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On the order of Dehn twists

Ailsa Keating and Oscar Randal-Williams

Abstract. This note records the order of a higher dimensional Dehn twist
in a range of topologically signi�cant groups.
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1. Introduction
Consider

T∗Sn = {(u, v) ∈ ℝn+1 × ℝn+1 | |u| = 1, ⟨u, v⟩ = 0}

equipped with its standard exact symplectic form. Recall that the Dehn twist in
the zero section is de�ned as follows [Arn95]. Let �(u, v) = ||v||. (After iden-
tifying T∗Sn with TSn via the standard metric, this is the Hamiltonian generat-
ing the normalised geodesic �ow on (TSn)∖Sn.) Let � ∈ C∞(ℝ) be a function
which vanishes for su�ciently large t and such that �(−t) = �(t) − t for small
|t|, and let (�t) be the Hamiltonian �ow of �(�). Then �2� extends smoothly
over the zero section to a compactly-supported symplectomorphism of T∗Sn.
This is the Dehn twist �. It represents an element [�] ∈ �0(Sympc(T

∗Sn)) in the
compactly-supported symplectic mapping class group which is independent of
the choice of �.
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Under the neglectful homomorphisms

�0(Sympc(T
∗Sn)) �0(Dif f c(T∗Sn))

�0(Homeoc(T∗Sn)) �0(hAutc(T∗Sn))

there are elements also referred to as Dehn twists in the compactly-supported
smooth, topological, and homotopical mapping class groups. The goal of this
note is to record the orders of these elements.

Theorem 1.1. If n is odd then [�] has in�nite order in all of these mapping class
groups.

If n is even then

(i) [�] ∈ �0(Sympc(T
∗Sn)) has in�nite order.

(ii) [�] ∈ �0(Dif f c(T∗Sn)) has order
(a) 2 if n = 2 or 6, and otherwise,
(b) 4 if the (2n + 1)-dimensional Kervaire sphere is trivial,
(c) 8 if the (2n + 1)-dimensional Kervaire sphere is not trivial.

(iii) [�] ∈ �0(Homeoc(T∗Sn)) has order
(a) 2 if n = 2 or 6,
(b) 4 otherwise.

(iv) [�] ∈ �0(hAutc(T∗Sn)) has order
(a) 2 if n = 2 or 6,
(b) 4 otherwise.

Recall that the Kervaire spheres of dimensions 5, 13, 29, and 61 are trivial,
that the one of dimension 125 may or may not be trivial, and that all others are
not trivial [HHR16].

In Section 5 we shall also discuss the order of � in the “almost-complex map-
ping class group". We do not manage to pin down the order completely, but we
show that it is �nite and is approximately n!.

We do not claim any originality for most of these results: (i) is due to Seidel
[Sei00, Theorem 4.17], as is the n = 2 case of (ii) [Sei99, Lemma 6.3], where it
is attributed to Kronheimer; the rest of (ii) is due to Kau�man–Krylov [KK05].
Our contribution, and goal, is to popularise the results of Kau�man–Krylov
among sympletic topologists, where they do not seem to be well know, and to
explain how these methods imply (iii) and (iv).

2. The action on a cotangent �bre
Let us consider T∗Sn as the interior of a closed disc bundle D∗(Sn), with

boundary S∗(Sn), and let B = Sn−1 ⊂ S∗(Sn) be the �bre over a basepoint
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∗∈ Sn. Then there is a �0(hAutc(T∗Sn))-equivariant short exact sequence

0 Hn(D∗(Sn); ℤ) Hn(D∗(Sn), B; ℤ) Hn−1(B;ℤ) 0.

ℤ{[Sn]} ℤ{[B]}

This is split by s([B]) = [D] for D ⊂ D∗(Sn) the �bre over ∗∈ Sn. In terms of
the basis {[Sn], [D]} the element � acts onHn(D∗(Sn), B; ℤ) as

⎛
⎜
⎝
(−1)n+1 (−1)

(n+1)(n+2)
2

0 1

⎞
⎟
⎠
,

(see [AGLV98, Ch. 2, §1.3], and use the choices of orientations made there) so
we see that [�] ∈ �0(hAutc(T∗Sn)) has in�nite order if n is odd, and if n is even
then 2 divides its order.

If n is odd then of course [�]must also have in�nite order in the topological,
smooth, and symplectic mapping class groups, which proves the odd n part of
Theorem 1.1. It also provides 2 as a lower bound for the order of � when n is
even. For later use we record the following further consequence.

