New York Journal of Mathematics
New York J. Math. 29 (2023) 171-192.

Compositum of two number fields
of prime degree

Paulius Virbalas

ABSTRACT. In this paper by exploiting the properties of transitive permuta-
tion groups of prime degree we provide an answer to the following problem:
given two number fields K and L both of prime degree p over Q, what values
the degree of their compositum KL can take? We show that if K and L are lin-
early disjoint over @, then necessarily KL has degree p? or, for example, if K
and L are number fields of prime degree p such that p = (¢"—1)/(q—1) with q
prime or a power of a prime, n > 3, and some intermediate group between the
projective special linear group PSL(n, q) and the projective semilinear group
PTL(n, q) is realizable over Q, then the degree of KL is pg"~'. In addition,
for any divisor s of p — 1, there exist number fields K and L of prime degree
p such that their compositum KL has degree ps. As a numerical application,
we determine the complete list of values the degree of compositum KL can
take if K and L are two number fields of degree 13. We also give an answer
to the related problem, namely, given two algebraic numbers o and 8 both of
prime degree p, what values the degree of « + 8 and a3 can take?
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1. Introduction

A triplet of positive integers (a, b, ¢) € N? is said to be compositum-feasible if
there exist number fields K and L of degrees a and b over the field of rationals
Q such that the degree of their compositum KL is c. Equivalently, (a,b,c) €
N3 is compositum-feasible if and only if there exist algebraic numbers « and
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B of degrees a and b over Q such that [Q(a,8) : Q] = c. This definition
was introduced in [9] by Drungilas, Dubickas and Smyth. Among other things,
they found some sufficient but not necessary conditions for a triplet (a, b, ¢) to
be compositum-feasible and described all compositum-feasible triplets (a, b, ¢)
satisfyinga < b < 6.

For two positive integers a and b, let Icm(a, b) denote their least common
multiple, and let gcd(a, b) denote their greatest common divisor. Clearly, if the
triplet (a, b, ¢) is compositum-feasible, then

c<ab and Icm(a,b)]ec. (1)

From (1) it immediately follows that if gcd(a, b) = 1 and the triplet (a, b, c) is
compositum-feasible, then ¢ = ab. Note however, that condition (1) is not suf-
ficient for a triplet (a, b, ¢) to be compositum-feasible. For example, the triplet
(5,5,15) satisfies (1), but it was shown in [9, Theorem 36] that this triplet is
not compositum-feasible . In the follow-up paper by Drungilas, Dubickas and
Luca [8] it was noted that "even a natural question of describing which values
[KL : Q] can take if K and L are two extensions of prime degree p over Q is
open"’. The purpose of this paper is to answer this question. Some partial re-
sults can be found in [8, Theorem 1.2], where it was established that the degree
of compositum KL over Q can never be equal to p(p — I), provided that [ is a
positive integer satisfying 2 < I < (14++/4p — 3)/2. Itis also clear from (1), that
[KL : Q] must be divisible by p and be smaller than or equal to p?. Therefore
the problem can be restated as follows:

Problem. Find all compositum-feasible triplets of the form (p, p, ps) such that
pisprimeands € {1,2,..., p}.

If s = p, then it is known that (p, p, ps) is compositum-feasible for any p [9,
Proposition 19]. On the the other hand, if s < p and (p, p, ps) is compositum-
feasible, then by applying a modified version of [8, Theorem 1.4] we demon-
strate that there exists a transitive permutation group G of prime degree p,
which has two subgroups H; and H, such that

[G:H|=[G:Hy]=p and [G: H;nH,|=ps. (2)

All transitive permutation groups of prime degree p are classified, therefore G
must be one of the groups listed in [6, Corollary 3.5]. In this particular case,
it is also relatively well-known what type of subgroups have index p in G. In
this paper, by applying certain properties of such subgroups, we determine all
possible values of p and s in (2).

In the context of groups, the notation A < B is used to indicate that A is a
subgroup of B. As usually, PSL(n, q) and PT'L(n, q) denote the projective special
linear group and the projective semilinear group, respectively, of dimension n
over the finite field of g elements [5, Chapter 1.7]. The main result of this paper
is the following:

Theorem 1.1. The triplet (p, p, ps) with p prime is compositum-feasible if and
only if one of the following conditions is satisfied:
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(@) s =p,

(b) s|(p—1),

(©) (p,s) =(11,6),

@) (p,s) = ((q"—1)/(q —1),q"1), where q is prime or a power of a prime,
n > 3, and there exists a transitive permutation group G of prime degree
p satisfying PSL(n, q) < G < PI'L(n, q), which is realizable over Q.

Parts (¢) and (d) of Theorem 1.1 to a great extent follow from the result
first published by Feit [16, Corollary 4.5], namely that a group G has two non-
equivalent doubly transitive permutation representations of prime degree p
only if G = PSL(2,11) and p = 11 or PSL(n,q) < G < PI'L(n,q) and p =
(" — 1)/(q — 1) for some n > 3. The smallest example corresponding to
case (d) of Theorem 1.1 can be found in [8, Theorem 1.3], where the proper-
ties of the projective special linear group PSL(2, 7) were applied to prove that
(7,7,7 - 4) is compositum-feasible. Observe that 7 = (23 — 1)/(2 — 1), thus
acoording to the notation used in Theorem 1.1, we have that g"~! = 22 = 4
and PSL(3,2) < G < PT'L(3,2). Since PSL(3, 2) =~ PSL(2, 7) is realizable over Q
[13], the triplet (7,7,7 - 4) is compositum-feasible.

Consider the equation

q" -1
P="T (3)

where p is a prime, g is a prime or a power of a prime and n > 3. For (3) to
hold some necessary conditions can be found in the work by Estes, Guralnick,
Schacher and Straus [14, Lemma 1]. Primes p satisfying (3) are examples of
repunit primes to base g (primes, which contain only the digit 1 in base q).
From the lists of repunit primes in the works by Dubner [11], Williams and Seah
[29] one can deduce that the only triplets (p, g, n) satisfying (3) with p < 1000
are

(7,2,3),(13,3,3),(31,2,5),(31,5,3),(73,8, 3),(127,2,7),(307,17, 3),
(757,27, 3).

