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1 Introduction

This paper is a natural continuation of the article [53] which was itself written
as a continuation of the chapter “Topological methods”, from CRC Handbook of
Discrete and Computational Geometry, [51]. Recall that the objectives of [53]
were to present a user friendly and reasonably detailed exposition of some ideas
and tools of equivariant Topology which have proven to be useful in Combinatorics.
We assume familiarity with the notation, definitions and basic results of [53], in
particular we freely use the key words and phrases from that paper. Examples
are configuration spaces Xp, test spaces Vp, group actions, G-spaces, equivariant
maps, index theory, (deleted) joins etc.

The immediate objectives of this article are threefold. We continue the de-
velopment of the indezx theory started in [53]. Our objective is to introduce and
discuss the applicability of the so called ideal valued (cohomological) index theory
(IVIT), essentially following the ideas of Fadell and Husseini, [18]. The main dif-
ference compared to [53] is that the complezity or the indez Indg(X) of a G-space
X is no longer an integer. Instead, it is a polynomial or more generally an ideal in a
cohomology ring, which obviously permits a more subtle classification of G-spaces
and has important implications on the existence of equivariant maps.

The second objective is to introduce and discuss combinatorial geometric ap-
plications of the elementary obstruction theory. We focus on the examples from
combinatorial practise which serve both as an illustration of the theory and exem-
plify the role of special ideas characteristic for combinatorial applications.
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Finally, we give a brief review and discuss the current status of the well known
topological Tverberg problem. Our main objective is to review the fundamental, un-
fortunately unpublished, contribution of M. Ozaydin, [34], and discuss its relation
with subsequent developments.

2 Ideal valued cohomological index theory

A key property of the numerical index function Indg(-) as presented in [53] is
the so called monotonicity property saying that if there exists a G-equivariant map
f:X =Y, then Indg(X) < Indg(Y). Informally speaking, this means that the
space X must be of smaller “complexity” of the space Y if a G-equivariant map
from X to Y should exist. In the ideal-valued, cohomological index theory (IVIT),
the complexities Indg(X) of spaces are typically polynomials, or more generally
(polynomial) ideals. The monotonicity in this case means that if there is a G-
equivariant map f: X — Y, then Indg(X) D Indg(Y) which in the special case of
principal ideals (p) := Indg(X), (¢) := Indg(Y) simply means that the polynomial
q is divisible by p.

Key words and phrases:

e Classifying space BG, classifying bundle G — EG — BG: These are
the fundamental objects associated to a topological group G serving as a basis
for any equivariant cohomology theory, [4], [10], [12], [18].

¢ ideal valued cohomological index Indg(X): A complexity function Indg :
G — Top — I assigning to a G-space X a polynomial p or more generally
an ideal in the ring Rg , := H*(BG, k).

¢ fundamental poset (Zg,C) of G-degrees of complexity: This is the
poset which takes the role of the fundamental poset Ag from [53], section 3.
Elements of Zg are ideals in the ring Rg, := H*(BG, k). Recall that the
product g1 - 2 of two ideals is defined by g1 - p2 :={p- ¢ |p € 01,q € P2}

2.1 Axioms for IVIT

e (monotonicity) If there exists a G-equivariant map f : X — Y then

Indg(X) D Indg(Y)

o (additivity) If {X; U X3, X1, X2} is an excisive pair of spaces, e.g. if X1, Xo
are either both open in X; U X5 or both are CW -subspaces of a CTW-complex
X1 U Xz, then

IndG(Xl) . IndG(Xz) C IndG(Xl U Xz)
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o (continuity) If A C X is a closed G-invariant subspace of X then for some
open, G-invariant space U D A,

Indg (U) = Indg(A)

o (index theorem) Let f : X — Y be a G-map, B C Y a closed G-invariant
subspace of Y and A := f~1(B) C X. Then

Indg(A) - Indg(Y \ B) C Indg(X)

Comments: For each group G there exists the associated classifying space BG and
the universal G-bundle EG — BG. Recall that EG is characterized, up to the G-
homotopy type, as a contractible CW-complex with a free G-action, while BG is the
associated orbit space EG/G. The key property of the G-bundle EG — BG is that
it classifies all (principal) G-bundles which means that for each free, CW-complex
X and the associated G-bundle X — X/G there is a (homotopically) unique map
ax : X/G — BG such that the bundle X — X/G is isomorphic to the bundle
obtained by “pulling back” the bundle EG — BG along ax. In combinatorial
applications we usually assume that the group G is finite. Otherwise it may be a
Lie group, for example one of the classical matrix groups O(n), SO(n),U(n). For a
not necessarily free G-space one defines the homotopic orbit space Xg := EG xg X.
As before there exists a homotopically unique map ax : Xg¢ — BG. Given a field
(or just a ring) of coefficients k, let Rg = Rg,, := H*(BG, k) be the fundamental
ring associated to G and k. Then there exists a natural homomorphism gx =
H*(a) : H*(BG, k) - H*(Xg, k) and by definition,

Indg(X) = Indg,k(X) := Ker(fx).

Hence, Indg(X) is an ideal in the ring Re. Typically, Rg = Rg,k is a polynomial
ring k[z1,...,2,] and Indg(X) = {f1,--., fm} is an ideal generated by a collection
of polynomials. If m = 1 then Indg(X) = (f1) is a principal ideal, i.e. the
polynomial f; alone serves as a measure of complexity of the G-space X. Details
can be found in [18], [21], [52].

2.2 Computations of the index

Both an expert in algebraic topology and the reader who has just a nodding ac-
quaintance with the topological concepts used in section 2.1 is invited to take these
axioms for granted and apply the new index freely on different combinatorial ge-
ometric problems. The reader familiar with applications of the numerical index
given in [53], section 4, will agree that the usual proof scheme outlined in that
paper and the formal properties of the index function Indg, are just a beginning of
an interesting game of applications. In order to “sharpen” our tools we collect in
this section some of the most useful index computations.
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Proposition 2.1 If G = Z/2 is the cyclic group and k = F the field of two
elements then Rg,;, == H*(BZ/2, F») = F[t] is the polynomial ring with one gen-
erator in dimension 1. The (Z/2)-index of a sphere S™ with the antipodal Z2-action
is just the principal ideal generated by the polynomial t"1!,

Indz/g(S") = (tn+1) C Fz[t].

Proposition 2.2 Let G = Z/p be a cyclic group where p is an odd prime, and
E, be, as before, the same object seen as a field of coefficients. Then Rg :=
H*(BZ|/p, F,) = F,[a,b]/(a®) is the polynomial ring with deg(a) = 1, deg(b) = 2
and one relation a®> = 0. The unit sphere S>"~' C C™ is clearly a Z/p-space if
Z[p is interpreted as a subgroup of S' C C and S' acts on S*"~ 1 by complex
multiplication. Then,

Indz/,(S**™") = (b™) C Fpla,b]/(a”).

Proposition 2.3 Let G = S' = U(1) be the circle group, seen as the subgroup of
C\ {0}. Let k = Z be the ring of integers. Then R := H*(BU(1),Z) = Z[t] is
the polynomial ring with one generator t of degree 2. The unit sphere S2"~1 C O™
is a U(1)-space and

Indy) (S 1) = (t") C Z[t).

All three propositions above are subsumed by the following more general
statement.

