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Abstract: This survey paper is based on the lecture notes for the mini
course in the summer school at Yau Mathematics Science Center, Tsinghua
University, 2014.

We describe and characterize all random subsets K of simply connected
domain which satisfy the “conformal restriction” property. There are two
different types of random sets: the chordal case and the radial case. In the
chordal case, the random set K in the upper half-plane H connects two
fixed boundary points, say 0 and oo, and given that K stays in a simply
connected open subset H of H, the conditional law of ®(K) is identical to
that of K, where ® is any conformal map from H onto H fixing 0 and co. In
the radial case, the random set K in the upper half-plane H connects one
fixed boundary points, say 0, and one fixed interior point, say i, and given
that K stays in a simply connected open subset H of H, the conditional
law of ®(K) is identical to that of K, where ® is the conformal map from
H onto H fixing 0 and 3.

It turns out that the random set with conformal restriction property
are closely related to the intersection exponents of Brownian motion. The
construction of these random sets relies on Schramm Loewner Evolution
with parameter k = 8/3 and Poisson point processes of Brownian excursions
and Brownian loops.
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Foreword

The goal of these lectures is to review some of the results related to conformal
restriction: the chordal case and the radial case. The audience of the summer
school of Yau Mathematical Science Center, Tsinghua University, consists of se-
nior undergraduates and graduates. Therefore, I assume knowledge in stochastic
calculus (Brownian motion, It6 formula etc.) and basic knowledge in complex
analysis (Riemann’s Mapping Theorem etc.).

These lecture notes are not a compilation of research papers, thus some details
in the proofs are omitted. Also partly because of the limited number of lectures,
I chose to focus on the main ideas of the proofs. Whereas, I cite the related
papers for interested readers.

Of course, I would like to thank my advisor Wendelin Werner with whom I
learned the topic on conformal restriction, SLE and solved conformal restriction
problem for the radial case. I want to express my gratitude to all participants
of the course, as well as to an anonymous reviewer who have sent me their
comments and remarks on the previous draft of these notes.

It has been a great pleasure and a rewarding experience to go back to Ts-
inghua University and to give a lecture here where I spent four years of un-
dergraduate. I owe my thanks to Prof. Yau and Prof. Poon for giving me the
chance.
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Outline

In Section 1, I will briefly describe Brownian intersection exponents and confor-
mal restriction property. The results are collected from [LW99, LW00a, LSWO0la,
LSWO01b, LSWO02c]. In fact, Brownian intersection exponents have close re-
lation with Quantum Field Theory and the interested readers could consult
[LW99, DK88] and references there for more background and motivation. Sec-
tion 2 is a review on Brownian path: Brownian motion, Brownian excursion and
Brownian loop. The results are collected from [LW04, Wer05, Wer08, Wer08,
SW12, LWO04]. Section 3 is an introduction on chordal SLE. Since I only need
SLEg/3 in the following of the lecture, I focus on simple SLE paths, i.e. k €
[0,4]. For a more complete introduction on SLE, I recommend the readers to
read the lecture note by Wendelin Werner [Wer04] or the book by Gregory
Lawler [Law05]. Section 4 is about the chordal conformal restriction property.
The results are collected from [LSWO03]. Section 5 is an introduction on radial
SLE and again, for a more complete introduction on radial SLE, please read
[Wer04, Law05]. Section 6 is about the radial restriction property. The results
are contained in [Wul5).

Notations

H={zeC:3(z) > 0}
U={zeC:|z|<1}, Uw,r)={z€C:|z—w|<r}

Denote
oy log f(€)
= =1
fle)=g(e) ase—0, if 21_{1(1) Tog 9(¢)

1. Brownian intersection exponents and conformal restriction
property

1.1. Intersection exponents of Brownian motion

Probabilists and physicists are interested in the property of intersection expo-
nents for two-dimensional Brownian motion (BM for short). Suppose that we
have n + p independent planar BMs: BY,--- ,B® and W',... ,WP. B! ... B"
start from the common point (1,1) and W1, ... WP start from the common
point (2,1). We want to derive the probability that the paths of

Bj,jzl,n-,nuptotimet

and the paths of
W'il=1,---,pup to timet
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do not intersect. Precisely,
n ] p
fap@®) =P [ JB[0,4] () W' 0,6] =0
j=1 =1

We can see that this probability decays as t — oo roughly like a power of ¢,
and the (n,p)-whole plane intersection exponent £(n,p) is defined by?

1 &(n,p)
fn,p(t) ~ (%> s t — 0.

We say that £(n, p) is the whole plane intersection exponent between one packet
of n BMs and one packet of p BMs.

Similarly, we can define more general intersection exponents between k > 2
packets of BMs containing p1, . .., pr paths respectively:

B, I=1,....,p;, j=1,....k

Each path in jth packet starts from (j,1) and has to avoid all paths of all
other packets. The (p1, ..., px)-whole-plane intersection exponent &(p1,...,pk)
is defined through, as t — oo,

Pjy ) Pjg ) 1 E(p1y-sPk)
PIU B0 ) UBrOA=01<4<jp<k|~ <> .
u=1

Vit

Another important quantity is half-plane intersection exponents of BMs.
They are defined exactly as the whole-plane intersection exponents above except
that one adds one more restriction that all BMs (up to time ¢) remain in the
upper half-plane H := {(z,y) € R? : y > 0}. We denote these exponents by
g(pl, ..., pr). For instance, §~(1, 1) is defined by, as ¢ — oo,

v=1

1\ ¢
P [B[o,t]ﬂW[o,t] 0, B[0, 4] C H,W[0,1] CH} ~ (ﬁ) :

These exponents also correspond to the intersection exponents of planar sim-
ple random walk [Man83, BL90, LP97, LP00]. Several of these exponents cor-
respond to Hausdorff dimensions of exceptional subsets of the planar Brow-
nian motion or simple random walk [Law96b, Law96a]. Physicists have made
some striking conjectures about these exponents [DK88, DLLGL93] and they are
proved by mathematicians later [LW99, LSW02a, LW00a, LSW01la, LSWO01b,
LSW02c]. We list some of the results here.