Thus, for primes p < 1000 there are eight examples for which part (d) of The-
orem 1.1 applies. However, this still leaves the question open whether the cor-
responding projective groups are realizable over Q, since at the present time
only the triplets (7, 2, 3) and (13, 3, 3) have been confirmed to be compositum-
feasible. Finally, note that for p = 31 we have two cases to consider. In fact,
if the conjecture of Ratat and Goormaghtigh [23, Conjecture A] is true, then
p = 31 is the only prime for which (3) has two solutions.

To this day all compositum-feasible triplets (a, b, c) satisfyinga < b < 9
have been found [9, Theorem 5], [8, Corollary 1.5], [10, Theorem 1]. As an
application of Theorem 1.1, we find all compositum-feasible triplets (a, 13, c)
satisfying a < 13.

Corollary 1.2. The triplet (a, 13, c), where a < 13 is compositum-feasible if and
onlyifc =13aora =13 andc = 13swith s € {1,2,3,4,6,9,12}.
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Observe that the triplet (13,13,13 - 9) is the second smallest example of a
compositum-feasible triplet corresponding to part (d) of Theorem 1.1.

Knowing which values [KL : Q] can take if K and L are two extensions of
degrees a and b over Q is related to the following question posed in MathOver-
flow[4]: given two algebraic numbers a and § of degrees a and b over Q, respec-
tively, what are the possible values for the degree of o + 8 and a3? The research
on this matter began in [9], where the following definitions were introduced. A
triplet (a, b, c) € N3 is called sum-feasible (resp. product-feasible) if there exist
three algebraic numbers a, 3, y with degrees a, b, c over Q respectively, such
thata + 8 +y = 0(resp. affy = 1). As opposed to compositum-feasible triplets,
if the triplet (a, b, ¢) is sum-feasible (resp. product-feasible), then clearly, for
any permutation {a’, b’, ¢’} of {a, b, c}, the triplet (a’, b’, ¢’) is also sum-feasible
(resp. product-feasible). Thus, the triplet (a, b, c) can be sum-feasible (resp.
product-feasible) even if ¢ < max{a, b}, while if (a, b, ¢) is compositum-feasible,
then necessarily ¢ > max{a, b}, since c is divisible by lcm(a, b).

Let PF denote the set of all product-feasible triplets, SF - the set of all sum-
feasible triplets and CF - the set of all compositum-feasible triplets. Then

CF ¢ SF c PF. (4)

Indeed, if the triplet is compositum-feasible triplet, then it is also sum-feasible
and product-feasible [9, Proposition 1]. Thus, for example, Corollary 1.2 im-
plies that there exist three algebraic numbers «, 3, y satisfyinga + § +y =0
(resp. aBy = 1) such that the degree of both a and § is 13 while the degree of y
is13-9. In [7, Theorem 1.1] it was proved that if the triplet is sum-feasible then
it is also product-feasible. On the other hand, consider the following algebraic
numbers

a=(-1-iV3)/4, B=V2, y=(-1+iV3)2

The degrees of a, 3,y are equal to 2, 3, 3, respectively, and clearly, afy = 1.
Hence, the triplet (2, 3, 3) is product-feasible. However by [9, Theorem 5], the
triplet (2, 3, 3) is not sum-feasible. Another example is the triplet (4, 6, 6), which
by [9, Theorem 29.ii] is sum-feasible. However, it is not compositum-feasible,
as 4 does not divide 6.

From (4) it follows that every compositum-feasible triplet arising from The-
orem 1.1 is also sum-feasible and product-feasible. It turns out that with few
exceptions, there are no other sum-feasible or product-feasible triplets of the
type (p, p, 1), where p is prime and [ is some positive integer.

Theorem 1.3. If the triplet (p, p,1) with p prime is sum-feasible, then it is also
compositum-feasible or | = 1.

Assume, that a and 8 are two algebraic numbers, both of degree p over Q
and a + § ¢ Q. Then Theorem 1.3 tells us that the degree of « + 8 can only
take values equal to ps, where s is determined in Theorem 1.1. In the case of
product-feasible triplets we prove the following:
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Theorem 1.4. Ifthetriplet (p, p,l) with p prime is product-feasible, then it is also
compositum-feasible orl € {1, p — 1}.

In Section 2, some known auxiliary results are provided related to our topic
as well as several new lemmas are formulated such as Lemma 2.4, Lemma 2.7
and Lemma 2.8. In Section 3, we determine the properties of non-solvable tran-
sitive permutation groups of prime degree, which will be essential in the proofs
of Theorem 1.1 and Theorem 1.3. In Section 4, we complete the proof of Theo-
rem 1.1 for compositum-feasible triplets and give a numerical example in Coro-
llary 1.2. In Section 5, Theorem 1.3 is proved for sum-feasible triplets. Finally
in Section 6, Theorem 1.4 is proved for product-feasible triplets.

2. Auxiliary results

Lemma 2.1. Let ged(a,b) = 1. Then (a,b,c) € N3 is compositum-feasible if
and only if c = ab.

Proof. If the triplet (a, b,c) € N3 is compositum-feasible, then there exist al-
gebraic numbers a and 3 of degrees a and b, respectively, such that

[Q(a) : Q] =a, [QP):Q]=b and [Qa,p):Q]=c.
On the one hand,
¢ =[Q(x,p) : Q] <[Q(x) : Q]-[QB) : Q] = ab. (5)

On the other hand, from Q(a) C Q(a,B) and Q(B) C Q(a, B) together with
ged(a,b) =1, we get

lem(a, b) = ab | c. (6)
Combining (5) and (6) we have that, c = ab. In the other direction, (a, b, ab) is
compositum-feasible by [9, Proposition 19]. O

Lemma 2.2 ([9, Proposition 2]). If the triplet (a, b, c) € N3 is sum-feasible and
two particular numbers from the list a, b, c are coprime, then the third number is
the product of these two.

Lemma 2.3 ([9, Proposition 1]). If the triplet (a,b,c) € N3 is compositum-
feasible, then it is also sum-feasible and product-feasible.

Let K and L be two field extensions of Q contained in some common field.
K is said to be linearly disjoint from L over Q if every finite set of elements of K
that is linearly independent over Q is still so over L. Let M2 denote the Galois
closure of the number field M. The next lemma, which is due to P. Drungilas,
indicates that two number fields of prime degree p are either linearly disjoint
over Q or their Galois closures coincide.