Lemma 2.1. When n is even, each element of �0(hAutc(T∗Sn)) acts as either

⎛
⎜
⎝

−1 (−1)
n
2
+1

0 1

⎞
⎟
⎠

or as the identity onHn(D∗(Sn), B; ℤ), in terms of the basis {[Sn], [D]}.

Proof. Any [f] ∈ �0(hAutc(T∗Sn)) acts on [Sn] by " ∈ {+1,−1}, and �xes the
class [B] and so satis�es f∗[D] = A[Sn]+[D] for someA ∈ ℤ. The intersection
pairing

⟨−,−⟩ ∶ Hn(D∗(Sn), B; ℤ) ⊗ Hn(D∗(Sn); ℤ)⟶ H0(D∗(Sn); ℤ) = ℤ

satis�es ⟨[D], [Sn]⟩ = 1 and ⟨[Sn], [Sn]⟩ = 2(−1)n∕2 with the choice of orienta-
tions we are using [AGLV98, p. 56], so we have

1 = ⟨[D], [Sn]⟩ = ⟨f∗[D], f∗[Sn]⟩ = ⟨A[Sn] + [D], "[Sn]⟩ = (2(−1)n∕2A + 1)"

and hence A = "−1
2
(−1)n∕2 as required. �

3. The cases n = 2 and 6
Proposition 3.1. Assume n = 2 or 6. Then [�] ∈ �0(Dif f c(T∗Sn)) has order 2.

Proof. For then = 2 case, this is [Sei99, Lemma 6.3], attributed toKronheimer.
The proof uses the cross-product structure on ℝ3; we reproduce it here with a
slight rephrasing to make it clear that it also works for the n = 6 case. Let ×
denote the standard cross-product on ℝ3, or a choice of cross-product on ℝ7

(see [Cal58, §2]); we will make clear which properties we use.
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Suppose u, v ∈ ℝn+1 are linearly independent. Let R�(u,v) denote the trans-
formation of ℝn+1 which �xes the orthogonal complement of the plane ⟨u, v⟩,
and rotates the plane ⟨u, v⟩ by angle �, with orientation chosen so that (u, v)
is positive. Now consider the round sphere Sn ⊂ ℝn+1; we will identify T∗Sn
with TSn throughout, using the round metric restricted from the standard in-
ner product on ℝn+1. A point � ∈ T∗Sn is given by (u, v) ∈ ℝn+1 × ℝn+1 such
that |u| = 1 and u ⋅ v = 0. Choose a smooth function � ∶ ℝ → ℝ such that
�(r) = 0 for r < 1 and �(r) = 2� for r > R, some �xed constant R > 1. A
representative for [�2] ∈ �0(Dif f c(T∗Sn)) is given by:

(u, v)⟼ {
R�(|v|)(u,v) (u, v) if v ≠ 0
(u, v) if v = 0

where we apply the rotation to each vector seperately. As long as v ≠ 0, the
three vectors u, v, u × v are linearly independent. This means that for every
t ∈ [0, 1], there is a well-de�ned map St ∶ T∗Sn → T∗Sn given by

St(u, v) = {
(R�(|v|)((1−t)u+tu×v,v)(u, v) if v ≠ 0
(u, v) if v = 0

By construction, S0 is our representative for �2; on the other hand, for t = 1, as
u is orthogonal to u × v and to v, R�(u×v,v) �xes u. Thus S1 �xes each cotangent
�bre set-wise; on any given �bre, it has support in an annulus, where it acts
by a full twist. This can now by undone by deforming the function � to be the
constant 2�, giving a compactly supported isotopy to the identity. �

4. The method of Kau�man and Krylov
4.1. Upper bounds: the smooth mapping class group. Recall that Kau�-
man and Krylov [KK05, Theorem 3] determine the group �0(Dif f c(T∗Sn)) up
to extensions, for n ≥ 3. For n even their result takes the form of an extension