1. There is a precise natural meaning of the exponents &(u1,...,pug) and

&(A1,..., ) for positive real numbers p1,..., K, A1, ..., g. (See Sec-
tions 4 and 6).

"Why? Hint: frp(ts) = fr,p(t) fr,p(s)-
2Why +/t: for BM B, the diameter of B0, t] scales like Vt.
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2. These exponents satisfy certain functional relations

(a) Cascade relations:

&()\1’"'7)\j—17£(>\j7'"7Ak)) = g()\17)Ak)

g(ﬂlw“7,“’]'7175(#]’7“’7#1@)) = g(ﬂlv'“vﬂk)

(b) Commutation relations:
E, M) =€ M), (s p2) = E(pa, i)

3. One can define a positive, strictly increasing continuous function U on
[0,00) by
U?(\) = lim €(\,...,\)/N2
N—=00 N e’
N

Then we have

UM, A) =UA) + -+ U(Ae).

This shows in particular that é is encoded in U.
4. The whole-plane intersection exponent £ can be represented as a function
of the half-plane intersection exponent & :

Elpas - i) = m(€(pas -5 par))-

The function 7 is called a generalized disconnection exponent and it is a
continuous increasing function.
5. Physicists predict that

€1,...,1) = 1N(2N+ 1), €Q1,...,1)= i(4N2 —1).
~—— 3 ~—— 12
N N

Combining all these results, we could predict that:

UQ) = \/g Uy = V2L 243;_41 —1

g(Al,...,Ak):%(( 2N+ 142+ - (k= 1) 1) (L1)
1) = 15 (242 17— 1)

) = o (VIR T T+t VT TR —d)  (12)



60 H. Wu

1.2. From Brownian motion to Brownian excursion

Consider the simplest exponent 5(1) = 1. Suppose B is a planar BM started
from 4, then we have

P[B[0,#] C H] ~ (%)5“).

Suppose W is a planar BM started from ei, then

MW&ﬂcmzc%ﬁm

since (W (€%*t)/e,t > 0) has the same law as B. Consider the law of W condi-
tioned on the event W0, ¢] C H, we can see that the limit as ¢ — 00, e — 0 exists.
We call the limit as Brownian excursion and denote its law as ug_ﬂ((), 00). There
is another equivalent way to define ,u%I(O, 00): Suppose W is a planar BM started
from ei, consider the law of W conditioned on the event [W hits R+iR before R].
Let R — 00, € — 0, the limit is the same as uﬁﬂ(o, 00). (We will discuss Brownian
excursion in more detail in Section 2).

Suppose Z is a Brownian excursion, A is a bounded closed subset of H such
that H \ A is simply connected and 0 ¢ A. Riemann’s Mapping Theorem says
that, if we fix three boundary points, there exists a unique conformal map from
H\ A onto H fixing the three points. In our case, since A is bounded closed and
0 ¢ A, any conformal map from H \ A onto H can be extended continuously

around the origin and co. Let ® 4 be the unique conformal map from H\ A onto
H such that

D4(0)=0, Py(0) =00, Pa(z)/z—=1asz— 0.
Counsider the law of ® 4(Z) conditioned on [Z N A = @]. We have that, for any
bounded function F,
E[F(®4(2))| Z0 A=)
= lim E[F(®a(W))|WNA=0,W hits R+ iR before R]
R—00,e—0
(W: BM started from ei)
lim E [F(®A(W))1{wna=0,W hits R+iR before B}]
R—o0,e—0  PWNA=0,W hits R+ iR before R]

i E [F(®4(W))L(w nits R+iR before B} | W N A = 0]
R—00,6—0 P[W hits R + iR before R|W N A = ()

Conditioned on [W N A = (], the process W = ® (W) has the same law as a
BM started from ® 4 (ei), thus
E[F(®4(2))| 20 A = 0]
i EIFW)1 (W wits ® 4 (R+iR) before R}
R—00,e=0 P[IV hits ®4(R + iR) before R]
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In other words, the Brownian excursion Z satisfies the following conformal re-
striction property: the law of ® 4(Z) conditioned on [ZNA = )] is the same as Z
itself. Conformal restriction property is closely related to the half-plane/whole-
plane intersection exponents.

1.3. Chordal conformal restriction property

Definition 1.1. Let A, be the collection of all bounded closed subset A C H
such that

0A, A=AnNH, and H\ A is simply connected.
Denote by ® 4 the conformal map from H\ A onto H such that
D4(0) =0, Da(c0) =00, Pa(2)/z—1 asz— occ.

We are interested in closed random subset K of H such that

(1) KnR = {0}, K is unbounded, K is connected and H\ K has two connected
components

(2) YA >0, AK has the same law as K

(3) For any A € A, we have that the law of ® 4 (K) conditioned on [KNA = (]
is the same as K.

The combination of the above properties is called chordal conformal restric-
tion property, and the law of such a random set is called chordal restriction
measure. From Section 1.2, we see that the Brownian excursion satisfies the
chordal conformal restriction property only except Condition (1). Consider a
Brownian excursion path Z, it divides H into many connected components and
there is one, denoted by C., that has R} on the boundary and there is one,
denoted by C_, that has R_ on the boundary. We define the “fill-in” of e to
be the closure of the subset H\ (C_ U C,). Then the “fill-in” of Z satisfies
Condition (1), and the “fill-in” of the Brownian excursion satisfies chordal con-
formal restriction property. Moreover, for n > 1, the the union of the “fill-in” of
n independent Brownian excursions also satisfies the chordal conformal restric-
tion property. Then one has a natural question: except Brownian excursions, do
there exist other chordal restriction measure, and what are all of them?