Lemma 2.4. Suppose that K and L are number fields both of prime degree p. If
[KL : Q] < p? then K = [Gal,
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Proof. Suppose on the contrary, that [KL : Q] < p?and K% # L6, Tt follows
then that either K ¢ L% or L ¢ K. Assume without loss of generality, that
K ¢ L%, The number field K N L% is a proper subfield of K whose degree over
Q is a prime number. Therefore K n L% = Q, implying that K and L are
linearly disjoint over Q [28, Lemma 3.4.17]. Since the subextensions of linearly
disjoint extensions are also linearly disjoint [22, Chapter 8, Proposition 3.1], it
follows that the number field K and a subfield L of L& are linearly disjoint
over Q, which happens if and only if [KL : Q] = [K : Q] - [L : Q] = p?[28,
Lemma 3.4.16], a contradiction. Therefore, if [KL : Q] < p?, then K¢ = G2,
It is also evident that if K®® # LG then [KL : Q] = p? i.e., K and L are
linearly disjoint. O
Lemma 2.5. Suppose that K and L are number fields both of prime degree p and
[KL : Q] < p? Then (KL)% = 163 = gGal,

Proof. Since [KL : Q] < p?, Lemma 2.4 implies that L% = K62, It is clear
that L6 = KGal ¢ (KL)G2 ¢ KGalLGal, By [12, Chapter 14, Corollary 20],

(KGaLGal ; @] = [KC2 : Q][LS : Q] _ [LC3 : Q][LC : Q] 1% : g,
[KGal N LGal : @] [LGal : @]

Therefore, L6 = K616l and hence, LG = KGal = (KL)%, O

Lemma 2.6 ([8, Theorem 1.4]). A triplet (a,b,c) € N? is compositum-feasible
if and only if there exists an irreducible polynomial f(x) € Q[x] of degree c such
that the Galois group G of its splitting field has two subgroups H, and H, such
that[G : Hi]=a,[G : H]=band[G : HHNH,] =c.

Lemma 2.6 shows that compositum-feasible triplets of the form (p, p, ps)
with p prime can be determined by checking all possible transitive permuta-
tion subgroups of the full symmetric group S, which occur as Galois groups
for some irreducible polynomial of degree ps in Q[x]. Note that this method is
difficult to apply in practice, as it requires knowing the complete list of Galois
groups of degree ps. However if s < p, the next lemma shows that it is sufficient
to know Galois groups only of prime degree p.

Lemma 2.7. Let p be a prime numberand s € {1, 2, ..., p—1}. A triplet (p, p, ps)
is compositum-feasible if and only if there exists an irreducible polynomial f(x) €
Q[x] of degree p such that the Galois group G of its splitting field has two sub-
groups Hy and H, such that[G : H ] = p,[G : H,] = pand[G : HinH,] = ps.

Proof. Necessity. Suppose that a triplet (p, p, ps) is compositum-feasible. Then
there exist number fields K and L, both of degree p over Q, such that their
compositum KL has degree ps over Q. By the primitive element theorem, there
exists an algebraic number « such that K = Q(x). Let f(x) € Q[x] be the
minimal polynomial of « over Q. Clearly, deg(f(x)) = p. Note that K% is the
splitting field of f(x). Let G denote the Galois group of f(x); i.e.,

G ={r e Aut(K%) | t(t) = t forall t € Q}.
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Since [KL : Q] = ps < p?, Lemma 2.5 implies that K% = (KL)%, Hence,
(KL)% has the Galois group isomorphic to G. Finally, by the fundamental the-
orem of Galois theory ([12, Chapter 14, Theorem 14]), the group G has two
subgroups H; and H, corresponding to fields K and L such that [G : H;] = p,
[G : H,] =pand[G : H NnH,] = ps, where H; N H, corresponds to composi-

tum KL.
Sufficiency. The sufficiency part does not require Lemma 2.5, therefore we
omit its proof as it is identical to that of Lemma 2.6 provided in [8, Theorem 1.4].
O

Lemma 2.7 implies that in order to find all compositum-feasible triplets
(p, p, ps) with p prime and s € {1,2,..., p — 1} it is enough to study only Ga-
lois groups G of prime degree p instead of degree ps. Recall that if (p, p, ps) is
compositum-feasible, then s < p. Also, as it was noted in the Introduction, the
case s = p is a trivial one. Therefore, for the rest of the paper we can assume
that s € {1, 2, ..., p — 1}. Next, we state some results on transitive permutations
groups G of prime degree separating the cases when G is solvable and non-
solvable (for a definition of solvability see, for example, [28, Definition 4.3.1]).
The following lemma is due P. Drungilas.

Lemma 2.8. Let p be a prime numberand s € {1,2,...,p — 1}.

(a) If G is a solvable transitive permutation group of prime degree p and H,,
H, are two subgroups of G such that [G : H,] = [G : H,]| = p, then
G : HHnH,]=psands|(p—1).

(b) Ifs | (p— 1), then there exists a solvable Galois group G of prime degree p,
which has two subgroups H, and H, such that [G : H,] =[G : Hy] =p
and [G : Hy N H,| = ps.

Proof. (a) Since G is transitive of prime degree p, we have that |G| is divisi-
ble by p. On the other hand, solvability of G implies that |G| divides p(p — 1)
[28, Corollary A.1.8]. Thus, if H; and H, are two subgroups of G such that
[G : Hy] =[G : H,| = p,thenclearly [G : HHNH,] =psands | (p—1).

(b) Let s | (p — 1) and consider a finite field [, of p elements. It is well-known
that the multiplicative group [F; is cyclic of order p — 1. Let C be a cyclic sub-
group of F; whose order is 5. Consider the group G of invertible affine trans-
formations

fa,b . [F; - [F;, aeC, be [Fp, fa’b(X) =ax+b.

It is well-known (see, e.g., Example 3.4.1 of [6]) that G is the Frobenius group
of degree p whose order is ps. Since ps | p(p — 1), the group G is solvable [28,
Corollary A.1.8]. Also, every Frobenius group is realizable over Q (see, e.g.,
Theorem 1 of [26]); i.e., G is a Galois group over Q. Let ¢ € C be a generator of
C. Let H; and H, be the subgroups of G generated by f., and f ;, respectively.
One can easily check that both subgroups H; and H, are cyclic of order s and
that[G : H,] =[G : Hy] = pand [G : H; N H,]| = ps. O
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From Lemma 2.7 applied to the result of Lemma 2.8 it follows that the triplet
(p, p, ps) with p prime and s | p — 1 is compositum-feasible, and there is no
other form of compositum-feasible triplets induced by solvable Galois groups of
prime degree p. The situation with non-solvable Galois groups of prime degree
is more subtle and will be dealt with in more depth in Section 3. Let S, A,
and M, denote the symmetric, the alternating and Mathieu groups of degree p,
respectively.