0⟶ �0(VDif f c(T∗Sn))⟶ �0(Dif f c(T∗Sn))
Var
⟶ℤ× ⟶0

de�ning the group �0(VDif f c(T∗Sn)), and a further extension

0⟶ Θ2n+1 ⟶�0(VDif f c(T∗Sn))
�r⟶

⎧

⎨
⎩

0 n = 6
ℤ∕2 ⊕ ℤ∕2 n ≡ 0 mod 8
ℤ∕2 otherwise

describing this group. (We have used Cerf’s theorem [Cer70] that pseudoiso-
topy implies isotopy for simply-connected manifolds of dimension ≥ 5 to state
their result in terms of isotopy. To address a concern of the referee: while Cerf’s
results are formulated only for closed manifolds, the methods extend to mani-
foldswith boundary cf. [HW73, p. 11].) Here the homomorphismVar is de�ned
using the action on homology described in Lemma 2.1, �r is a certain homo-
morphism which we will not need to analyse directly, and Θ2n+1 denotes the
group of homotopy (2n+1)-spheres, which is isomorphic to�0(Dif f )(D2n)) and
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corresponds to those compactly-supported di�eomorphisms of T∗Sn which are
supported in a disc. Of note to uswill be the Kervaire sphere [ΣKervaire] ∈ Θ2n+1,
de�ned for each even n: this is trivial if n = 6, 14, 30, and perhaps 62, and has
order 2 otherwise [HHR16, Theorem 1.3].

4.2. Lower bounds: open book decompositions. Let us writeM = D∗(Sn),
with )M = S∗(Sn). If

f ∶ (M, )M)⟶ (M, )M)
is a map which is the identity on the boundary, let

Xf ∶=
M × [0, 1]

(x, 1) ∼ (f(x), 0)
∪)M×S1 ()M × D2)

be the manifold obtained from the mapping torus of f by �lling in the middle.
If f is a di�eomorphism then Xf is a smooth manifold, and if f′ is smoothly
isotopic to f then Xf′ is di�eomorphic to Xf. Similarly in the topological cate-
gory. If f is a homotopy equivalence then Xf need not be a manifold but will
be a Poincaré duality complex, and depends up to homotopy equivalence only
on the homotopy class of f. For the identity map we have

XIdM = (D∗(Sn) × S1) ∪S∗(Sn)×S1 (S∗(Sn) × D2) ≅ Sn+1 × Sn,

so ifXf is not smoothly, or topologically, or homotopically, equivalent to Sn+1×
Sn, then [f] is not trivial in the corresponding mapping class group. This is
the strategy proposed by Kau�man and Krylov [KK05, §3] to study the orders
of elements. In the case of powers of the Dehn twist the geometric input is as
follows.

Proposition 4.1. Let #AlD
∗(Sn+1) denote the plumbing of l copies of D∗(Sn+1)

in an Al chain, i.e. the Milnor �bre of the Al singularity. For k ≥ 2 there are
di�eomorphisms

X�k ≅ )(#Ak−1D
∗(Sn+1)).

Proof. This will be familiar to symplectic topologists. The plumbing of (k − 1)
copies of D∗(Sn+1) is di�eomorphic to the Milnor �bre of the Ak−1 singularity
in n + 2 variables, i.e. BR(0) ∩ {zk0 +z

2
1 +…+z

2
n+1 = 1} ⊂ ℂn+2, for any suitably

largeR. By projecting to the �rst coordinate, this is the total space of a Lefschetz
�bration with �bre theA1 Milnor �bre one dimension down, i.e.D∗(Sn), and k
Morse critical points, all with vanishing cycle the zero section Sn ⊂ D∗(Sn). In
particular, the total monodromy of this Lefschetz �bration is �kSn . This equips
the boundary of its total space, i.e. )(#Ak−1D

∗(Sn+1)), with the claimed open
book decomposition. �

For a general introduction to openbookdecompositions of Brieskorn spheres,
see [KvK16, Section 4].

Corollary 4.2.
(i) If n ≠ 2, 6 then [�2] ∈ �0(hAutc(T∗Sn)) is nontrivial.
(ii) We have [�4] = [ΣKervaire] ∈ Θ2n+1 ≤ �0(Dif f c(T∗Sn)).
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Proof. For (i), if �2 ∶ (M, )M) → (M, )M) were homotopic relative to the
boundary to the identity, then we would have a homotopy equivalence

S∗(Sn+1) ≅ X�2 ≃ XIdM ≅ Sn+1 × Sn,
so we must show that this is not the case. If it were the case then there would
be a map

S∗(Sn+1) ≃ Sn+1 × Sn
�2⟶Sn

which is an isomorphism on nth homology, and this would give a �bre homo-
topy trivialisation of the spherical �bration S∗(Sn+1) → Sn+1. By a theorem of
Milnor and Spanier [MS60, Theorem 2] this implies that n + 1 is (1,) 3 or 7.