It turns out that there exists only a one-parameter family P(5) of such proba-
bility measures for 5 > 5/8 [LSWO03] and there are several papers related to this
problem [LW00b, Wer05]. More detail in Sections 3 and 4. The complete answer
to this question relies on the introduction of SLE process [Sch00]. In particular,
an important ingredient is that SLEg/3 satisfies chordal conformal restriction
property. It is worthwhile to spend a few words on the specialty for SLEg/3.
In [LWO00a], the authors predicted a strong relation between Brownian motion,
self-avoiding walks, and critical percolation. The boundary of the critical perco-
lation interface satisfies conformal restriction property and the computations of
its exponents yielded the Brownian intersection exponents. It is proved that the
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scaling limits of critical percolation interface is SLE¢ for triangle lattice [Smi01]
and the boundary of SLEg is locally SLEg,3. Self-avoiding walk also exhibits
conformal restriction property. It is conjectured [LSWO02b] that the scaling limit
of self-avoiding walk is SLEg /3. All these observations indicate that SLEg /3 is a
key object in describing conformal restriction property.

As expected, for n > 1, the union of the “fill-in” of n independent Brownian
excursions corresponds to P(n) and, for § > 5/8, the measure P(/3) can viewed
as the law of a packet of 8 independent Brownian excursions. The chordal re-
striction measures are closely related to half-plane intersection exponent (will be
proved in Section 4.4): Suppose Ki,..., K, are p independent chordal restric-
tion samples of parameters 31,. .., 3, respectively. The “fill-in” of the union of

these sets »
U &
j=1

conditioned on the event (viewed as a limit)
(K, N Ky =0,1< 51 < ja < p)

has the same law as a chordal restriction sample of parameter & (B1s---sBp)-

1.4. Radial conformal restriction property

Definition 1.2. Let A, be the collection of all compact subset A C U such that
0¢A1¢A A=ANU, and U\ A is simply connected.
Denote by ® 4 the conformal map from U\ A onto U such that®
D4(0)=0, Pu(1)=1.

We are interested in closed random subset K of U such that

(1) KNoU = {1}, 0 € K, K is connected and U\ K is connected
(2) For any A € A,, the law of ® 4(K) conditioned on [K N A = (] is the same
as K.

The combination of the above properties is called radial conformal restric-
tion property, and the law of such a random set is called radial restriction
measure. It turns out there exists only a two-parameter family Q(«, 8) of such
probability measures (more detail in Sections 5 and 6) for

B=5/8 a<&(B)

The radial restriction measures are closely related to whole-plane intersection
exponent (will be proved in Section 6.5): Suppose K7, ..., K, are p independent

3Riemann’s Mapping Theorem asserts that, if we have one interior point and one boundary
point, there exists a unique conformal map from U\ A onto U that fixes the interior point and
the boundary point.
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radial restriction samples of parameters (£(51), 81), - .., (§(Bp), Bp) respectively.
The “fill-in” of the union of these sets

P
UK,
j=1

conditioned on the event (viewed as a limit)

[Kjlij2:®,1§j1 <j2 Sp]

has the same law as a radial restriction sample of parameter (£(f51,..., ;).

g(ﬂla s 751?))'

2. Brownian motion, excursion and loop
2.1. Brownian motion

Suppose that W, W2 are two independent 1-dimensional BMs, then B := W+
iW? is a complex BM.

Lemma 2.1. Suppose B is a complex BM and u is a harmonic function, then
u(B) is a local martingale.

Proof. By It6’s Formula,
1
du(By) = 0xu(Be) AW, + 0yu(B)dW? + 5 (Ozat(By) + 0yyu(By))dt
= 0pu(By)dW} + Oyu(By)dWE. O

Proposition 2.2. Suppose D is a domain and f : D — C is a conformal map.
Let B be a complex BM starting from z € D, stopped at

Tp :=1inf{t > 0: B; ¢ D}.

Then the time-changed process f(B) has the same law as a complex BM starting
from f(z) stopped at T¢(py. Namely, define

t
S(t) = / F(Bu)Pdu, 0<1t < rp,
0

o(s)
o(s) = S~1(s), ze/ \F(Bu)2du = s.
0

Then (Ys = f(Bo(s)),0 < 5 < S;,) has the same law as BM starting from f(z)
stopped at Ty (p)-
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Proof. Write f = u+ iv where u,v are harmonic and

Opu = Oyv, Oyu = —0zv.
We have
du(By) = 0,u(By)dW, + 0yu(By)dW2,  dv(By) = 0,v(By)dW} + 0,v(B,)dWE.
Thus the two coordinates of f(B) are local martingales and the quadratic vari-
ation is

(w(B)) = ((B)): = / (0,02 (By) + 0,u% (B,))ds = / F(B.)|ds,

(w(B),v(B))t = (0zu(Bt)0zv(By) + Oyu(By)0yv(By))dt = 0.

Thus the two coordinates of Y are independent local martingales with quadratic
variation ¢ which implies that Y is a complex BM. O

We introduce some notations about measures on continuous curves. Let K
be the set of all parameterized continuous planar curves 7 defined on a time
interval [0,¢,]. K can be viewed as a metric space

dc(y,m) = inf sup [s —0(s)| +|7(s) — n(6(s))l
0<s<t

where the inf is taken over all increasing homeomorphisms 6 : [0,¢,] — [0,t,].
Note that /C under this metric does not identify curves that are the same modulo
time-reparametrization.

