej, for the map E;, = ¥,o®, : Y - Y, b € B. We
define

Y ={f € CB4(Y,A) | foE, — f uniformly}

and K(Y) to be the closure in CB4(Y,Y) of the set of finite rank operators
Tyr:Y =Y, T,:()=yf0O)
wherey €Y, f €Y.

For further details we refer the reader to [1, Section 3]. We also note that
K(Y) and Y are actually independent of the particular directed set and nets
{®p, ¥}, | b € B}. In the following lemma we use the notion of a complete quo-
tient map. For further details we refer the reader to [4].
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Lemma 4.2. Let A C B(H) be an approximately unital operator algebra, M C
B(H,K) be a 0-TRO and Y = [MA] C B(H,K). Assume that M*M A C
A, AM*M C A (thus Y is a oA-A-rigged module). Then Y = [AM*] and
K(Y) = [MAM*].

Proof. We define B = [M A M*]. Clearly, B is an operator algebra. By Lemma

3.6, the algebra A, = [M* M AM*M] has a cai. By Lemma 3.7, the algebra
B has also cai and obviously the algebras A, and B are o-TRO equivalent. If

X = W, then we define the completely contractive maps
() XXY > A (x,y) P (x,y) =xYy
[, ]:YXX > B, (3,x)- [y,x]=yx.
These maps satisfy

x,x' =x[y,x'], yx,y)=1[y,x]y,Vx, X' €X,y,y €Y.

The map [-, -] induces a complete quotient map Y ®"* X — B,y ® x — yx.
Indeed, by making the same calculations as those of the proof of Theorem
3.14, we have that Y ®flq X = [MAM*] = B. Futhermore, the map ¢ :

YR"'X - Y ®Z X, y®x —» y ®, x is a complete quotient since the map
b : (Y ®" X) /Ker(¢) - Y ®Elq X is a complete surjective isometry. From [1,
Theorem 5.1] it follows that Y = [A M*] and K(Y) =~ B = [M A M*]. O

Theorem 4.3. If A is an approximately unital operator algebra and Y is a dou-
bly o A-A-rigged module, then there exist approximately unital operator algebras
Ay C A and B such that

() B2Y ®ZO Y
(ii) Ag=Y QLY
(iii) Ao ~on By, Ag ~on Y, Y ~50 Y.

Proof. It suffices to prove the above assertions for the case of a doubly o-TRO-

A-module Y = [M A] where A C B(H), M C B(H,K) is a ¢-TRO such that
M*MA C Aand

[M* M A] = [AM* M]. (4.1)

We set Ay = [AM*M] C A. Clearly A, is an approximately unital operator
algebra.

(i) By Lemma 4.2, Y = [A M*], and so
[A, M*] = [AM* MM+] = [AM*] = Y.
On the other hand

M A = IMAM-M] 2 [MM-MA] = [MA] =Y.

Using Lemma 1.5 and making the same calculations as in the proof of Theorem
3.14 we have that Y ®ZO Y = [M AM*]. If we define B = [M A M*], then B is
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an approximately unital operator algebra such that B > Y ®ZO Y.

(ii) It is true that Y =~ [A M*] = [M* B], so if D; = [M* M] and D, = [M M*],
it follows that

Y @), Y = M+ B] & [MA]
~ (M* @, B)®4Y
=M ) B (M) A
= M* @) M®) A

= [M*M] ®}, A

IR

[M* M A|
= [AM* M] = A,.

(iii) Consider the o-TROs M; = M* C B(K,H) and M, = M C B(H,K). Then

[M?Y M,] = [M* MAM*] = [AM*MM*] = [AM*] = ¥

and

[MyY M| =[MAM*M|=[MM*MA|=[MA|=Y
s0Y ~grro Y. By Theorem 3.8, we also have that B ~_rpo Y and B ~ 4
A. O

Definition 4.4. Let A, B be approximately unital operator algebras, E be a
right B-rigged module and F be a right A-rigged module. We call E and F
Morita equivalent if there exists a right A-rigged module Y such that
i) AxY ®% Y as operator algebras,
) Bz=Y ®f'4 Y as operator algebras,
(iii) F=E ®% Y asright A-rigged modules.
In this case we write E ~,, F.