For (ii), �rst note that by the group extensions described in Section 4.1 we
have [�4] ∈ Θ2n+1 ≤ �0(Dif f c(T∗Sn)), so [�4] = [Σ] for some homotopy sphere
Σ. In other words �4may be represented up to isotopy by a di�eomorphism f of
a discD2n ⊂ D∗(Sn) relative to its boundary, and Σ is the exotic sphere obtained
by gluing two (2n + 1)-discs along the di�eomorphism

f ∪ IdD2n ∶ S2n = D2n ∪) D2n ⟶D2n ∪) D2n = S2n.
But then X�4 ≅ Xf, and Xf ≅ XIdM#Σ = (Sn+1 × Sn)#Σ. Now recall that

ΣKervaire = )(#A2D
∗(Sn+1)).

On the other hand,
X�4 ≅ )(#A3D

∗(Sn+1)).
‘Cutting o�’ the plumbing of the �rst two spheres from #A3D

∗(Sn+1) leaves
a copy of D∗Bn+1. This is glued to #A2D

∗(Sn+1) along its vertical boundary,
)v(D∗(Bn+1)) ≅ Bn+1×Sn, which naturally lies in )(#A2D

∗(Sn+1)). Let us write
)ℎ(D∗(Bn+1)) ≅ Sn×Bn+1 for the horizontal boundary, and )c ≅ Sn×Sn for the
corners. We get

X�4 ≅ )ℎ(D∗(Bn+1)) ∪)c
(
)(#A2D

∗(Sn+1))∖)v(D∗(Bn+1))
)

≅ (Sn × Bn+1) ∪Sn×Sn
(
ΣKervaire∖(Bn+1 × Sn)

)

≅ (Sn × Sn+1)#ΣKervaire.

Thus we have a di�eomorphism (Sn+1 × Sn)#ΣKervaire ≅ (Sn+1 × Sn)#Σ, but
then by e.g. [Sch71, Theorem A] it follows that [Σ] = [ΣKervaire]. �

Proof of Theorem 1.1. The case n odd was covered in Section 2, so we sup-
pose that n is even. As we have mentioned (i) is due to Seidel [Sei00, Theorem
4.17], and we have discussed the n = 2 and 6 cases in Section 3. So we suppose
that n ≥ 4 is even.

For (ii), we start by using [�4] = [ΣKervaire] from Corollary 4.2 (ii), and that
[ΣKervaire] ∈ Θ2n+1 has order 2, to say that [�] has order dividing 8. If the Ker-
vaire sphere is nontrivial (i.e. n ≠ 6, 14, 30 and perhaps 62) it follows [�] has
order precisely 8. Otherwise [�] has order dividing 4. By Corollary 4.2 (i) if
n ≠ 6 then [�] does not have order 2 (even up to homotopy), so has order pre-
cisely 4. In the remaining case n = 6 the extensions of Section 4.1 show that
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[�2] ∈ Θ13 ≅ ℤ∕3, so as [�2]2 = [�4] = [ΣKervaire] is trivial in this group of odd
order, [�2] is trivial too.

As �2 is smoothly isotopic to the identity for n = 2 or 6, it is also topologically
isotopic and homotopic to the identity in these cases, which establishes part (a)
of (iii) and (iv). As �4 is smoothly isotopic to a di�eomorphism supported in a
disc, it follows from theAlexander trick that [�4] is trivial in�0(Homeoc(T∗Sn))
and hence in �0(hAutc(T∗Sn)). As [�2] is nontrivial in �0(hAutc(T∗Sn)) by
Corollary 4.2 (i), part (b) of (iii) and (iv) follows. �

5. Almost-complex di�eomorphisms
There is a further kind of mapping class group between the symplectic and

smooth ones, making use of the standard complex structurel onT∗Sn, namely:
the group of isotopy classes of pairs of a compactly-supported di�eomorphism
f ∶ T∗Sn → T∗Sn and a compactly-supported path of complex structures from
f∗l to l. We call this the almost-complex mapping class group of T∗Sn. Equiv-
alently, but somewhat more formally, it may be described as the fundamental
group based at l of the homotopy orbit space

ACc(T∗Sn)∕∕Dif f c(T∗Sn)

given by the action of the group of compactly-supported di�eomorphisms on
the space of almost-complex structures on the manifold T∗Sn which agree with
l outside a compact set. (We consider an almost-complex structure as an en-
domorphism of the tangent bundle squaring to −Id, and give the space of such
the compact-open topology.)

In this case our results are not as conclusive as Theorem 1.1, but informally
say that in the almost-complex mapping class group the Dehn twist � has order
approximately n!. As the results are not completely conclusive we do not try to
carefully distinguish the various cases of n modulo 8: doing so would lead to
some slight improvements.

Question 5.1. What is the precise order of the Dehn twist in the almost-complex
mapping class group?