Proposition 2.4 Let G be one of the groups from the preceding three propositions
and let k the associated ring of coefficients. Let X be a E,-space from Definition 3.5
in [53], i.e. a finite, n-dimensional, (n — 1)-connected CW-complex which is a free
G-space. Then,

o Indg(E,) =" if G=Z/2 and k = F;
o Indg(Eay) = (ab™) if G =Z/p and k = F,
o Indg(Ean—1)=(0") if G =Z/p and k = F,
e Indg(Eap—1)=(") if G=U(1) and k=2
Finally, for any finite group G we have the following proposition.

Proposition 2.5 Let G is a finite group and let X be a space of type E,, cf.
Proposition 2.4. Then for each element p € Rg = H*(BG, k) if deg(p) < n then

p ¢ Indg(X).

Proof: Since X is a space of type E,,, it can be extended to a space Y of type EG
by adding only G-cells of dimension at least (n+1). This means that X/G C Y/G
contains the n—skeleton of the complex Y/G = BG which implies the injectivity of
the map H’(BG, k) — H?(X/G, k) for all j < n. This completes the proof since for
a free G-space X, the spaces X/G and Xg = EG xg X have the same homotopy
type. a
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Example 2.6 If G is a finite group then the m-fold join G x G x ... G = G*(™)
is a (m — 2)-connected, (m — 1) dimensional simplicial complex. This complex has
an obvious free, simplicial action of the group G so we conclude that G*(™ s q
E,,_1-space and Propositions 2.4 and 2.5 apply in this case.

Proposition 2.7 [18] Suppose that X andY are Gy and Gy spaces respectively so
that X XY is seen as a (G1 X G2)-space. Assume that H*(BG1,k) = k[z1,...,zk]
and H*(BGa,k) = k[y1,...,yi], where k is a field of coefficients. Suppose that
p1=Indg, (X)={f1,-.-, fm} and p2 = Indg, (Y) = {g1,---,9n}- Then the index

b= IndG1XG2(X X Y) = {fIJ"'meJ.glJ"'Jgn}

is the ideal in k[x1,...,Zk, Y1, ., Y] generated by all polynomials f;, g;.
Corollary 2.8

o (a) Let T" =Ty = Z[2% ... X Z[2 = (Z/2)®™) and let S™ x ... x §™n
be a T™-space with the product action described in Proposition 2.7. Then,

Indga (S™ X ...x S™) = {7 ¢t et C Byt ta,. .., ).

e (b) Let T" = Tg/p =Z/px...x Z|p=(Z/p)®™), where p is an odd prime,
and let S?™171 x ... x §2™~1 be ¢ T™-space again with the product action
described in Proposition 2.7. Then,

Indgn (S2™ 71 x ... x §2mn=1) = {1 b2 b™n Y C F[by, by, . ., bu)-

2.3 What is the index of a sphere S(V)?

A problem of central interest is to compute the index of the unit sphere S(V)
associated to a linear (orthogonal) G-representation V. Recall that a linear repre-
sentation V of G is a homomorphism p : G — GL(V) where GL(V) is the group of
all linear, invertible endomorphisms of V. In other words, a representation is just a
linear action of G on V. It turns out that the index of S(V') is frequently a principal
ideal (p) in a polynomial ring. In order to simplify the presentation we often call
the polynomial p itself the index of the space S(V) and write Indg(S(V)) = p.
For all basic definitions and facts related to the theory of linear representations of
(finite) groups the reader is refereed to [19]. For example we freely use the fact
that each representation is equivalent to an orthogonal representation.

Proposition 2.9 Let S(W) = {z € W | |z| = 1} be the unit sphere in an Euclidean
space W . Suppose that W is decomposed into an orthogonal sum W = U@V . Then,

SW)=SUaV)=SU)=*S(V)

Moreover, if U, V,W are G-representations then this decomposition is a homeomor-
phism of G-spaces.
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The following proposition shows that in principle, the computation of the
index of a G-sphere of the form S(W) is reduced to the case when W is an irreducible
representation.

Proposition 2.10 Suppose U andV are two representations of the group G and let
W :=U®®V. Assume that vector bundles U — Ug — BG and V — Vg — BG are
orientable over a field of coefficients k. Let S(U),S(V),S(W) be the correspond-
ing spheres seen as G-spaces. Let H*(BG,k) = R, H*(S(U)g,k) = R/(f) and
H*(S(V)g,k) =2 R/(g) which implies that Indg(S(U)) = (f) and Indg(S(V)) =
(9). Then,

Indg(S(W)) =Indg(SU V) =(f-9) CR

Proof: From the additivity axiom for the ideal valued index theory (IVIT) and the
assumption f € Indg(S(U)), g € Indg(S(V)) we deduce that f - g € Indg(S(W)).
Note that f-g € H™"(BG, k) where m = dim(U) and n = dim(V). This means
that in the spectral sequence of the sphere bundle S(W) — S(W)e — BG the
element f - g of the base must be hit by the generator e € H™t"1(S(W)) of
the fibre. From here we immediately deduce that H*(S(W)g, k) = R/(f - g) and
Indg(S(W)) = (f - 9)- O

It is well known that if G is a finite product of cyclic groups, each real rep-
resentation W of G can be decomposed into a sum of one-dimensional and two-
dimensional representations. We illustrate the relevant ideas in the case of the
n-dimensional Z/2-torus, T" = Ty, := (Z /2)®(m)_ Recall that each irreducible
representation V' of T™ is one—dimensional and it corresponds to a homomor-
phism (character) x : T™ — (Z/2,-) where (Z/2,-) is the multiplicative group
{+1,—1}. If w; is the generator of the i** copy of Z/2 in T™, then the character
can be reconstructed from the vector xy = (x(w1),-.-,x(wn)) € (Z/2,-)™. Let
a=(a,...,a,) € F3' be the 0-1 vector defined by x(w;) = (—1)=.

Proposition 2.11 LetV be the one-dimensional representation of the group T™ =
(Z]2)2™ associated to a vector a = (..., a,) € Fy. Then,

IndTn (S(V)) = (l]_tl +...+ antn € F2[t1, PN 7tn]

Proof: The case oy =1 and a; = 0 for j > 2 follows from Propositions 2.1 and 2.7.
The general case is reduced to the special case by an appropriate automorphism of
T".

Corollary 2.12 Suppose that W is a T™ = (Z/2)®™) representation which admits
a decomposition W =2V ®... GB.Vk where V; is the one—dimensional representation
associated to the vector a* = (at,...,al) € FJ'. Then,

k
Indza (S(W)) = [[(eits + ... + atn).

i=1
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Remark 2.13 Edgar Ramos introduced an invariant (see Theorem 3.1 in [37])
which he used to established a general Borsuk-Ulam type theorem for a product of
balls. This invariant arises in the context of a matrix A with coefficients in F5 which
can be seen as a matrix A = (aj-) associated to a representation W. Then it is
not difficult to check that the invariant introduced by Ramos is just the associated

polynomial Indz= (S(W)) from Corollary 2.12 evaluated at (¢1,...,t,) = (1,...,1).

It is clear how the constructions above should be modified to include rep-
resentations of other abelian groups. For example if G = (Z/p)™ then each irre-
ducible, complex, one—dimensional representation V of G is labeled by a vector
a = (ai,...,an) € F'. More precisely, suppose x : G — C is the character of
V, ¢ = >™/P and w; is the generator of the i copy of Z/p in (Z/p)™. Then the
vector @ = (a;) € F}' is characterized by the equality w; - v = (*v where v € V
and o; € {0,1,...,p— 1} = F,.

We record for the future reference the Z/p-analog of Proposition 2.11 and
Corollary 2.12.