Lemma 2.9 ([16, Corollary 4.2]; see also [17, Corollary 2.39]). If G is a non-
solvable transitive permutation group of prime degree p, then:
(@) G=A,orG =S,
(b) G = My; with p =11 or G = M3 with p = 23,
(c) G = PSL(2,11) with p = 11,
(d) PSL(n,q) < G < PT'L(n, q) with p = (¢" —1)/(q — 1), where q is a prime
or a power of a prime;

If G @ M,; or PSL(n,q) < G < PI'L(n,q) it is not known whether G is
realizable over Q, while all other groups in the list of Lemma 2.9 indeed occur
as Galois groups of prime degree p.

Lemma 2.10 (|6, Corollary 3.5.B]). A transitive permutation group of prime de-
gree p is doubly transitive or solvable.

Lemma 2.10 implies that all non-solvable groups of prime degree are doubly
transitive. If a group G acts on a set X, then for any x € X, the stabilizer of x in
G is denoted by G,.

Lemma 2.11. Let G be a non-solvable transitive permutation group acting on a
set X such that |X| = p and p is prime. Then [G : G, N ij] = p(p —1) forall
X, Xj € X whenever x; # X;.

Proof. G is non-solvable, hence, by Lemma 2.10, it is doubly transitive. Con-
sequently, G,, is transitive on X \ {x;} for any x; € X. From the orbit-stabilizer
theorem [6, Theorem 1.4A] it follows easily that for x; # x; we have

IG| =[G : Gxi][Gxi : Gxi,xj]lGx,-,le =p(p—1)- |Gxi,xj|, (7

where Gy x; = {¢€G|g-x; =x;and g - x; = x;}. Observe also that Gyx; =
Gy, N Gy, therefore by rearranging (7) we get

[G : le- N ij] = [G : Gx,-,xj] = IGl/IGxi,le = p(p -1).
O
Lemma 2.11 implies that the index of a two-point stabilizer in a doubly tran-

sitive permutation group of prime degree p is equal to p(p — 1). The following
lemma will be useful in Section 3.
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Lemma 2.12 ([5, Theorem 1.50]). Let V' be an n-dimensional vector space over
the finite field F ; with q elements. Forany1 < k < n, the number of k-dimensional
subspaces belonging to V is equal to

k-1 .
1})((]” -q)

k-1 ’
JRECLEED)
i=0

Finally, we state a theorem of Capelli, which will be applied in the proof of
Theorem 1.4.

Lemma 2.13 ([27, p. 92]). Let K be a field and let m > 2 be an integer. The
polynomial x™ — a, where a € K, is irreducible over K except when, for some
b € K, either a = —4b* and 4 | m or a = bP with some prime p | m.

3. Non-solvable transitive permutation groups of prime degree

A linear representation of a group G on a vector space V over a field F is
a group homomorphism ¢ : G — GL(V). The general linear group GL(V)
is composed of all bijective linear transformations V' — V. If V is of finite
dimension n with basis (ey, ... ,,), it is common to identify GL(V) with GL(n, [F),
the group of all invertible nxn matrices over F. The dimension of V' is called the
degree of the representation. Let V be a finite-dimensional vector space over [
and let Tr(¢(g)) denote the trace of a matrix ¢(g) with g € G. The character
of ¢ is the function x4 : G — F given by x4(g) = Tr(¢(g)). The space of all
complex characters has an inner product structure defined as
X Xp)G = ﬁ > 5@ xs(®),

gei

where the characters ), and y, correspond to representations ¢ and ¥ of G,

respectively, and y,(g) denotes the complex conjugate of y,(g) [12, p. 870].
For the purpose of our analysis, of particular importance is the permutation
representation of a finite group G associated with a set X of size n. In gen-
eral, the permutation representation of G on X is defined as a homomorphism
¢ : G — Sym(X) such that ¢, is the permutation of X, which sends x € X to
¢o(x). In this case we say that G acts on X and the image of x we denote as gx.
A very useful observation is that every permutation representation can be ana-
lyzed as a linear representation. Indeed, if V' denotes an n-dimensional vector
space with basis (e, ),cx indexed by the elements of X, then the permutation
representation of G on X corresponds to a homomorphism ¢ : G — GL(V)
such that ¢, is a bijective linear transformation from V' to V, which sends e,
to eyy. The elements of $(G) in this case are the permutation matrices and the
character of ¢ indicates the number of fixed points of X under the action of
¢, on X. Thus, the language of linear representations and that of permutation
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groups can be used interchangeably when the permutation representation of a
group G is considered (see [12, Chapter 18.3, Example 3]).

Let ¢ and 3 be two permutation representations of the same group G on sets
X and Y, respectively. These representations are called equivalent if there is a
bijection f : X — Y such that f(¢4(x)) = pg(f(x)); i.e., #(G) and P(G) per-
mutes elements in the same way on the sets X and Y after two sets are matched
appropriately. Every transitive action of a group G is equivalent to an action of
G on some coset space G/H, where H is a subgroup of G. Assume that H, and
H, are two subgroups of index n in G. Then two permutation representations
of G on G/H,; and on G/H,, respectively, are equivalent if and only if H; and
H, are conjugate subgroups in G [6, p. 22].

If V is the one-dimensional vector space and I is the identity automorphism
of V, then a homomorphism p : G - GL(V) given by p(g) = I forallg € G
is called the trivial representation of G with character y, denoted by 1. It is
a well-known fact in the representation theory of groups, that the permutation
representation of G on the coset space G/H can be obtained as a representation
of G induced by the trivial representation of H [25, Chapter 3.3, Example 2].
The character of such induced representation is denoted by Indg 1. Since
[G : Hi] =[G : H,] = n, the induced representations of G by the trivial
representations of H; and H,, respectively, have the same degree. If n = p,
where p is a prime number, it turns out that any two such representations af-
ford the same character [15, Theorem 6.2]. This fact will be implicitly used in
the proof of Corollary 3.2, which shows that the analysis of non-solvable simple
groups can be narrowed to two types of groups as far as our research question
is concerned.