Remark 4.5. If A, B, E and F are as above, then by [1, Theorem 6.1] we get
that

K(F) = K(E®%Y) = K(E).
Definition 4.6. Let .4, B be approximately unital operator algebras, E be a

right B-rigged module and F be a right A-rigged module. We call E and F o-
Morita equivalent if there exists a doubly cA-A-rigged module Y such that

i) AxY ®% Y as operator algebras,

(ii) BxY ®Z Y as operator algebras,

(iii) F=E ®’;3 Y as right A-rigged modules.
In this case we write E ~4y, F.
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Remark 4.7. Other notions of Morita equivalence for the subcategory of Hilbert
modules exist in [11, 17].
Proposition 4.8. IfE ~,y F, then K(E) = K(F).

Proof. If E ~,); F, then E ~), F and the conclusion comes from Remark
4.5. O

Lemma 4.9. Let M be a 0-TRO, D; = [M M*], D, = [M*M], E be a right
D,-module and F be a right D,-module such that F =~ E ®g1 M.ThenE ~4 F.

Proof. By[10, Theorem 3.8], it suffices to prove that E and F are stably isomor-
phic. We may assume that F = E ®g1 M. Hence,

F@) M*=(E®) M)®l M*

~E Q) (M), M)

~F ®]’gl D,

~E.
We can also assume that there exists a complete onto isometry

a:F®) M*—E
such that
a((e ®p, m) ®p, n*) =emn*, Ve €E, m, n € M. 4.2)

There exists a sequence {m; € M | i € N} such that

n
Zm?kmi
L

i=1

<1,VneN

and also

(o]
me;"mi =m,Vme M.
i=1

‘We observe that for all e € E and m € M we have that

o @2) 00
D a((e®p, m)®p, M) ®p, m; = Y emm’ ®p, m;
i=1 i=1

* 00

mm; €D, N

= Ze@Dlmmi m; = e Qp, m.
i=1

Thus,

o0

D a(f ®p, m) ®p, m;=f,Vf€EF. (4.3)
i=1
We define the completely contractive maps

® : F — Ry (E), ®(f) = (a(f ®p, m))ien
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¥ : Ry (E) = F, ¥((e)ien) = ). € ®p, m;.
i=1

Using (4.3) we have that

(e 0]

(Po®)(f) = D, a(f ®p, m) ®p, m; = f, ¥ f € F.

i=1

So, @ is a complete isometry and P = ®o¥ : R (E) — R (E) is a projec-
tion such that ®(F) = Ran(P). Now we employ the usual arguments, see for
example the proof of [3, Corollary 8.2.6]:

R (E) =2 Ran(P) &, Ran(I — P) = ®(F) ¢, Ran(I — P) @ F @, Ran(I — P)
where I = Iy_(p). Thus,

R (E) =2 R (R, (E))
= (F @, Ran(I — P)) @, (F &, Ran(I—P)) &, ...
~F @, (Ran(I—P) P, F) b, Ran(I—-P) P, F) &, ...
~F &, Ry (E).

Therefore, R (E) = R (R (E)) = R (F) &, R(E). By symmetry, R, (F) =
R (E) ®, Ry (F), so R (E) = R, (F) which implies that K (E) = K (F). O

Theorem 4.10. Let A, B be approximately unital operator algebras, E be a right
B-rigged module and F be a right A-rigged module such that E ~;y; F. Then
E ~oA F.

Proof. Let a : A — B(H) be a completely-isometric representation of A
on H and M C B(H,K) be a ¢-TRO such that M* M a(A) C a(A) and also

[M*M a(A)] = [a(A) M* M]. Consider also the doubly cA-A-rigged module
Y = [Ma(A)] such that a(A) = Y @ Y, B =Y ®" Y = [Ma(A)M*] and
alsoF = E ®’% Y. We define D; = [M M*] and we have that BM M* C B. So

E=[EB]2[EBMM*]=[EMM*]

which means that E is a right D,-module. Therefore, since Y = [M a(A)] =

[B M], it holds that

F=EQLY =EQ}[BM| = EQ) (B8} M) (E®) B)®) M=EQ) M.

Observe that if D, = [M*M], then F = [FA] D [FAM*M] = [F M* M|
which means that F is a right D,-module. From Lemma 4.9, we get that E ~_5
F. O
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