Proposition 2.14 Let us assume that V is the one—dimensional, complex rep-
resentation of the group T" = Ty, = (Z/p)®™ associated to a vector a =

(o1,...,a,) € F'. Then,
Ind7=(S(V)) = aat1 + ... + antn € Fp[b1,...,by].

Moreover, if W is a representation which admits a decomposition W 2 V1 @...®V;
where Vi.is the.one—dimensional, complez representation of (Z/p)™ associated to the
vector o' = (i, ...,a,) € F' then,

k
Ind(z/p)» (SW)) = [J(adbs + ... + alby).
i=1
At the end of this section we briefly analyze the case of standard and regular
representations which frequently occur in combinatorial applications.

Definition 2.15 Let G be a finite group. Let Regy := ®g4cq k - {€y} be a vector
space over k which has a basis vector e, for each g € G. The vector space Regg is
called the regular representation of the group G if the action is defined by g - ep, :=
€gh -

Definition 2.16 Let k be a field of real or complex numbers. The tautological
(permutation) representation P(q) = Pi(q) (over k) of the symmetric group S,
is the vector space P(q) = k7 where Sy acts by permuting the coordinates. Let
M(m,q) = Mg (m, q) be the vector space of all (m x q)—matrices with entries in k.
Then S, acts on My(m,q) by permuting the columns. Obviously P(q) = My(1,q).
The representation My(1,n) is the sum of a trivial, 1-dimensional representation
and the so called standard representation W(1,q) = Wx(1,q). The representation
W(1,q) is explicitly described as the collection of row-vectors a = [a1,...,a4] €
M(1,q) such that ay + ... +a, = 0. Let W(m,q) := W(1,q)®™ be the sum of m
standard representations.
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The standard representation W (m, q) naturally arises in the well known topological
Twverberg problem. An elementary but important Proposition 2.18 shows a connec-
tion of the tautological representation of the symmetric group S;, where ¢ = p¥
is a power of a prime, with the regular representation of a subgroup of the form

(Z/p)*.

Remark 2.17 Note that S, can be viewed as the group of all permutations of the
vector space Flf“. Then the group of all translations of F;, seen as a subgroup of

Sy, is clearly isomorphic to T% /o

Proposition 2.18 Suppose that ¢ = p* is a power of a prime number, including
the case p = 2. Let TF = T§/p be the subgroup of S, described in the Remark 2.17.
Then the restriction of the tautological permutation representation P(q) on the
subgroup T* is isomorphic to the regular representation of the group T* = (Z/p)k.

Proof: The proof follows easily from Definitions 2.15 and 2.16.

Corollary 2.19 Let W(1,q) = We(1,q) be the standard representation (over C)
of the group S, (Definition 2.16) and let ¢ = p* be the power of a prime number.
Then the T*-index of the sphere S(W(1,q)) is given by the formula

Indr (SW(A,p%) = [ (cubr+...+akbe) € Fplby,... . 0] (1)
a€Fk\{0}

Proof: By Proposition 2.18, the tautological permutation representation P(q) of
S,, viewed as a representation of T*, is isomorphic to the regular representation
Reggw. It is well known [19], that the regular representation Regr« of T* decom-
poses over C' as follows

119ngc = @angf Va

where V,, is the irreducible, one-dimensional T*-representation, associated to the
vector @ € FF¥. Since the standard representation W(1,q) is obtained from P(q)
by removing the trivial representation, we observe that, as a T*-representation,
W(1,q) admits the following decomposition,

W(L q) = eaaEF;’f\{O}Va-

The proof now follows from the Proposition 2.14. O

Remark 2.20 The Corollary 2.19 is true in the case p = 2 even if we work over
the field of real numbers. More precisely, let S(Wg(1,2%)) be the unit sphere
in the standard (real) representation Wg(1,2*) of the symmetric group So». Let
(Z/2)F C Syr be the subgroup described in the Remark 2.17 (p = 2). Then the
permutation representation Pg(2¥) is again isomorphic to the regular representation
Regr«. Since the regular representation has the decomposition Regz+ = @, ¢ F} Va
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already over real numbers, we conclude that, as T*-representations, W (1,q) =
@aeF;\{O}Va and finally

Ind(z/z)k (S(Wr(1, Qk))) = H (a1br + ... + agby). (2)
a€FF\{0}

2.4 How to decide whether or not p € I?

Let us suppose that Indg(X) = I and Indg(Y') = I, where I; and I; are two ideals
in a polynomial ring k[z1,...,2,]. According to the general theory, we would be
able to show that there does not exist a G-equivariant map f: X - Y if I, ¢ I;.
In other words we are supposed to find a polynomial p € I, which is not in I;. Here
is a proposition which demonstrates one of the possible approaches to this problem.

Proposition 2.21 Let P := Fy[z1,...,%,Y1,---,Yi] be the ring of all polynomials
in k+1 variables x1,. .. Tk, y1,-- -,y with coefficients in F5. Let L be the subring of

P generated by all elementary symmetric polynomials w; := o;(z1,...,Tk), W; =
0j(y1,---,y1). Let I be the ideal in L generated by the symmetric polynomials
01,092,...,0k4+1 0 all (k+1) variables zi,...,y;. Then

(U)k)l = (513155'2 .. .Z‘k)l ¢ I

Proof: Let k be a field and let K := k(21,...,2,) be the field of all rational
functions in n variables 21, 22, . . ., 2z, with coefficients in k. Let S := K5 be the
subfield of all symmetric rational functions, i.e. the subfield of all invariants with
respect to the obvious action of the symmetric group S,. Then, see [2],

e Each element A € K can be uniquely represented as a linear combination of

the form

h = z:VEJ aVXV (3)
where a,, € S, J is the collection of all sequences v = (vy,vs,...,v,) of nat-
ural numbers where v; < i —1 for all 7, and X, are the associated monomials
of the form

Vn

[ vy V2
X, =212z

Suppose that (wy)! € I which means that

(wk)l = B101+ 202+ ... + Brti0k+41 (4)
for some 3; € L. Let us assume that k& = F» and that the variables z1, 22,..., 2,
are interpreted as y1,...,Y,%1,...,Z;. BEach of the polynomials §; has a unique

representation described in (3). We observe next that (wy)! = (21 ... )" is already
one of the polynomials of the form X,, the one corresponding to the sequence
v =...=1y, =0,v41 =...vp4 = 1. This means that its unique representation
of the form (3) is (wy)! = 1- (wy)! which immediately implies that the equation (4)
is not possible.
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Remark 2.22 Obviously the proof of Proposition 2.21 is valid not only for the

ring L but for the whole polynomial ring Fs[z1,. .., Tk, Y1,---,¥i1]. In other words,
(w)! = (z122 ... 2)" ¢ I' where I' is the ideal in Fy[x1,..., Tk, y1,- - ., yi] gener-
ated by all symmetric polynomials o1, 09, ...,04; in all (k+1) variables z1,...,y;.

The reason we chose the formulation above is that, according to well known results
of A. Borel, [31], the cohomology ring H* (G (R?), F») of the Grassmann manifold
Gr(R?) of all linear, k-dimensional subspaces in R? is isomorphic to the quotient
ring L/I. The ring Fs[x1,...,Zk,Y1,---,%]/I" also has a geometric interpretation.
It is isomorphic to the cohomology ring of the flag manifold f/d,k = Var/ T* where
Va,r is the Stiefel manifold of all orthonormal k-frames in R?. The combinatorial
geometric consequences of these results are collected in section 3.4.