Lemma 3.1 ([16, Corollary 4.5]). Let p be a prime and suppose that G has two
non-equivalent doubly transitive permutation representations on p points which
afford the same character. Then either p = 11 and G = PSL(2,11) or p = (q" —
1)/(q — 1) for some n > 3 and PSL(n,q) < G < PTL(n, q).

Corollary 3.2. Suppose that p is a prime number and let G be a non-solvable
transitive permutation group on p points such that neither G = PSL(2,11) nor
PSL(n,q) < G < PT'L(n, q). Then G contains the unique conjugacy class of sub-
groups of index p, namely, point stabilizers.

Proof. Let H denote a point stabilizer in G. Clearly, [G : H] = p. Since G
is transitive, all point stabilizers in G form a single conjugacy class [6, Corol-
lary 1.4A]. Thus, G has at least one conjugacy class of subgroups of index p.
Assume that G contains k > 1 conjugacy classes of subgroups of index p. It
follows then that G has k non-equivalent permutation representations of de-
gree p, which afford the same character. The group G is non-solvable, there-
fore by Lemma 2.10, it is doubly transitive. Hence, Lemma 3.1 implies that
G =~ PSL(2,11) or PSL(n,q) < G < PI'L(n, q), a contradiction. Consequently,
the set of all point stabilizers is the unique conjugacy class of subgroups of index
pinG. (]
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Corollary 3.3. Suppose that p is a prime number and let G be a non-solvable
transitive permutation group on p points such that neither G =~ PSL(2,11) nor
PSL(n,q) < G < PI'L(n,q). If H, and H, are two subgroups of G such that
[G:H|]=[G: H)]=p, then |G : HHNH,] = p(p—1).

Proof. By Corollary 3.2, both H; and H, are point stabilizers. Thus it follows
from Lemma 2.11 that [G : H; N H,] = p(p — 1). O

In the following analysis we concentrate on subgroups of index p in G, when
G =~ PSL(2,11) or PSL(n,q) < G < PI'L(n,q). First, we need the following
lemma, which is a special case of a more general theorem of Tits [19].

Lemma 3.4. Let G be a doubly transitive permutation group on a set X such that
|X| = n and let H be a subgroup of index n in G. If H is not transitive on X, then
H has exactly two orbits on X.

Proof. Let ¢ be the permutation representation of G and y be the character of
¢. Since G is doubly transitive, y decomposes into two irreducible characters
[25, Chapter 2.3, Exercise 2.6]:

X = 1G + 6 such that (].G, Q>G = (9, 1G>G =0, (8)

where 1; is the trivial character and 6 has degree n — 1. Let ¢ denote the
restriction of ¢ to H and let Resg x denote the character of ¢;. If t is the number
of orbits of H on X, then

1

T 2 Resix(h) =t 9)

heH

1y, ReSIG{ XH = <ReS§ X1y =

(see [25, Chapter 2.3, Exercise 2.5 and Exercise 2.6]). Since H is not transitive
on X, we have ¢ > 2. Recall that Indf, 15 denotes the character of the repre-
sentation of G induced by 1, and it is equal to the character of the permutation
representation of G on the coset space G/H [12, Chapter 19.3, Example 2]. By
the Frobenius reciprocity theorem [25, Chapter 7.2, Theorem 13] and orthogo-
nality relations for characters [25, Chapter 2.3, Theorem 3], we get

G
(Indg 15, 16)¢ = (g, 1)y = 1. (10)
Hence,
Ind% 1 =15+ 0/, (11)
where 6’ has degree n — 1. By Frobenius reciprocity and (9), we have
G
2 <t =1y, Resf x)y = (Indjy 1y, x)o- (12)

Using (8), (10), (11) and the fact that 8’ and 6 both have degree equal ton — 1
with 6 being irreducible, we get

(Indg; 1y, )6 = (Indy 151, 16)g + (Indfy 1p7,6) = 1+ (Indf; 151, 6)g
= 1 + <1G’6>G + <6,,6>G = 1 + (9’,6)G S 2
Consequently, from (12) and (13) it follows that 6’ = 6 and t = 2. O

(13)
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Lemma 3.5. Let G be a transitive permutation group of prime degree p such that
PSL(n,q) < G < PTL(n,q)and p = (¢" — 1)/(q — 1). Also let H, and H, be
subgroups of G such that |G : H,] = [G : H,| = p. Then one of the following
holds:

() [G: HHNnH,|=p(p-1),
(b) [G : H nH,] =p(p—q"™),
(©) [G : H nH,] = pg"~".

Proof. Let g be a prime or a power of prime and let V' = [Fg denote an n-
dimensional vector space over the field FF;,. From Lemma 2.12 we see that V'
contains (¢" — 1)/(q — 1) one-dimensional subspaces and (¢g" — 1)/(q — 1)
hyperplanes (subspaces of codimension 1). It is also well-known that if p =
(q" —1)/(q — 1), where p is prime, q is prime or a power of a prime and n > 3,
then G satisfying PSL(n,q) < G < PI'L(n,q), has two non-equivalent dou-
bly transitive permutation representations of prime degree p corresponding to
group action of G on the set of all one-dimensional subspaces of V' or on the
set of all hyperplanes of V, respectively (see [3, Main Theorem]; cf. [1, Theo-
rem 1]). Thus, G has two conjugacy classes of subgroups of index p, namely,
stabilizers of a one-dimensional subspace of V' and stabilizers of a hyperplane
of V. Note that if n = 2, one-dimensional subspaces of V' coincide with hyper-
planes of V, therefore in this case G has only one conjugacy class of subgroups
of index p. Consequently, for any two such subgroups, say H; and H,, we have
that [G : H; N H,] = p(p — 1) as a result of Lemma 2.11.