If p is any measure on KC, let || = p(K) denote the total mass. If 0 < |u| < oo,
let 1f = u/|p| be p normalized to be a probability measure. Let M denote the
set of finite Borel measures on . This is a metric space under Prohorov metric

[Bil99, Section 6]. To show that a sequence of finite measures y,, converges to a
finite measure p, it suffices to show that

| = |, gl =

If D is a domain, we say that v is in D if v(0,¢,) C D, and let (D) be the
set of v € I that are in D. Note that, we do not require the endpoints of v to
be in D. Suppose f: D — D’ is a conformal map and v € (D). Let

t
S(t) = / 1/ ((s)[2ds. (2.1)
If S(t) < oo for all ¢t < t, define f o~y by

(fo(S(H) = fF(v(1))-

If 11 is a measure supported on the set of v in (D) such that fo~y is well-defined
and in (D'), then f o u denotes the measure

fou(V)=uply: foyeVl]
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From interior point to interior point

Let p(z,-;t) denote the law of complex BM (Bg,0 < s < t) starting from z.
We can write

u@mﬂ:AMAMWMW)

where dA(w) denotes the area measure and p(z, w;t) is a measure on continuous
curve from z to w. The total mass of u(z,w;t) is

|z —wl?

). (2.2)

1
.t J—
|p(z,w;t)| = oy exp(

The normalized measure uf(z,w;t) = pu(z, w;t)/|pu(z, w;t)| is a probability mea-
sure, and it is called a Brownian bridge from z to w in time t. The total mass
|(z, w;t)]| is also called heat kernel and Equation (2.2) can be obtained through

1 |z — w|?

jute, Do) =P(Bie D) = [ L expl(-
D

5t YdA(w).

The measure p(z,w) is defined by

p(z,w) = /000 u(z, w;t)dt.

This is a o-finite infinite measure. If D is a domain and z,w € D, define up(z, w)
to be u(z,w) restricted to curves stayed in D. If z # w, and D is a domain such
a BM in D eventually exits D, then |pp(z, w)| < co. Define Green’s function

Gp(z,w) = 7|pp(z,w)|.

In particular, Gy(0, z) = —log|z|.

Proposition 2.3 (Conformal Invariance). Suppose f : D — D’ is a conformal
map, z,w are two interior points in D. Then

foup(z,w) = Nf(D)(f(Z)v f(w)).

In particular,

Gf(D)(f(z)af(w)) = GD(sz)7 (f o MD)ﬁ(Z’w) = M?(D)(f(z)’f(w))

Proof. By Proposition 2.2. O

From interior point to boundary point

Suppose D is a connected domain. Let B be a BM starting from z € D and
stopped at
7p = inf{t: By € D}.
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Define pup(z,0D) to be the law of (Bs,0 < s < 7p). If D has nice boundary
(i.e. 9D is piecewise analytic), we can write

pp(z,0D) = / pp (2, w)dw
oD

where dw is the length measure and pp(z,w) is a measure on continuous curves
from z to w. Define Poisson’s kernel

HD<Z7 w) = |MD(va)|'

In particular, Hy(0,w) = 1/(27). The measure |up(z, w)|dw on 9D is called the
harmonic measure seen from z, and the Poisson’s kernel is the density of this
harmonic measure.

The normalized measure uﬂD (z,w) = pup(z,w)/|up(z,w)| can also be viewed
as the law of BM conditioned to exit D at w when w is a nice boundary point
(i.e. OD is analytic in a neighborhood of w):

P*[- | B;, € U(w,€)]
o (2, U(w, €))[]
o (2, U(w, €))
fU(w,e) pp(z,u)[-|du

#
= — puh(z,w), ase—0.
f]U(w,e) lp (2, u)|du b

Proposition 2.4 (Conformal Covariance). Suppose D is a connected domain
with nice boundary, z € D,w € dD is a nice boundary point. Let f : D — D' be
a conformal map. Then

fonp(z,w) =11 (W)l (f(2), f(w)).

In particular,

£/ (w) [ Hypy (f(2), F(w)) = Hp(z,w),  (f o pp)*(z,w) = pih 1 (£(2), F(w)).

Relation between the two

Proposition 2.5. Suppose D is a connected domain with nice boundary, z € D,
and w € 0D is a nice boundary point. Let n,, denote the inward normal at w,
then

.1
lgr(l) 2—6/“7(2,10 +eny) = pup(z,w).

In particular,

1
Q—GD(z,w +eny,) — Hp(z,w), as e — 0;
e

uuD(z,wn) — u%(z,w) as wy, € D — w.
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Proof. Note that Gy(0, z) = —log|z| and Hy(0,w) = 1/27, thus
Gu(0, (1 — e)w) = —log(l — €) = € = 2meHy (0, w).

This implies that
1
Eh_r>r(1) 2—€,uU(0, (1—e)w) = puy(0,w).

The conclusion for general domain D can be obtained via conformal invari-
ance/covariance. O

2.2. Brownian excursion

Suppose D is a connected domain with nice boundary and z,w are two distinct
nice boundary points. Define the measure on Brownian path from z to w in D:

.1 .1
up(z,w) = ggr(l) ZMD(Z +en,,w) = }51(1) ﬁ,uD(z +en,, w+ eny,).

Denote
Hp(z,w) = [up(z,w)].
The normalized measure ,uﬁD (z,w) is called Brownian excursion measure in D

with two end points z,w € dD. Note that

Hp(z,w) = lim Hp(z + en,,w), Hy(0,7) = —5.
e—0 T

Proposition 2.6 (Conformal Covariance). Suppose that f : D — D’ is a
conformal map, and z,w € 0D, f(z), f(w) € Of(D) are nice boundary points.
Then

foup(z,w)=f(2)f" (w)|uso)(f(2), f(w)).
In particular,
|f' () f" (W) H (o) (f(2), f(w)) = Hp(z, w),
(f 0 (2 w) = iy (F(2), Flw)).