3 Applications

The reader can find many examples of combinatorial problems which can be reduced
to the question of (non)existence of a G-equivariant map f : X — Y. Review papers
[5], [8], [29], [43], [51], [53] are primary source of information also serving as a
guide for original research articles. Usually Y is a sphere of the form S(V') where
V is a linear representation of G. In this case, the nonexistence of an equivariant
map f implies that each continuous, G-equivariant map g : X — V has a zero in
X. Of course all this is a special case of the scheme outline in the section “How to
solve it” in [53].

3.1 Topological Tverberg problem

Our first example is the famous topological Tverberg problem. Recall that the
well known Tverberg theorem, [44], [41], [51], says that every collection C C R¢
of N := (¢ —1)(d + 1) + 1 points can be partitioned into ¢ nonempty subcollec-
tions, C = C1 U...U ()}, so that the associated convex hulls have a nonempty
intersection, (7_; conv(C;) # 0. The starting point of [7] was the observation that
Tverberg theorem can be reformulated as the following statement. For any affine
map f : AN = R?, where AV is a N-dimensional simplex, there exist disjoint faces
Ay,..., A, of AN such that the intersection f(A;)N...N f(A,) is nonempty. The
topological Tverberg problem is the question whether the Tverberg theorem is still
true if f is an arbitrary (not necessarily affine) continuous map.

Theorem 3.1 provides the most general, known result in this direction and
at the time of writing of this paper it is still unknown if the condition on ¢ be-
ing a power of prime can be removed. The Theorem 3.1 was in the case k = 1
proved by Bérdny, Shlosman, and Sziics in [7] and extended to the case ¢ = p* by
M. Ozaydin in an unpublished preprint, [34]. The proof in [34] is also based on
the idea of cohomological index although in somewhat less explicit form involving
the localization theorem of A. Borel.

Theorem 3.1 Let ¢ = p* be a power of a prime number. Let f : AN — R% be a
continuous map from a N-dimensional simplex where N = (q—1)(d+1). Then there



User’s guide to equivariant methods in combinatorics II 117

exist disjoint faces Aq,..., A, of AN such that the intersection f(A1)N...Nf(A,)
18 nonempty.

By the usual method based on the deleted product (deleted join) technique,
[7], [38], [39], [49], [53], Theorem 3.1 can be deduced from the following result.

Theorem 3.2 Suppose that ¢ = p* is a power of prime. Let Wg(1,q) be the
standard, real S,—representation (Definition 2.16). Let X be a space of type En
where M = (¢ — 1)d, i.e. X is a free, (M — 1)—connected, Sy—space. Then there
does not exist a Sy—equivariant map

[ X = S(Wg(1,q)%%).

Actually, the proof will show that the map f cannot be equivariant already with
respect to the subgroup (Z/p)* C S, described in Remark 2.17.

Proof: We assume that d = 2d; is an even integer. This simplifies the proof a
little and illustrates all relevant ideas. We observe now that there exist the following
isomorphisms of S, or (Z/p)*-representations,

Wr(1,q) % = Wg(d,q) = Wel(di,q) = We(l,q) %",

It follows from Proposition 2.18 and Corollary 2.19 that Indz/,)x (S(Wr(1,9)®%))
is a polynomial P € Fp[by,...,bs] of degree (¢ — 1)d;. Since deg(b;) = 2, the poly-
nomial P represents a cohomology class of dimension M = (¢ — 1)d. The theorem
follows from the monotonicity axiom and the Proposition 2.5 which says that X,
being a space of type Epr (M = (g — 1)d), has the property P ¢ Indz/, (X).

Remark 3.3 Note that for the odd case d = 2d; + 1 we actually need slightly
more general forms of Proposition 2.14 and Corollary 2.19 applicable not only for
complex but for all real, irreducible (Z/p)*-representations. Alternatively, one can
use Proposition 2.5. from [26], which says that the topological Tverberg theorem
in the case (g, d) is true provided it is true in the case (¢,d + 1).

Historical comments: Theorem 3.1 was proved in the case £k = 1 by I. Barany,
S.B. Shlosman and A. Sziics in [7]. This important paper opened new perspectives
for applications of topological methods in geometric combinatorics. Murad (")zaydin
has extended this result to the case ¢ = p* in the preprint [34] which has been
known for more than ten years but has never been published. Perhaps the reason
why [34] was not better publicized was a feeling that Theorem 3.1 should be true
without any restriction on ¢ and that a proof of this was within reach. At present
we still don’t know if the topological Tverberg theorem is true in full generality.
There have been several erroneous proofs in the meantime. For example the result
of Kriz, [24] (Theorem 2.6), used by some authors as a basis for a proof of the
general topological Tverberg theorem, is unfortunately false, [25]. Theorem 3.1 has
been in the last few years rediscovered by several authors. The proof of Volovikov,
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[46], is based on a similar idea as the proof of Ozaydin. These two proofs both
rely on a localization lemma of A. Borel from [9] and [20] respectively. A good
more recent reference for this localization result is [12], Proposition 3.14. A proof
based on the Chern class computations, very similar in spirit to the index theory
proof given in this paper, can be found in the preprint [42] of K. Sarkaria. A
more detailed exposition of this proof, which also contains much of the background
material, can be found in the preprint [26]. Note that there are other results
which should be considered as close relatives of Theorem 3.1. A good example is
Corollary 2 from the paper of Bartsch, [3], which says that if V' and W are two
orthogonal representations of G = (Z/p)* without trivial subrepresentations, and
if there exists a G-equivariant map f;S(V) — S(W) between the associated unit
spheres, then dim(W) > dim(V').

3.2 Colored Tverberg theorem

Definition 3.4 A coloring of a set C C R? by k+1 colors is a function ¢ : C — (k)
where (k) := {0,1,...,k}. It is always assumed that ¢ is an epimorphism and that
k<d. A (k+1)-element set B C C is multicolored if it contains a point from each
of the colors, i.e. if $(B) = (k). If B is multicolored then the set conv(B) is called
a (possibly degenerate) rainbow simplex, [51]. Sometimes it is more convenient to
describe a coloring ¢ of C' by the associated partition C := {Cy,...,Cy} of C where
C; := ¢~ 1(i). The collection C is called the coloring family for C and individual
sets C; = ¢~1(i) are often referred to as the colors of C, [51], [5].

Colored Tverberg theorems are relatives of Tverberg theorem where we start
with a set C C R? which is colored by a family C = {Cy, ..., Cy} of colors and ask
if one can find “many” disjoint, multicolored sets By, ..., B, so that the associated
rainbow simplices ¢; := conv(B;) have a nonempty intersection. More precisely, let
T(r, k,d) be the minimum number ¢ such that for any set C C R? of size t(k+1) and
every coloring ¢ : C' — (k) with the property that the size of the set C; := ¢~ 1(4)
is t, there exist r disjoint, multicolored sets B; (j = 1,...,r) such that

h conv(B;) # 0.
j=1

Problem 3.5  Colored Tverberg Problem
Determine the number T'(r, k, d) for different values of integers r, k,d where d > k
or find a good upper bound for the function T'(r, k, d).

The reader can find more information about partial solutions of the colored
Tverberg problem in review papers [51], [5] or in the original articles [6], [55],
[30], [48]. Here are some of the highlights. It is known that 7'(3,3,2) = 3 and
T(3,3,3) = 5. It is also known that T'(r,2,2) = r and T(2,d,d) = 2 and there is
a conjecture that T'(r,d,d) = r for all r and d. It is not difficult to see that in the
case k < d, the number T'(r, k,d) is well defined only if r < d/(d — k). In the case
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k = d—1 the necessary condition says that » < d. Under this condition, one proves
that T'(r,d — 1,d) = 2r — 1 if r is a prime number. Similarly, if r is a prime, it
is known that T'(r,d,d) < 2r — 1. Since the function T'(r,d,d) is monotone in d,
this leads, in light of the fact that there is always a prime number in the interval
[n,2n — 1], to the estimate T'(r,d,d) < 4r — 3.