Suppose that n > 3. Let X be the set of all one-dimensional subspaces of
V and let ¢ be the natural permutation representation of G on X. Also let (v)
denote a one-dimensional subspace of V' generated by a vector v, G, - the sta-
bilizer of (v) in G, (v)° - the orbit of (v) under G, and Gy, - the stabilizer of a
hyperplane W. By Lemma 2.12, the hyperplane W C V contains

@ '-D/(g-D=(@q"-D/@-D-q""'=p-g""
one-dimensional subspaces of V. Hence, if we restrict ¢ to Gy, for any one-
dimensional subspace (w) C W it holds that

(W) | < p—gr . (14)

From (14) it also follows that Gy, is not transitive on X. Since [G : Gy ] = p,
Lemma 3.4 implies that Gy, has exactly two orbits on X. Let (u) denote a one-

dimensional subspace of V so that (u) ¢ W. Clearly, (u) ¢ (w)GW. Thus,
W)™ |+ 1™ | = p. (15)

On the other hand, under the restriction of ¢ to Gy, the subspace (1) cannot
be sent to any of the one-dimensional subspaces belonging to W. Hence

W™ <p—(p—q™")=g" (16)
Combining (14) with (16) we get
W + W™ <(p-q"H+q"" = p. 17)
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Therefore, from (15) together with (17) it follows that
(w)™] = p— g and [w)™| = g"7L; (18)

i.e., Gy, has two orbits on X, one of size p — ¢"~! and the other of size g"~! (this
fact is also mentioned in [20, Example 1.(i)]). Finally, note that the intersection
Gw N Gy is the stabilizer of (v) in Gy,. Hence, from [G : Gy | = p and the
orbit-stabilizer theorem applied to (18) we get

_on-1y
[G : Gy NGyl = p(p—g"7), if{v)cW (19)

pg", if () ¢ W.
Consequently, if H; and H, are two subgroups of index p in G belonging to
distinct conjugacy classes, then (19) implies that

[G : HHNH,]=p(p—q"Hor |G : HnH,] = pg".

On the other hand, if H, and H, are subgroups of index p in G belonging to the
same conjugacy class (i.e., both H; and H, correspond to stabilizers of different
one-dimensional subspaces of V' or both subgroups correspond to stabilizers of
different hyperplanes of V'), then Lemma 2.11 implies that

[G : HHNnH,| = p(p—1).

Next, we deal with the case p = 11 and G = PSL(2, 11).

Lemma 3.6. Let G be a non-solvable transitive permutation group of prime de-
gree 11 such that G = PSL(2,11). Also let H, and H, be subgroups of G such that
[G : H] =[G : H,] = 11. Then one of the following holds:

(@) [G : H nH,] =11-10,

(b) [G: HHNH,]=11-6,

(©) [G:H,NnH,]=11-5.

Proof. The proof is based on the subgroup structure of PSL(2, 11) provided in
a paper by Buekenhout, Cara and Vanmeerbeek [2, Figure 1]. Inside PSL(2, 11)
there are two conjugacy classes of subgroups of index 11, both classes comprised
of subgroups isomorphic to the alternating group A5 and are denoted by Ag‘ and
AP, respectively. In fact, Af and AZ correspond to point stabilizers from two
different representations of PSL(2, 11) as a transitive permutation subgroup of
S11- Thus, if H; and H, are two subgroups of index 11 in PSL(2, 11) belonging
to the same conjugacy class, then by Lemma 2.11,

[PSL(2,11) : H, N H,] =11-10 (20)

(alternatively, H, N H, = S3, hence [PSL(2,11) : H;NH,] =660 : 6 = 11-10).
On the other hand,

ASnAZ =DyyorAf n AL = A,
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where D, denotes the dihedral group of order 10 and A, the alternating group
of order 12. Consequently, if H; and H, are subgroups of index 11 belonging to
distinct conjugacy classes, then

[PSL(2,11) : H, N H,] = [PSL(2,11) : D;y] =11-6

or
[PSL(2,11) : H, N H,] = [PSL(2,11) : A,] =11-5.

4. Proofs of Theorem 1.1 and Corollary 1.2

Proof of Theorem 1.1. Let p be a prime number. If the triplet (p, p, ps) is
compositum-feasible, then s < p. If s = p, then the triplet (p, p, p?) corre-
sponding to part (a) of Theorem 1.1 is compositum-feasible by [9, Proposition
19], which states that the triplet (a, b, ab) is compositum-feasible. Hence, by
taking a = b = p, we get the result. It remains to determine all compositum-
feasible triplets (p, p, ps) such that s € {1,2,...,p — 1}. If s € {1,2,...,p — 1},
then Lemma 2.7 states that the triplet (p, p, ps) is compositum-feasible if and
only if there exist Galois group G of prime degree p, which has two subgroups
H, and H, such that

[G:H||=[G:H)]=pand |G : H N H,] = ps.

If G is solvable, then from Lemma 2.7 applied to the result of Lemma 2.8 it
follows that s | (p — 1) and that for any divisor s of (p — 1), the triplet (p, p, ps)
corresponding to part (b) of Theorem 1.1 is compositum-feasible.

The only candidates for non-solvable Galois group G of prime degree are
non-solvable transitive permutation groups of prime degree as indicated in
Lemma 2.9. Suppose that G is isomorphic to

A S My, or M. (21)

p> Pp
From Lemma 2.7 applied to Corollary 3.3 it follows that the groups in (21) can
induce compositum-feasible triplets only of the form (p, p, p(p — 1)). Since
these triplets are covered by part (b) of Theorem 1.1, whether groups mentioned
in (21) can actually occur as Galois groups over Q or not, has no effect on our
problem of determining all compositum-feasible triplets (as it was mentioned,
Ap, S, and My, are known to be realizable, while the case of M3 is still unde-
cided).

Next, consider the non-solvable transitive permutation group G of degree 11
isomorphic to

PSL(2,11). (22)

First, note that PSL(2, 11) is realizable over Q as it is the Galois group of the
following irreducible polynomial

X1 —2x10 4 3x9 4+ 2x® — 5x7 + 16x% — 10x° + 10x* + 2x3 —3x%2 +4x — 1
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(see a database of number fields of degree 11 in [21]). Thus, from Lemma 2.7
applied to the result of Lemma 3.6 it follows that the full list of compositum-
feasible triplets induced by PSL(2, 11) is the following:

(11,11,11-10), (11,11,11-6), (11,11,11-5).