The following proposition is an equivalent expression of the conformal re-
striction property of Brownian excursion we discussed in Subsection 1.2.

Proposition 2.7. Suppose A € A. and ®4 is the conformal map defined in
Definition 1.1. Let e be a Brownian excursion whose law is H]%I(O: o0). Then

Plen A = 0] = ,(0).

Proof. Although pg(0, 00) has zero total mass, the normalized measure can still
be defined through the limit procedure:

§ — 1 # —
ph(0.00) = Jim pi(0.2) = Jim jus(0,2)/ | (0,).
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Thus

Blen A =0]= lim yus(0,2)fe 0 A = 0]/ |z (0, )]

lim [ 4 (0, %)/ |20, 7))
Tr—r00
= lim Hea(0,2)/Hu(0, )
= lim &', (0)®'y (x)Hu (0, D 4(x))/Hu (0, z) = ®'4(0). O
Tr—r0o0
Note that, the excursion measure ﬂIﬁHI(Q 00) introduced in this section does

coincide with the one we introduced in Section 1.2: by Proposition 2.5 and the
continuous dependence of Brownian bridge measure on the end points, we have

ugﬂ(O, o0) = lim ,ugﬂ(ei, R +iR).

e—0,R—o00

Corollary 2.8. Suppose e1,...,e, are n independent Brownian excursion with
law /,L]%I(O, 00), denote 3 = U}_e;, then for any A € A,

PENA=0]=,(0)"

Corollary 2.9. Let e be a Brownian excursion with law ,u]%l(x, y) where x,y €

R,z # y. Then, for any closed subset A C H such that z,y ¢ A and H \ A is
simply connected, we have that

PlenA = 0] = ®'(z)®'(y)

where @ is any conformal map from H\ A onto H that fizes x and y. Note that
the quantity @' (z)®'(y) is unique although ® is not unique.

Definition 2.10. Suppose D has nice boundary, then Brownian excursion
measure is defined as

u%’%D:/ / wp(z,w)dzdw.
ap Jap

Generally, if I is a subsect of 0D, define

u‘gf}://u[)(z,w)dzdw‘
1J1

Proposition 2.11 (Conformal Invariance). Suppose D, D' have nice boundaries
and f: D — D' is a conformal map. Then

exc

foups=wsny) sy forbap = BF(D).of(D)-

Proof.

foui= [ [ £oun(zudsdu
IJI
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= [ [ 178 @i (5, fwazau

/f(f) /f(l) FD).f(D)

Theorem 2.12. Let (e;,j € J) be a Poisson point process with intensity
TBugr_ for some B> 0. Set ¥ = Uje;. For any A € A. such that ANR C
(0,00), we have that

P[X N A= (] = @,(0)".
Proof. Denote by N4 the number of excursions in (e;, j € J) that intersect A,
then we see that {¥ N A = 0} is equivalent to {N4 = 0} where N4 has the law
of Poisson distribution with parameter 78ugfz [e N A # 0]). Thus
PXNA=0] = exp(—mfugr_[eNA#D]).

We only need to show that

1
HTE_[eN A £ 0] = —— log ) (0).
This will be obtained by two steps: First, there exists a constant ¢ such that
pig_[eN A # 0] = clog @4 (0). (2.3)

Second,
c=—-1/m. (2.4)

For the first step, we need to introduce a set A - B: Suppose A, B € A, such
that ANR C (0,00) and BN R C (0, 0). Define (see Figure 2.1)

A-B=3,'(A)UB.

Then clearly, ® 4.5 = &4 0 g, and

log @'y 5(0) = log ®4(0) + log ®’5(0). (2.5)
A-B o5 P
V. N /4\
s A\Z
0 0 0

FiGc 2.1. The set A- B is the union of <I>;31(A) and B.
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For the Brownian excursion measure, we have
piige_[eNA-B#0 = pig [eNB# 0]+ s [eNB=0,enA-B#(]
= uis_leNB# 0+ pifpp_leN @5 (A) # 0]
= W5 [eNB £ 0]+ uifg [enA#0]
In short, we have
pirk leNA-B#0] = pige leNB# 0]+ pik [eNA#0).

Combining with Equation (2.5), we have Equation (2.3).* Generally, if I =
[a,b] C R_, we have

pitile N A # 0] = clog(®y (a) Py (). (2.6)

Next, we will find the constant. Suppose I = [a,b] C R_ and A € A, such that
ANR C (0,00).

Mﬁf;[mA;ﬁ@]=/I/Ium(fc7y)[eﬂf4#@]dxdy
:/I/IHH(x,y)ugﬂ(x,y)[eﬂA#@]dazdy

= //HH(x,y)(l -, (2)®) ,(y))dzdy, (By Corollary 2.9)
1J1

where ®, , is any conformal map from H \ A onto H that fixes « and y. Define
the Mobius transformation

then ®, , = m o ®4 would do the work. Thus

exc . 1 . r—Yy 2 / T / v
niglenaz 0= [ [ - (1 (s —) ><I>A<y>>d dy.