Our objective in this section is to show that there exists a topological version
of the colored Tverberg theorem parallel to Theorem 3.1 and that it is also a
consequence of Theorem 3.2.

Definition 3.6 Let Ag,Aq,...,Ar be a collection of simplices of dimension t — 1
where A; is viewed as a simplex colored by the color i € (k). Let A := Ag x Aq %
... x Ay be the join of simplices A;. A k-dimensional face o of A is called a rainbow
face if a N A; £ 0 for each i € (k).

Problem 3.7  Topological Colored Tverberg Problem
Evaluate or estimate the function T'C(r,k,d) defined as the minimum number ¢
such that for any continuous map

f:A— R?
there exist r disjoint rainbow faces o1, ...,0, of A such that

flo)n...n f(or) # 0.

It is clear that if we assume that f : A — R% is an affine map, then the
topological colored Tverberg problem reduces to colored Tverberg problem.

Theorem 3.8 Suppose that r = p! is a power of a prime number. Then,
(1) TC(r,k,d) <2r—1ifk<dandr <d/(d-k),
(2) TC(r,d,d) < 2r —1.

Proof: (outline) The analogues of inequalities (1) and (2) for the function T'(r, k, d)
were proved, in the case when r is a prime number, in [48] and [55] respectively.
Let us show on the example of the first inequality how these proofs should be
modified to yield more general statements (1) and (2) above.

Let A — R¢ be an arbitrary continuous function, where A := Ag* Ay *...%Ay
is the simplex described in Definition 3.6 and each of the simplices A; hast = 2r—1
vertices. The map f induces a continuous map F; : A*") — (R%)*(") where
X*(r) .= X ...% X is the join of r copies of the space X. Each element of X*(")
has the form x = tyz1+...+t,z,, wherez; € X,¢t; > 0and t;1+...+t, = 1. If X isa
simplicial complex, then X*(") also has a natural simplicial structure with simplices
of the form 6 = 6, x...x0,, where 8; are simplices in X. Let K be the subcomplex
of A*(’), defined as the union of all simplices of the form § = 6; * ... x 6, where
6; are multicolored, pairwise disjoint simplices in A. Let Fy : K — (R%)*(") be the
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restriction of the map Fy on K. It is convenient to embed the abstract join (R%)*(")
in the Euclidean space V := (R @& Rd)®(r) by the embedding t,v; + ... + t,v, —
(tl,’Ul,tQ,'UQ,.. .,tT,'UT). Let D; := {'l) =tvi+...+tv, € (Rd)*(T) | V1 = Vg =
... = v} be the “diagonal” in (R%)*("). If D is the actual (d + 1)-dimensional
diagonal in V = (R*')" then D; = DN(RH)*". Let F =noF, : K = L
be the composition of F, and 7 : (R ® R")®(") — L where I := D+ = V/D is
the orthogonal complement of D in V. It turns out that K is isomorphic to the
configuration space A, from the proof of Theorems 4 in [48] which is shown
there to be s-connected for s = (r — 1)(k + 1) + k — 1. All maps Fy, F5, F' are
S,-equivariant with the obvious S,-actions on A*(") K = A,V = (R® R%)&)
and L = V/D. Note that V is, as a S,-representation, isomorphic to the matrix
representation Mg(d + 1,7) from Definition 2.16 and that in the decomposition
Mg(d+ 1,7r) =2 W(d + 1,7) & D the subspace D corresponds to the part with
the trivial S.-action. This means that L is isomorphic to W(d + 1,7) as a S,-
representation. The dimension of the space W (d + 1,7) is (d + 1)(r — 1) and it is
easy to check that (d+ 1)(r — 1) < s+ 1= (r —1)(k + 1) + k is equivalent to the
assumption r < d/(d — k). By Theorem 3.2, the map F': K — L must have a zero
and the result follows. d

3.3 Equipartitions of masses by hyperplanes

A Lebesgue measurable set A C R? is equipartitioned by a collection H = {H;}%_,
of k hyperplanes if each of the 2* orthants associated to H contains the fraction 1/2*
of the total measure of A. More generally, a triple of integers (d, 7, k) is admissible
if for each collection A = {A;,...,A;} of j measurable sets in R?, there exists a
collection H = {Hi,...,Hy} of k hyperplanes which is an equipartition for each
of the sets A;. In order to simplify the presentation we restrict our attention to
Lebesgue measurable sets in R%. Actually, all results in this section have obvious
generalizations to arbitrary (bounded) o-additive Borel measures in R?.

E. Ramos gave a detailed study of admissible triples in [37]. He showed that
d > j(2¥—1)/k is a necessary condition for a triple (d, 5, k) to be admissible and that
this condition is sufficient in many interesting special cases. Among other results he
showed that (5,1,4),(5,3,2),(9,5,2),(9, 3,3) have this property and also described
some infinite series of triples which are admissible. Ramos does not formally use
the index theory approach although it is not difficult to recognize some of his ideas
in this context. His central general invariant, see the Remark 2.13, was described
as the parity of a certain function (related to the permanent) of a 0-1 matrix.
Our objective in this section is to clarify the connection with the index theory
approach. A detailed study of the equipartition problem from this point of view
will be presented in the forthcoming paper [36].

Proposition 3.9 Let TF = (Z/2)* be the usual (Z/2)—torus and let Regp. be the
associated, real, (2¥)—dimensional regular representation. Let Wrx be the (2F —1)-
dimensional representation, obtained from Regrp. by subtracting the trivial, one—
dimensional representation Vy. Then a sufficient condition for a triple (d,j,k) to
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be admissible is the nonexistence of a T*—equivariant map

fi(SHE = SWE).

Proof: The ideas of Ramos, [37], can be expressed in the usual configuration space—
test map scheme described in [53]. The configuration space Xp is naturally the
manifold of all ordered collections # = (Hj,..., Hy) of oriented hyperplanes in R?.
In order to obtain a compact space we go one dimension up and embed R? in R+,
say as the hyperplane with the equation 2441 = 1. Then each oriented hyperplane
Hin R? = {z € R™! | 441 = 1} is a trace of an oriented hyperplane H' C Rt!
which passes through the origin. The oriented hyperplane H' is determined by the
corresponding orthogonal unit vector u € S C R4*! so the natural environment
for all collections H = (Hi, ..., Hy) is the manifold (S%)¥. Now we define the test
space Vp and the test map C : Xp — Vp. Let H = (Hu,..., Hg) be a collection of
oriented hyperplanes in Xp which is determined by a collection (u1, ..., ux) € (S%)*
of unit vectors. The collection H divides R? into (2¥)-orthants Orts which are
naturally indexed by 0-1 vectors 3 = 3y, € F¥. Let %(H) be the measure of the set
A;NOrtg. Then b/, can be extended to a continuous function BY : (S4)¥ — R' and
the functions BZ;, together define a T*—equivariant, continuous map B7 : (S%)*k —

R?". The test space Vp = R?" is found to be isomorphic, as a T*-representation,
to the regular representation Regpr. The “zero” subspace Zp C Vp is identified
as the trivial subrepresentation V4 of Regrw. In other words, the collection H =
(Hy,...,Hy),labeled by the vector u € (S%)*, is an equipartition for the measurable
set A; iff BY(u) € Vg. Let C7 : (S)* — Wyw be the (T*)—equivariant map obtained
by composing B with the orthogonal projection Regyx — Wyx. Then #H is an
equipartition for A; iff C7(u) = 0 and H is an equipartition for all measurable sets
Ai, .., Ay iff u € (S is a zero of the map C' = (C7,...,C7) : (S)* — W/
which implies the desired result.