5.1. Upper bounds. To obtain an upper bound we will consider the space
ACc(T∗Sn) of almost-complex structures on T∗Sn which agree with the stan-
dard one outside a compact set.

Lemma 5.2. If n is even, �1(ACc(T∗Sn)) is �nite of order dividing 2 ⋅ n!.

Proof. We may instead work with AC)(D∗(Sn)), the space of almost-complex
structures onD∗(Sn)which are standardnear the boundary. The space of almost-
complex structures on the vector space ℝ2n is O(2n)

U(n)
. As the tangent bundle of

D∗(Sn) is trivial, there is an equivalence AC)(D∗(Sn)) ≃ map)(D
∗(Sn), O(2n)

U(n)
),

to the space of continuous maps extending a �xed map l ∶ S∗(Sn) → O(2n)
U(n)

. As
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D∗(Sn) is obtained from S∗(Sn) by attaching an n-cell and a 2n-cell, there is a
homotopy �bre sequence

Ω2n(O(2n)
U(n)

)
⟶map)

(
D∗Sn, O(2n)

U(n)

)
⟶ Ωn(O(2n)

U(n)

)
,

and hence an exact sequence

⋯⟶�2n+1
(O(2n)
U(n)

)
⟶ �1(AC)(D∗(Sn)))⟶ �n+1

(O(2n)
U(n)

)
⟶⋯.

We have �n+1
(O(2n)
U(n)

)
≅ �n+1

(O
U

)
and the latter are given by Bott periodicity

[Bot59] asℤ∕2 ifn ≡ 6 mod 8 and 0 otherwise. (Recall thatO∕U ≃ Ω2(ℤ×BO)
and that we are assuming n is even when we say “otherwise”.) From the table
in [Har63] we �nd that �2n+1

(O(2n)
U(n)

)
has order 2 ⋅ n! if n ≡ 0 mod 4 and order

n! if n ≡ 2 mod 4. Combining these gives the conclusion. �

Corollary 5.3. In the almost-complex mapping class group of T∗Sn with n even
the Dehn twist has �nite order dividing 24 ⋅ n!.

Proof. The long exact sequence on homotopy groups for the homotopy orbit
space ACc(T∗Sn)∕∕Dif f c(T∗Sn) has a portion

�1(ACc(T∗Sn))⟶ �1(ACc(T∗Sn)∕∕Dif f c(T∗Sn))⟶ �0(Dif f c(T∗Sn)).

The di�eomorphism �8 is smoothly isotopic to the identity by Theorem 1.1,
so by this exact sequence its class as an almost-complex di�eomorphism comes
from �1(ACc(T∗Sn)), which by the lemma above is �nite of order dividing 2⋅n!.
The conclusion follows. �

5.2. Lower bounds. Our discussion of open books can be upgraded to the
almost-complex setting, as follows. If f is an almost-complex di�eomorphism,
the spaceXf comes naturally equippedwith an almost-contact structure. In the
case of �, this is compatible with Proposition 4.1: the almost-contact structure
is the one induced by the standard contact form on SR(0)∩{zk0 +z

2
1+…+z

2
n+1 =

1} ⊂ ℂn+2. (This is also discussed in [KvK16].) Let [�k] be the almost-contact
structure on X�k . If k ≡ ±1 mod 8 then X�k ≅ S2n+1 and from [Ust99, Section
2], based on calculations in [Mor75], we have the following.

Lemma 5.4. If k ≡ ±1 mod 8 then the almost-contact structure [�k] is given by

(k − 1)∕2 ∈ �2n+1(SO(2n + 1)∕U(n)) ≅ ℤ∕d,

where

d = {
n! if n ≡ 0 mod 4
n!∕2 if n ≡ 2 mod 4.

Corollary 5.5. In the almost-complex mapping class group of T∗Sn with n even
the Dehn twist has order divisible by n!∕22.
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Proof. Let uswrite the order of � in the almost-complexmapping class group as
2r ⋅swith s odd. Then � is equivalent to �1+k2rs in this group and soX� ≅ X�1+k2rs
as almost-contact manifolds for any k ∈ ℤ. If r ≥ 3 then by Lemma 5.4 it
follows that 2r−1s is divisible by n!∕2, so 2rs is divisible by n!. If r < 3 then we
can take k = 23−r so that k2rs = 8s and hence by Lemma 5.4 it again follows
that 8s is divisible by n!, so 2rs is divisible by n!∕23−r. The result follows as r ≥ 1
by Theorem 1.1. �
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