It is not clear to see how this double integral would give clog(®’,(a)®’,(b)).
However, we only need to decide the the constant ¢ which is much easier. Suppose
I =[—¢,0], and set a; = ®/4(0) and ag = ®’4(0)/2, we have that

a3 a3
BTN A0 = 2 4 o), log(®4(0)@ () = — 2 + o(e).
1 1
Combining these two expansions, we obtain that the constant ¢ = —1/7. O

2.3. Brownian loop

Suppose (y(t),0 <t < t,) € K is a loop, i.e. ¥(0) = 7(t,). Such a v can be
considered as a function defined on (—o0, 00) satisfying v(s) = v(s+1t,) for any

41dea: F(t+ s) = F(t) + F(s) ~ F(t) = ct. For precise proof, see [Wer05, Theorem 8].
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s € R. Let K C K be the collection of such loops. Define, for r € R, the shift
operator 6, on loops:

b,1(s) = (r + 5).
We say that two loops 7,7 are equivalent if for some r, we have 7' = 6,7.
Denote by K, the set of unrooted loops, i.e. the equivalent classes. We will

define Brownian loop measure on unrooted loops.
Recall that p(z,-;t) denotes the law of complex BM (Bs,0 < s < t) and

ntevit) = [ (e wstaat)

Now we are interested in loops, i.e. u(z, z;t) where the path starts from z and
returns back to z. We have that

1 e <1
ezt = g wae) = [ ezt = [ oot
27t 0 0 27t
We define Brownian loop measure p/°? by
1 >~ 1
toor — [ — dA(z) = —— 1} (2, z; t)dtd A(2). 2.
u A%M%@ @)= [ gaweanadac. @

The term 1/t, corresponds to averaging over the root and p!°°? is defined on

unrooted loops. If D is a domain, define ul[‘)wp to be pt°P restricted to the curves

totally contained in D.

Proposition 2.13 (Conformal Invariance). If f: D — D’ is a conformal map,

then

loo; loo;
foup™ = Hy(py:

Proof. We call a Borel measurable function F : K — [0,00) & unit weight if, for

any v € K, we have
t"f
/ F(0,v)=1.
0

One example is F(y) = 1/t.,. For any unit weight F, since p!°°? is defined on
unrooted loops, we have that

,ulooz’:/(cFu(z,z)dA(z). (2.8)

Define a function Fy on K in the following way: for any v € K,

Fr(y) = |f (YO) /tfoy-
Recall the time change in Equation (2.1), we can see that F is a unit weight:
ty t
| B0 = [ 17000 tedr =1
0 0

Thus,
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™" = /DFfMD(z,z)dA(z): | 5\ Pup (e 2dAG),

D tfoy
Therefore,

Fouts” = [ \FE)P o un(zAR)

foy

- / L () Pusomy (F(2). £(2))dA(2)

D troy
1 00,
— [ oy w)dAw) = i, O
F(D) tn

Theorem 2.14. Denote by ufl})%p the measure ué}mp restricted to the loops sur-

rounding the origin. Let (1}, € J) be a Poisson point process with intensity
a,uéi%p for some a > 0. Set ¥ = U;l;. For any closed subset A C U such that

0¢ A, U\ A is simply connected, we have that
PEXNA=0=3,(0)"°,
where ® 4 is the conformal map from U\ A onto U with ®4(0) = 0,’,(0) > 0.
Proof. Since
PEXNA=10]= exp(—aufﬁgp[l NA#0),

we only need to show that
W0 A # 0] = log 14 (0).

Similar as in the proof of Theorem 2.12, this can be obtained by two steps: First,
there exists a constant ¢ such that

PPN A #£ 0] = clog /4 (0). (2.9)

Second,
c=1. (2.10)

For the first step, it can be proved in the similar way as the proof of the first
step of Theorem 2.12, and the precise proof can be found in [Wer08, Lemma
4]. But for the second step, it is more complicate. We omit this part and the
interested readers can consult [Wer08, SW12, LW04]. O

3. Chordal SLE
3.1. Introduction

Schramm Lowner Evolution (SLE for short) was introduced by Oded Schramm
in 1999 [Sch00] as the candidates of the scaling limits of discrete statistical
physics models. We will take percolation as an example. Suppose D is a domain
and we have a discrete lattice of size € inside D, say the triangular lattice eTND.
The critical percolation on the discrete lattice is the following: At each vertex
of the lattice, there is a random variable which is black or white with equal
probability 1/2. All these random variables are independent. We can see that
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Fia 3.1. There exists a unique interface from the left-bottom corner to right-top corner sep-
arating black vertices from white vertices. (Picture by Julien Dubédat, from [Wer07])

there are interfaces separating black vertices from white vertices. To be precise,
let us fix two distinct boundary points a,b € 9D. Denote by 91 (resp. Og)
the part of the boundary from a to b clockwise (resp. counterclockwise). We
fix all vertices on J, (resp. dr) to be white (resp. black). And then sample
independent black/white random variables at the vertices inside D. Then there
exists a unique interface from a to b separating black vertices from white vertices
(see Figure 3.1). We denote this interface by 7€, and call it the critical percolation
interface in D from a to b.

It is worthwhile to point out the domain Markov property in this discrete
model: Starting from a, we move along ¢ and stopped at some point v¢(n).
Given L = (v°(1),...,7°(n)), the future part of ¢ has the same law as the
critical percolation interface in D \ L from v¢(n) to b.

People believe that the discrete interface v¢ will converge to some continuous
path in D from a to b as € goes to zero. Assume this is true and suppose -y is the
limit continuous curve in D from a to b. Then we would expect that the limit
should satisfies the following two properties: Conformal Invariance and Domain
Markov Property which is the continuous analog of discrete domain Markov
property. SLE curves are introduced from this motivation: chordal SLE curves
are random curves in simply connected domains connecting two boundary points
such that they satisfy: (see Figure 3.2)

e Conformal Invariance: v is an SLE curve in D from a to b, ¢ is a
conformal map, then ¢(vy) has the same law as an SLE curve in (D)
from ¢(a) to (b).

e Domain Markov Property: v is an SLE curve in D from a to b, given
~([0,t]), v([t,00)) has the same law as an SLE curve in D \ v[0,¢] from
~(t) to b.