Corollary 3.10 Let Dy, be the product of all nonzero polynomials in Fylty,. ..tk
of the form (a1t1+. . .+agty). Then the triple (d, j, k) is admissible if the polynomial
d+1 d+1

oyt

(Dy)? is not in the ideal generated by monomials t{", ,

(Dk)j = H (a1ty +---+Oéktk)j ¢ {tf+1="'7tz+1}'
acFF\{0}

Proof: The proof follows from the monotonicity property of the index function,
Corollary 2.8, and the observation (Remark 2.20) that Ind(z/Q)k(S(WR(1,2k))) =
Indz/2)x (S(Wyw)) is the product of all nonzero, linear polynomials in the ring
Ey[t1, ..., tx].

3.4 Center transversal theorem

The following theorem, [54], [51], is called the center transversal theorem.
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Theorem 3.11 Let Ay, A1,...,Ar, 0 <k < d-—1, be a collection of Lebesgue
measurable sets in R?. Then there exists a k-dimensional affine subspace D C R4
such that for every closed halfspace H(v,a) := {z € R? | (z,v) < a} and every
i€{0,1,...,k},

1

C ; > —
D C H(v,a) = u(Ai N H(0,0)) > ——— 1

(Ai)-

The theorem is usually formulated for more general measures which include
the counting measures (finite sets), continuous mass distributions etc. It is shown
in [54] that theorem 3.11 follows from the following general topological principle.

Proposition 3.12 Let RF — &, — G (R?) be the canonical k—plane bundle over
the Grassmann manifold of all k—dimensional subspaces of R%. Then (wy)" % #0
where wy, € H*(G(R?), Z/2) is the top Stiefel-Whitney class of the canonical bun-

dle &,. Since (wg)™ ¥ is the top Stiefel-Whitney class of the Whitney sum 5,?("4“),
this implies that each continuous, cross—section of Sf(n_k) — Gr(R?) must have a

zero. As a consequence, each collection C = {cq,c1,...,cr} of k continuous cross—
sections of the bundle & — Gr(R?) must have a point of coincidence, i.e. a point
p € Gi(R?) such that co(p) = c1(p) = ... = cx(p).

For other applications of this principle and its extensions the reader is referred
to [17], [27], [47]. It is well known, see for example [47] and [12] (section L7),
that there is a one—to—one correspondence between continuous cross-sections of
a vector bundle R* — & — B and O(k)-equivariant maps Vj(£) — RF where
Vii(€) = Upep Iso(RF, &) is the Stiefel-type manifold of all orthonormal k-frames
in £. In particular £ — B does not admit a nowhere zero, continuous, cross—section
if and only if there does not exist a O(k)—equivariant map Vi (€) — R¥ \ {0}. This
shows that Proposition 3.12 can be approached from the point of view of equivariant
maps and index theory. For the future reference we formulate this as an independent
guiding principle.

“Sections are equivariant maps” principle: Suppose that X and Y are G-
spaces and that the action on X is free. Consider the fibre bundle Y — X x¢g
Y —» X/G. It turns out that G-equivariant maps f : X — Y are in one-to—
one correspondence with the sections s : X/G — X xg Y of this bundle. In
particular, all arguments involving Stiefel-Whitney or Chern classes for proving
the nonexistence of a continuous, cross—section of a vector bundle are equivalent
to a the nonexistence of an equivariant map of the form X — S(V) and can be
carried on in the context of the index theory (IVIT). Conversely, at least in the case
when Y = S(V) is a representation sphere, the index theory can be interpreted as
a calculus with characteristic classes.

After these preliminaries, we are naturally led to the questions which index
computations are “responsible” for Theorem 3.11 and Proposition 3.12. The fol-
lowing result [18] provides an answer.
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Proposition 3.13 Let V1, be the Stiefel manifold of all orthonormal k-frames in
R®. The manifold Vyj = Iso(R¥, R?) can be viewed as the manifold of all linear
isometries I : RE — RY. From here we see that Vy is a (right) O(k)-space, where
O(k) = Iso(RF, RF) is the orthogonal group and the action is given by I-g:= I og.
Let R* be the tautological representation of O(k). Then there does mot erist a
O(k)—equivariant map

£ Vagp = S(B*)®E0),

Proof: We will actually prove more by showing that there does not exist a T* =
(Z/2)* equivariant map f : Vg — S((RF)®(4=F) where T* C O(k) is the set
of all diagonal matrices with entries in {1, —1}. Proposition 2.10, applied on T*-
representations R¥ and (R*)®(1—F) respectively, leads to the following formulas

Indi(S(Rk)) = (tltg...tk)
Indzi (S((RF)PE=RY = ((tyty...1,)%7F)

If is sufficient to show that (tita...t;)? % ¢ Indps (V). There are at least three
different ways to establish this fact. The argument in [18], Theorem 3.16, is in-
ductive. It is based on a careful analysis of the cohomology of the flag manifold
ffd,k = Var/ T*. The second way is to use the Pieri formula from the Schubert cal-
culus. This idea works at least for the weaker statement (w;)?~* ¢ Indo(k) (Va,k)-
Finally, one can rely on Proposition 2.21 (Remark 2.22). Indeed, the cohomology
of the flag manifold 17,1,19 is isomorphic to the quotient ring of the polynomial ring
Fylt1, ... tky81,---,84—k] by the ideal I' generated by all symmetric polynomials
in all d variables ti,...,tk,51,...,54—k- The desired result is now, in light of the
Remark 2.22; a consequence of Proposition 2.21.

4 Index theory versus obstruction theory

Key words and phrases:

¢ Equivariant homotopy classes [X,Y]g: These are the homotopy classes of
G—equivariant maps where two maps are equivalent if they are G-homotopic.

¢ equivariant cohomology groups H}(X, M), equivariant cochains: If
X is a (free) G-space then the cellular (singular etc.) cochain complex
C*(X) is a complex of G-modules. Then the equivariant cohomology with
the coefficients in a G—-module M is the cohomology of the chain complex
Homg (C*(X), M), see [12].
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4.1 Obstruction exact sequence

The basic idea of the obstruction theory is to associate a computable, cohomological
invariant to the problem of extending a continuous map. For example suppose we
want to check the existence of an equivariant map f : X — Y of two, G-CW-
complexes X and Y. We can try to solve this problem by constructing inductively
an equivariant map f, : X(™ — Y from the n—skeleton of X and then check whether
this map can be equivariantly extended to the skeleton X ("+1) of X. In this way
arises an obstruction cocycle ¢ = ¢(f,) whose cohomology class [¢(f,)] belongs to
an appropriate equivariant cohomology group H, gH(X ,Tn(Y)). The vanishing of
this class is a necessary and sufficient condition for the existence of an equivariant
map g : X"t — Y which agrees with f,, on the skeleton X™~1. In other words,
vanishing of [c(f,,)] guarantees that f,, can be extended to X (™1 after a suitable
modification on the n-skeleton of X. More formally and more precisely these ideas
can be, following [12], recast in the form of the following statement.