Observe that 5| (11—1), thus(11,11,11-5) aswellas (11, 11, 11-10) correspond
to part (b), while (11,11, 11 - 6) corresponds to part (c) of Theorem 1.1.
Finally, suppose that G is such that

PSL(n,q) < G < PTL(n,q)and p = (¢" - 1)/(g — D). (23)

From Lemma 2.7 applied to the result of Lemma 3.5 it follows that groups in
(23) can induce compositum-feasible triplets only of the following form:

(p,p,p(p—1), (p,p,p(p—q" "), (p,p,pg" ™).
Observe that

p—q"'=(@"-D/(g-D-q¢""' =" -1/(@- D
and
p—1=(q"-D/(@g-D-1=q(q""' -=1/(q-1).

Hence, the triplet (p, p, p(p — ¢"!)) and obviously the triplet (p, p, p(p — 1))
can be written as (p, p, ps) subject to s | (p — 1). Note that such triplets are
covered by part (b) of Theorem 1.1, as they arise from solvable Galois groups.
On the other hand, since g"~! does not divide p—1 = q((¢"* —1)/(q — 1)) for
n > 3, the triplet (p, p, pg"*~!) can be induced only from the groups G indicated
in (23) with the condition that n > 3. Unless p = (¢" — 1)/(g — 1) is small, it
is not known whether G occurs as a Galois group for some polynomial over Q.
In conclusion, (p, p, pq"*!) is compositum-feasible if and only if G is realizable
over Q. This completes the proof of part (d) of Theorem 1.1.

Since the groups mentioned in (21), (22) and (23) exhaust all groups indi-
cated in Lemma 2.9, there is no other form of compositum-feasible triplets,
which could be induced by non-solvable Galois groups of prime degree p. There-
fore, Theorem 1.1 is proved. O

Proof of Corollary 1.2. If a < 13, Lemma 2.1 implies that the triplet (a, 13, c)
is compositum-feasible if and only if ¢ = 13a. If a = 13, then (a,13,c¢) is
of the form (13,13, 13s) and Theorem 1.1 can be applied. Firstly, part (a) of
Theorem 1.1 implies that (13,13, 13 - 13) is compositum-feasible. Secondly, the
triplets

(13,13,13 - 1),(13,13,13 - 2),(13,13,13 - 3),(13, 13,13 - 4), (13,13, 13 - 6),
(13,13,13 - 12)

are compositum-feasible by part (b) of Theorem 1.1. Since 1,2,3,4,6,12 are
the only divisors of 13 —1 = 12, there are no more compositum-feasible triplets
corresponding to part (b) of Theorem 1.1. Finally, it is easy to check that if q is
a prime or a power of a prime, the equation 13 = (¢" —1)/(g — 1) has a unique
solution, namely g = 3 and n = 3. Thus, g¢"~! = 9. By part (d) of Theorem 1.1,
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the triplet (13,13,13 - 9) is compositum-feasible if and only if there exists a
realizable non-solvable group G so that PSL(3,3) < G < PT'L(3,3). Since the
polynomial

x13 — x12 — 3x1 — 7x10 4 37x9 — 9x® — 168x7 + 24x° + 396x° + 20x*
—128x3 +192x2 — 176x — 16

has Galois group isomorphic to PSL(3, 3) (see a database of number fields of
degree 13in [21]), we conclude that (13, 13, 13-9) is compositum-feasible. There
are no more triplets (13, 13, 13s) satisfying one of the conditions of Theorem 1.1,
therefore Corollary 1.2 is proved. O

5. Proof of Theorem 1.3

Proof. With p being prime, all triplets of the form (p, p,1) = (p, p, ps) satisfy-
ing one of the conditions of Theorem 1.1 are compositum-feasible, sum-feasible
and product feasible as a consequence of Lemma 2.3. Suppose that the triplet
(p, p, 1) is sum-feasible (resp. product-feasible) but is not compositum-feasible.
Then there exists three algebraic numbers a, 3, y of degrees p, p, [, respectively,
such that a + 8 + ¥ = 0 (resp. affy = 1). Itis also clear that Q(a) C Q(a, B),
thus [Q(a, B) : Q] is divisible by p. It follows then that [Q(a, ) : Q] = ps
for some positive integer s. Also, note that Q(a + ) (resp. Q(aB)) C Q(a, B)
and Q(a + f) = Q(=y) = Qy) (resp. Q(ap) = Q") = Q(y)). Thus,
Q) € Q(a, B) and therefore, I | ps. We have the following diagram.

- \

(ps)/1

T
o)

The proof is divided into two cases, namely

ged(p, ) > 1 and ged(p, ) = 1.

Q(a, )

/
Q L ap)
\

Lemma5.1. Ifgcd(p, 1) > 1, then there is no sum-feasible (resp. product-feasible)
triplet (p, p, 1), which is not compositum-feasible.

Proof. From gcd(p,l) > 1 it follows that [ = pk for some positive integer k.
Since [l | ps, we get

k|s. (24)
Note that (p, p, ps) is compositum-feasible triplet, therefore by Theorem 1.1:
(@) s=p,
() s[(p—-1),

(c) s=6and p =11,
(d s=q"'and p=(¢g"—1)/(q — 1) withn > 3.
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Assume firstly that s = p. Then (24) implies that k = 1 or k = p. Thus,
(p,p.1) = (p,p,p - 1) or(p,p,l) = (p,p,p - p).- In both cases (p, p,1) is
compositum-feasible by Theorem 1.1, which contradicts our assumption that
(p, p, 1) is not compositum-feasible. If s | (p — 1), then from k | s we get that
k | (p — 1). Thus, the triplet (p, p,I) = (p, p, pk) is compositum-feasible, a
contradiction.

If s = 6 and p = 11, then from the proof of Theorem 1.1 it follows that the
Galois closure of Q(a, 8) has Galois group isomorphic to PSL(2,11). Note that
ifk =1,k =2ork = 6, then (p, p,l) = (p, p, pk) is compositum-feasible by
Theorem 1.1, a contradiction. The only remaining value of k satisfying (24) is
k = 3. Inthiscasel = 11-3 and [Q(y) : Q] = 33. Thus, from the fundamental
theorem of Galois theory it follows that there exists subgroup J of index 33 in
PSL(2,11). However, from [2, Figure 1] we see that PSL(2,11) does not have
subgroup of index 33, a contradiction.

The only remaining case is s = ¢"~! with p = (¢" —1)/(g—1)and n > 3.
Since by assumption (p, p,1) = (p, p, pk) is not compositum feasible and k | s,
it follows that k = g" for some 0 < r < n — 1. Thus, | = pq" and we have the

Q(a)

following diagram.