The following of section is organized as follows: In Subsection 3.2, we intro-
duce one time parameterization of continuous curves, called Loewner chain, that
is suitable to describe the domain Markov property of the curves. In Subsec-
tion 3.3, we introduce the definition of chordal SLE and discuss its basic prop-
erties. Without loss of generality, we choose to work in the upper half-plane H
and suppose the two boundary points are 0 and co.
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b
b #(D)
@(b)
_e,
a ¢(a)
(a) Conformal Invariance. (b) Domain Markov Property.

Fic 3.2. Characterization of SLE.

3.2. Loewner chain
Half-plane capacity

We call a compact subset K of H a hull if H = H \ K is simply connected.
Riemann’s mapping theorem asserts that there exists a conformal map ¥ from
H onto H that ¥(co) = oo. In fact, if ¥ is such a map, then ¢¥ + ¢ for
¢ > 0, € R is also a map from H onto oo fixing co. We choose to fix the
two-degree freedom in the following way. The map ¥ can be expanded near oo:
there exist by, bg,b_1,...

b_ b_n
\IJ(Z)=b12+b0+_1+"'+—n+0(z_n)’ as z — OQ.
z z

Furthermore, since ¥ preserves the real axis near oo, all coefficients b; are real.
Hence, for each K, there exists a unique conformal map ¥ from H = H\ K
onto H such that

U(z) =2+0+0(1/2), asz— oo.

We call such a conformal map the conformal map from H = H\ K onto H
normalized at oo, and denote it by ¥ . In particular, there exists areal a = a(K)
such that

U(z)=2z+2a/z+0(1/z), asz— 0.

We also denote a(K) by a(¥ k). This number a(K) can be viewed as the size of
K:

Lemma 3.1. The quantity a(K) is a non-negative increasing function of the
set K.

Proof. We first show that a is non-negative. Suppose that Z7 = X +¢Y is a
complex BM starting from Zy = iy for some y > 0 large (so that iy € H = H\K)
and stopped at its first exit time 7 from H. Let ¥ be the conformal map from
H onto H normalized at the infinity, then $(¥(z) — 2) is a bounded harmonic
function in H. The martingale stopping theorem therefore shows that
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. . 2a 1
E[S(V(Z,)) — Yr] = (P (iy) — iy) = —n + 0(;)7 as y — oo.

Since ¥(Z,) is real, we have that

2a = lim yE[Y;] > 0.

Yy—00

Next we show that a is increasing. Suppose K, K’ are hulls and K C K'. Let
U; = Uk, and let ¥y be the conformal map from H \ Ui (K’ \ K) onto H
normalized at infinity. Then Vg = ¥y 0 ¥y, and

a(K') = a(K) + a(¥3) > a(K). O

We call a(K) the capacity of K in H seen from oo or half-plane capacity.
Here are several simple facts:

e When K is vertical slit [0,4y], we have ¥k (2z) = y/22 + y2. In particular,
a(K) = y?/4.
e If A > 0, then a(AK) = M\a(K)
Loewner chain

Suppose that (Wi, t > 0) is a continuous real function with Wy = 0. For each
z € H, define the function g;(z) as the solution to the ODE

2z
gi(z) = Wy’
This is well-defined as long as ¢:(z) — Wy does not hit 0. Define

Orgi(2) = go(2) = z.

T(z) =sup{t >0: m[gnt] lgs(z) — Ws| > 0}.
se|0,

This is the largest time up to which g;(z) is well-defined. Set
Kt:{ZGET(Z)St}7 Ht:H\Kt

We can check that g; is a conformal map from H; onto H normalized at co. For
each t, we have
gi(2) = z+2t/z4+ 0o(1/z), asz— oo.

In other words, a(K;) = t. The family (K¢, ¢ > 0) is called the Loewner chain
driven by (W, t > 0).

3.3. Chordal SLE

Definition

Chordal SLE, for x > 0 is the Loewner chain driven by W; = \/kB; where
B is a 1-dimensional BM with By = 0.

Lemma 3.2. Chordal SLE,. is scale-invariant.
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W,
Fi1c 3.3. The map g; is the conformal map from H\ v(0,t] onto H normalized at co. And the

tip of the curve ¥(t) is the preimage of Wy under g¢: v(t) = gt_l(Wt).

Proof. Since W is scale-invariant, i.e. for any A > 0, the process W} = Wy;/ VA
has the same law as W. Set g (2) = gx:(VA2)/V/A, we have

2
0hgNz) = ———. g)(z2) =z
2g; (2) 91:)‘ — Wt,\ go(2) =2
Thus (Kx;/vA,t > 0) has the same law as K. O

For general simply connected domain D with two boundary points x and y,
we define SLE, in D from z to y to be the image of chordal SLE,; in H from
0 to oo under any conformal map from H to D sending the pair 0,00 to z,y.
Since SLE, is scale-invariant, the SLE in D from z to y is well-defined.

Lemma 3.3. Chordal SLE, satisfies domain Markov property. Moreover, the
law of SLE, is symmetric with respect to the imaginary azis.

Proof. Proof of domain Markov property: Since BM is a strong Markov process
with independent increments, for any stopping time T, the process (g7 (K7 \
Kr) — Wp,t > 0) is independent of (Ks,0 < s < T') and has the same law
as K. Thus, for any stopping time T and given Kp, the conditional law of
(Ktyr,t > 0) is the same as an SLE in H \ Kr.