Theorem 4.1 Suppose that X is a free G-CW-complex and that Y is n—simple
G-space (which holds for example if the fundamental group 1 (Y") is trivial). Then
for each integer n > 1 there exists an exact obstruction sequence,

X" Y] -5 Im((X™, V]e — [X™D,Y]g) = HAU(X, 1, (Y)) ()

The “exactness” of this sequence of sets means that Im(0) = 7=1(0). More explic-
itly this means that a G-equivariant map f : X" ' — Y, which can be extended
G-equivariantly to X", admits an equivariant extension to X™T' iff certain equiv-
ariant, obstruction class T([f]) vanishes.

In the majority of interesting examples the space Y is a G-sphere S(V) = S™
where V is a linear representation of the group G. In this case Theorem 4.1 has
the following very useful corollary.

Corollary 4.2 Suppose that X is a free, (n + 1)-dimensional, G-complex where
n > 2. LetY = S(V) = 8™ be an n-dimensional G-sphere, associated to a linear G-
representation V, and let {+x} be a one—element set. Then the sequence (5) reduces

to
[X, 8" — {x} — Hi"' (X, 2) (6)

where Z is the group Z = w,(S™) viewed as a G—module. The sequence (6) should
be interpreted as the statement that the existence of a G-equivariant map f : X —
S(V) depends solely on the question whether a functorially defined element (%) €
HXY (X, m,(Y)) vanishes or not.

Proof: We have to check that both [X™ ! S™|s is a one-element set {x}, i.e.
that any two G-equivariant maps f,g : X" ! — S™ are G-homotopic, and that
[X™, S"]¢ # 0. Both statements are consequences of the fact that the first obstruc-
tion to extending (equivariantly) a map h : Y™ — §7 to Y™+ where Y is a free,
G-complex, arises if m = n. O
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Remark 4.3 Note that there exists a relative version of Theorem 4.1, cf. [12],
where an equivariant map is already prescribed in advance on a G—subspace A C X,
the action is free only on X \ A and all homotopies are relative A. In this case the
obstructions “live” in relative equivariant cohomology groups H, g“ (X, 4; Z). Also,
if Z = m,(Y) is a trivial G-module, the equivariant cohomology groups coincide
with the usual (nonequivariant) cohomology groups H&M(X/G, A/G;mp(Y)) of
the pair of quotient spaces (X/G, A/G).

Example 4.4  Borsuk—Ulam Theorem

One of the equivalent forms of the well-known Borsuk-Ulam theorem is the state-
ment that there does not exist a Z/2-equivariant map f : S™ — S™~!. In different
notation it says that [S™,S"~!];/, is an empty set. A more usual reformulation is
that each Z/2-equivariant map f : S™ — R™ must have a zero. Borsuk-Ulam theo-
rem is of course an easy consequence of both the numerical [53] and the ideal-valued
index theory. We outline here a different proof which serves as a good illustration
of the use of Theorem 4.1 and Corollary 4.2.

The sphere S™ C R™*! is seen as a CW-complex with the usual (minimal)
CW -structure, invariant under the antipodal Z/2-action. This structure has two
cells in each dimension and the (n — 1)-skeleton of S™ is just the equatorial sphere
S"~1. Denote by ey and e_ the top dimensional cells of S™, where e, is the
upper and e_ the lower hemisphere of S™. By Corollary 4.2, in order to show that
[S™, 8™ z/2 = 0, it would be sufficient to prove that 7(x) # 0 in Hy ,(S", Z).
The modulo 2 reduction leads to a homomorphism HZ/Q(S", Z) > Hg/2(5’", Z/2)
of equivariant cohomology groups and, by a slight abuse of notation, we assume
that obstruction cochains and classes are taken with Z/2 rather than Z coefficients.
Hence, it is sufficient to show that 7o := 7(*) is nonzero as an element in the group
HY /2(5 ™ Z/2). This is very convenient since this way we don’t have to work with
local coefficients Z. The idea is to use a concrete, simple Z/2-equivariant map
f 8™ — R" to find the obstruction cochain c(g) = ¢(f|S"") € C} , (S, Z/2),
where g := f|S™~! is the restriction of f on the (n — 1)-skeleton of S™. We choose
f to be the orthogonal projection of S™ to the equatorial plane R™. One observes
that on the level of cellular chains, ¢(g)(ey) = c¢(g9)(e~) = 1. Indeed, c¢(g)(es+)
is by definition the degree of the map g : S ! — R™\ {0} and this degree is
just the parity of the number of zeros of f in ey; the same holds for ¢(g)(e_).
It remains to check that [c(g)] € Hy,,(S™,Z/2) = Z/2 represents the generator.
This immediately follows from the geometric interpretation of the Poincaré duality
H"(RP",Z/2) = Ho(RP",Z/2) = Z/2 and the observation that H ,(S", Z/2) =
H™(RP",Z/2). O

In the following two sections we demonstrate some of the applications of The-
orem 4.1 and Corollary 4.2 on interesting geometric problems which are typically
not tractable by the methods of index theory.
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4.2 Borsuk-Ulam theorems for the cyclic group

In our first application we construct an example which shows why the condition
that the order of the group is a power of prime often plays an important role in
Borsuk-Ulam type theorems.

Example 4.5 Let G = Z/6. Let S! be the circle presented in the form of a regular
hexagon, which is the most economical Z/6-invariant, simplicial structure on S'.
Alternatively we can view S! as a unit circle in the complex plane subdivided
by the vertices by, := exp(2mv/—1k/6) (k = 0,...,5) of the regular hexagon. Let
S5 = S % S§' % S! be the 5-sphere, viewed as the join of three copies of S' with
the induced simplicial structure and the induced Z/6 action. Let W (1,6) be the
standard representation of the symmetric group Sg, Definition 2.16, also viewed as
a representation of Z/6. Let S* := S(W(1,6)) be the corresponding sphere. Note
that W(1,6) can be described as follows. Suppose w is a generator of Z/6 and let
v € W(1,6) \ {0}. Then vy, v1,...,vs, where v; := w’ - v, are vertices of a regular
simplex A% = conv{v; | 0 < < 5}. It follows that the representation W (1,6) is
isomorphic to the 5-dimensional Euclidean space with the Sg action arising from
all isometries of a regular 5-simplex A5 C R®.

Figure 1:

Proposition 4.6 Suppose that S° := S' x S1 x St and S* := S(W(1,6)) are Z/6-
spheres described in the Example 4.5. Then the set [S5,S4]Z/6 of equivariant ho-
motopy classes is nonempty or in other words, there does ezist a (Z/6)—equivariant
map

é:8° > St

Proof: Let g : S' — W(1,6) \ {0} be defined as the unique simplicial map such
that g(b;) = v;. Let F: S5 — W(1,6) be the map defined by

F(tizy + tamo + tzxs) := t1g(z1) + tag(x2) + tag(zs)

where on the right-hand side is the genuine convex combination while on the left-
hand side is the “convex” (join) decomposition of a point z € S5 = S* x S1 x ST,
The sphere S°, as a simplicial complex, consists of 63-simplices of dimension 5 of
the form o = 6, * 6, x 63, where 6; are edges (1-simplices) of S*.
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Observation (x): If the first edge 6 is fixed, then there exist ezactly two
choices for the ordered pair (6, 603) such that the origin is contained in
F (o) where 0 = 61 %05 % 03. In other words, there are exactly two Z/6-
orbits, each consisting of six 5-dimensional simplices, whose F-images
contain the origin 0 € R5.