Q) —F—— Q. B)

%

Q(B)

From the proof of Theorem 1.1 it follows that the Galois closure of Q(«, 8) has
Galois group isomorphic to G such that PSL(n, q) < G < PTL(n, q). LetV = [
be the n-dimensional vector space over [y, X - the set of all one-dimensional
subspaces of V' and let ¢ denote the natural permutation representation of G
on X. Using the same notation as in the proof of Lemma 3.5, we can assume
that subfields Q(a), Q(B) and Q(«, §) correspond to subgroups Gy, G,y and
Gw N Gy, respectively. By the fundamental theorem of Galois theory, there
exists subgroup J corresponding to subfield Q(y) such that

/N

GWnG<U> <J<LGand|[G :J]=pq". (25)
Since [G : Gy N Gyl = pq"™, we get
n—1
[J : Gy NGy = £ gqr — g, (26)

Note also that the compositum of Q(y) and Q() is equal to Q(«, 8), which is
the compositum of Q(cr) and Q(3). Thus, by the fundamental theorem of Galois
theory

Jn G(v) =Gy N G(v)- 27)
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Observe that
GW N G(U) = GW,(U) andJ N G(v) = J<U>, (28)

where Gy (,,y denotes the stabilizer of (v) under the restriction of ¢ to Gy, and
J vy denotes the stabilizer of (v) under the restriction of ¢ to J. From (26), (27),
(28) and the orbit-stabilizer theorem we have that

[ : Tl = " and [(v)'| = "1~

Take some one-dimensional subspace (u) # (v) such that (u) € (v)J. Consider
the two-point stabilizer J, ). If the orbit of () under the restriction of ¢ to
Jw) has length m, then

T J J _1— _
m=[(uy | < |(uy'| = [(v)'| = q" " < g" (29)
From the orbit-stabilizer theorem it follows that

G Ty =[G 2 Il * Ty ] = pg" ™ - m.

On the other hand, J, «,,) is a subgroup of G, (,,)- Since G is doubly transitive,
Lemma 2.11 implies that [G : G,y ] = p(p — 1). Hence,

Gy pg"'m

= e’.
|J(v),(u)| p(p - 1)

Taking into account that p — 1 = q(g"~! — 1)/(g — 1) we see that

n—1 n—2

pq"'m pg"'m(@-1) q"’m(qg-1)

- = eZ.
p(p—1)  pq(g"1t-1) qn1l -1

Clearly, "2 is coprime to ¢"~! — 1. Hence, m(q — 1) is divisible by ¢"~! — 1.
However, from (29) we get that

m@—1)<q"(g-1)<qg" -1,

a contradiction. Therefore, there is no such subgroup J in G, which satisfies
(25). Consequently, there is no sum-feasible (resp. product-feasible) triplet
(p, p,1) = (p, p, pk) with k | ¢"~!, which is not-compositum-feasible.

We have checked all the possible candidates for the value of I = pk, therefore
Lemma 5.1 is proved. U

Lemma 5.2. Suppose gcd(p,l) = 1. Then (p, p,l) is sum-feasible if and only if
(p,p,H=(p,p, D).

Proof. If gcd(p,l) = 1, then by Lemma 2.2, pl = p. Therefore, [ = 1. Clearly,
the triplet (p, p, 1) is sum-feasible, but is not compositum-feasible. O

By combining Lemma 5.1 with Lemma 5.2, Theorem 1.3 is proved. O
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6. Proof of Theorem 1.4

Proof. From Lemma 5.1 it follows that it is enough to consider only the case
ged(p, 1) = 1. By Lemma 5.2, (p, p, 1) is sum-feasible. Thus, it is also product-
feasible [7, Theorem 1.1]. Assume that ! # 1. Obviously, (p, p,l) is product-
feasible if and only if (1, p, p) is product feasible.

Lemma 6.1. Let gcd(p,l) = 1andl # 1. Then (I, p, p) is product-feasible if and
onlyifl=p—1.

Proof. Identically asin the proof of Theorem 1.3, if the triplet (I, p, p) is product-
feasible, then there exist algebraic numbers «, 8, y such that

[Qa) : @] =1[Q(B) : @] = pand [Q(y) : Q] = p.
Since ged(p, I) = 1, we get that [Q(«, 8) : Q] = pl. Thus, we have the following

diagram.
Q)
/ \
QT——0() ————Q@.p
\ /
Q(B)
Let B; := B, s, .-, Bp be all conjugates of 8. Clearly, the numbers
apy, aBy, ... apy (30)

are all different. By [9, Proposition 21], all numbers in (30) are conjugates of
af. By multiplying all of them we get

aPByB, .. By € Q.

Since 3,3, ... B, € Q, it follows that a? € Q. Let a? = q for some g € Q. Then
a is a root of

f) =xP—q.
Assume g(x) is the minimal polynomial of «. It follows that
g(x) | f(x).
Since deg(g(x)) = l and gcd(l, p) = 1, the polynomial f(x) is reducible over Q.

Hence, from Lemma 2.13 it follows that g = qf for some q; € Q. Then

f(x):xp—q:xp—qf
a2 e (2Y (31)
=(x—-q) q; ((ql) + <q1> + ..+ 1).

Since the polynomial
xPTl 4 xP2 4+ +1
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is irreducible over Q [28, Example 4.1.8], the polynomial

)+
=] +(=) +..+1
01 01

is irreducible too. Recall that deg(g(x)) = | # 1 by assumption. Thus, in light
of (31), we conclude that the minimal polynomial of &, namely g(x), has degree
p — 1;i.e.,l = p — 1. On the other hand, by [24, Theorem 4], the triplet (p —

1, p, p) is product-feasible. For example, one can take « = 1/¢,8 =1/ {3/5 and
y = % - €, where € = e2™//P is a primitive p'" root of unity. O

Clearly, the triplet (p, p, p—1) is product-feasible. On the other hand, (p, p, p—
1) is neither compositum-feasible as p — 1 < p nor it is sum-feasible as a re-
sult of Lemma 5.2. By combining Lemma 5.1 with Lemma 6.1, Theorem 1.4 is
proved. (]

We remark that Lemma 6.1 implies that the triplet (4,7, 7) is not product-
feasible. This was left undecided in [24].
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