Recall that there exists a (minimal) Z/6-invariant CW-decomposition of S® which
has exactly 6 cells, e,w(e?),...,w?(e?), in each dimension i = 0,...,5. It is de-
scribed as the CW-structure arising if in the decomposition $% = S! % 8! x S, only
the first circle is assumed to be a hexagon. Here we rely on the fact that the join
oP % S of a p-simplex with a g-sphere, is a cell of dimension p+ ¢ + 1. Let

F® (8 - w(1,6) \ {0}

be the restriction of F' on the 4-skeleton of S°. The obstruction cocycle c(F*) for
extending F*) to a map F' : S5 — W(1,6) \ {0}, can be described, in light of the
Observation (x), as the equivariant cochain which takes value 2 (or —2) on each
of the top-dimensional cells in the minimal Z/2-equivariant CW-decomposition of
S5. The associated cellular chain complex (resolution) has the usual form

72(216) =8 z(z/6) 2 ... X Z2(Z/6) =% Z(Z/6)

where Z(Z/6) is the group ring of Z/6 and N = 1+ w + ...+ w°. The obstruction
cocycle ¢(F™W) is an element of Hz/6(S®, Z) where the Z/6-module Z is identified
as Hy(W(1,6) \ {0},2) = H4(S*, Z) = Z where the generator w € Z/6 acts by
w(u) = —u. The cochain complex computing the equivariant cohomology with
Z coeflicients is obtained from the chain complex above by an application of the
functor Homz/6(+, Z) and has the following form

7278 .72 7

We conclude from here that the obstruction cocycle ¢(F) is a coboundary which
means that F®) can be first modified and then extended to an equivariant map
from S° to W(1,6) \ {0}. O

The following (unpublished) result of Ozaydin [34], is a very useful criterion
for the existence or nonexistence of equivariant maps. The proof of this result is
based on the important idea of transfer for equivariant cohomology groups.

Proposition 4.7 Let X be a (n + 1)-dimensional free G—complex, and let Y be
a (n — 1)—connected G-compler where n > 2. Then there exists a G-equivariant
map f: X =Y if and only if for each prime p there exists a G,—equivariant map
fp: X =Y, where G, is Sylow p—subgroup of G.

Let us note that Proposition 4.6 can be deduced from Proposition 4.7. Indeed
both Z/2 and Z/3, viewed as Sylow subgroups of Z/6, do not act transitively on
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S*. This means that there exist (constant) equivariant maps S® — S* for both
Z/2 and Z/3 and Proposition 4.6 follows from Proposition 4.7. On the other hand
the simple geometric idea of the proof of Proposition 4.6 can be used in some cases
where Proposition 4.7 is not applicable. An example is the following proposition.

Proposition 4.8 Suppose G = Z/4. Let S* = S' % S be the (Z/4)-simplicial
complez obtained as a join of two circles (regular squares) and let S = S(W (1,4)
be the unit sphere in the standard (Z/4)-representation W (1,4). Then there does
not exist a (Z/4)—equivariant map

f:8% — 5%
Proof: The proof is an easy modification of the proof of Proposition 4.6 so we
leave the details to the reader.
Remark: The reader may find it interesting to find all integers n for which there
exists a (Z/n)-equivariant map

FiEXM S S(W(1,n))

where EZ/™ is a (m — 1)—connected, free (Z/n)—complex and W (1,n) is the stan-
dard representation of Z/n. For those familiar with [34], note that already Propo-
sition 4.8 is in disagreement with the (second) half of Theorem 4.2 from that paper.

4.3 Equipartitions of masses in R3

We want to prove that for any Lebesgue measurable set A C R? there exist three
planes Hy, Hy, H3 partitioning A into eight parts of equal measure. In other words,
using the terminology of section 3.3, we want to show that (3,1, 3) is an admissible
triple. According to the Proposition 3.9, it would be sufficient to show that there
does not exist a T® = (Z/2)%? equivariant map

£1(S3)® = S(Wis).

Unfortunately the Corollary 3.10 cannot be used since the polynomial

tn 2t}
D3 = H (1ts + Qots + aztz) =det | to 3 t5
a€F3\{0} ts t3 ti

is in the ideal {t{,%3,¢3}. One of the reasons this happened is that the appropriate
group of symmetries in the equipartition problem above is not 7! Rather it is
the semi-direct product G = T3 £ S3. We will prove that the desired equipartition
exists by showing that an obstruction theoretic argument applies to the following
sharper statement. More detailed proofs of more general statements will appear in
[36].
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Proposition 4.9 Let A, B,C be a collection of three Lebesgue measurable sets in
R3. Then there exist three hyperplanes Hy, Ho, Hs which form an equipartition of
A, such that the hyperplane Hy is a common bisector of both B and C.

Proof: (outline) The configuration space Xp associated to this problem is as
before (S%)3. The target space is Vp = R” ® R © R! where R” corresponds to
7 functions testing if the collection Hy, Ha, H3 is an equipartition of A and the
two remaining functions test if H; is a halving plane for B and C. The group of
symmetries in this problem is G = Z/2 & ((Z/2)%? K S2) where (Z/2)%? £ S, is
the semi-direct product of (Z/2)®? and S». Hence, the result is a consequence of
the fact that there does not exist a G-equivariant map f : (S®)® — S(R®). Note
that the action of G on (S%)3 is not free on the set D := {(x1,2,23) € (S°)? |
Xz = x3 or o = —x3}. This means that we need a relative form of Theorem 4.1
(cf. Remark 4.3). Let us also note that G = Z/2 @ ((Z/2)®? £ Ss) acts on R” @
R!' @ R' as a group of orientation preserving linear maps. This means that Z =
mg(S(R%)) = Z is a trivial G-module. In other words, the equivariant cohomologies
from Theorem 4.1 and Corollary 4.2 can be computed, in light of Remark 4.3, as
the usual cohomologies of the pair ((S%)®/G,D/G). These cohomologies are, via
Poincaré duality after reducing modulo 2, isomorphic to Z/2. The usual geometric
interpretation of the Poincaré duality, already used in Example 4.4, says that a
criterion for an equivariant cochain ¢ € C&((S®)?, D; Z/2) to represent a generator
of this group is that the total sum of values of ¢ on all representatives of G—
equivariant cells of dimension 9 in (S®)® is an odd number. In particular this
criterion is satisfied if there exists ezactly one G orbit where the cochain is nonzero.
Recall that, while the obstruction cohomology class 7 = [¢] is uniquely defined, the
obstruction cocycle ¢ is very sensitive to the choice of the equivariant map which
is supposed to be extended. In other words, each choice of measurable sets A, B,C
leads to a G—equivariant map f : (S%)® — R° which can be used for computing
the associated obstruction cocycle! We carry on this idea for the following special
choice of measurable sets A, B and C.

B A ¢
@/ X1 Xo X3 Xy X5 X Xy @

Figure 2:

Let B and C be disjoint unit balls with centers at the moment curve I' = {(¢,2,#%) |
t € R}. Let the set A be an “infinitesimal” tube around an interval I = {(t,#2,t%) €
I'| 0 <t < 1} which is assumed to be disjoint from B and C. Then the only
collections {Hj, Ha, H3} of planes which form a desired equipartition of A, B and
C are described as follows. The plane H; is spanned by the centers of balls B
and C and the center of the interval I. Let Xj,Xs,..., X7 be the points in the
interval I where X; = ['(i/7). If U = {X;,X3,Xg} and V = {X5, X5, X7} then
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either U C Hy and V C Hj or vice versa. This implies that the “orbit criterion” is
satisfied by the obstruction cocycle 7 in this case which completes the proof. O
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