Proof of symmetry: Suppose that K is a Loewner chain driven by W. Let
K be the image of K under the reflection with respect to the imaginary axis.
Define (g;):1>0 to be the corresponding sequence of conformal maps for K. Then
we could check that K is a Loewner chain driven by —W. Since —W has the
same as W, we know that K has the same law as K. This implies that the law
of SLE,; is symmetric with respect to the imaginary axis. O

Proposition 3.4. For all k € [0,4], chordal SLE, is almost surely a sim-
ple continuous curve, i.e. there exists a simple continuous curve ~y such that
K; = 7[0,t] for all t > 0. See Figure 3.3. Moreover, almost surely, we have

limy o () = o0.

The proof of this proposition is difficult, we will omit it in the lecture. The
interested readers could consult [RS05].

Restriction property of SLEg,3

In this part, we will compute the probability of SLEg /3 process v to avoid a set
A € A.. To this end, we need to analyze the behavior of the image ¥ = ® (7).



Conformal restriction and Brownian motion s

A g:(4)

0 Wy

0 Wy = h(W,)

F1G 3.4. The map ® 4 is the conformal map from H\ A onto H with ® 4(0) = 0, ®4(c0) = oo,
and ®4(z)/z — 1 as z — oo. The map g; is the conformal map from H \ v[0,t] onto H
normalized at infinity. The map Gt is the conformal map from H\ 5[0, t] onto H normalized
at infinity. The map hy is the conformal map from H\ g¢:(A) onto H such that htogs = Gio® 4.

Define T = inf{t : v(t) € A}, and for t < T, set

’?[07 t] = @A(7[07 t])

Recall that ®4 is the conformal map from H \ A onto H with ®4(0) = 0,
D 4(00) = 00, and P4(2)/z — 1 as z — oo, and that g; is the conformal map
from H\ [0, t] onto H normalized at infinity. Define §; to be the conformal map
from H \ 4[0,¢] onto H normalized at infinity and h; the conformal map from
H\ ¢,(A) onto H such that Equation (3.1) holds. See Figure 3.4.

hioge=gio®a. (3.1)
Proposition 3.5. When k = 8/3, the process
M, = h(Wy)%/8, t<T

1s a local martingale.

Proof. Define
a(t) = a(+[0,] U 4) = a(A) + a(3[0, 1)),
Let ¢(u) be the inverse of a: for any u > 0, define ¢(u) = inf{t : a(t) = u}. Note

that a(t(u)) = u. In other words, the curve ((t(u)),u > 0) is parameterized by
half-plane capacity. Therefore,

2

OuGr(u)(2) = —————=—.
Gr(u)(2) — Wi
Since 0;ad,t = 1, we have

- 20:a

8tgt(2) = ~7t~
gt(Z) - W

Plugging Equation (3.1), we have that

2 - 2615@
Z — Wt ht(Z) — ht(Wt) '

(Oehe)(2) + hi(2)
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We can first find d;a: multiply h:(z) — hi(W3) to both sides of Equation (3.2),
and then let z — Wy, we have

3ta = h;(Wt)z

Then Equation (3.2) becomes

2h; (W;)? 2h(2)
ho)(z) = ‘ _ 2mlz) ,
(Orhe)(2) ) — (V) 2 =W, (3.3)
Differentiate Equation (3.3) with respect to z, we have
—2h} (W) R (2) 20} (2) 203 (2)

Orhy) = t i t _ t )

B e B X () R e A 7
Let z — Wy, we have

Ry (Wy)? k4.,
@) = W) + (et (5 = Snw ) a
When k = 8/3,
"
auywys = 2Dy .

-8Ry (W;)3/8
Theorem 3.6. Suppose v is a chordal SLEg;3 in H from 0 to co. For any
A€ A, we have

PlyN A = 0] = ®/,(0)°/%.
Proof. Since we can approximate any compact hull by compact hulls with smooth
boundary, we may assume that A has smooth boundary. Set

M = (hy(Wy))>/*.

If e is a Brownian excursion with law ugﬂ(Wt, 00), then hy (W) is the probability
of e to avoid g¢(A). See Proposition 2.7. Thus, for ¢t < T, we have hy(W;) < 1
and M is bounded.

If T = oo, we have lim;_, o by (W;) = 1.

If T < oo, we have lim; 7 h}(W;) = 0.

Roughly speaking, when T = oo, g;(A) will be far away from W; as t — oo
and thus the probability for e to avoid g;(A) converges to 1; whereas, when
T < oo, the set g¢(A) will be very close to W; as t — T and the probability for
e to avoid g;(A) converges to 0. (See [LSWO03] for details.)

Since M converges in L' and a.s. when ¢ — T, we have that

PlyNA=0] = P[T = oo] = E[My] = E[Mp] = &, (0)%/%. O
4. Chordal conformal restriction

4.1. Setup for chordal restriction sample

Let Q be the collection of closed sets K of H such that
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K NR = {0}, K is unbounded, K is connected

and H \ K has two connected components.
Recall that A, is defined in Definition 1.1. We endow 2 with the o-field gener-
ated by the events [K € Q : KN A = ()] where A € A.. This family of events
is closed under finite intersection, so that a probability measure on 2 is charac-
terized by the values of P[JK N A = (] for A € A.: Let P, are two probability
measures on Q. f PIKNA=0]=P[KNA=0] forall Ae A, then P =T,

Definition 4.1. A probability measure P on Q is said to satisfy chordal confor-
mal restriction property, if the following is true:

(1) For any A > 0, AK has the same law as K ;
(2) For any A € A., ®4(K) conditioned on [K N A = (] has the same law as
K.

Theorem 4.2. Chordal restriction measures have the following description.

(1) (Characterization) A chordal restriction measure is fully characterized by
a positive real B > 0 such that, for every A € A,
P[K N A= 0] = ¢,(0)". (4.1)
We denote the corresponding chordal restriction measure by P(5).
(2) (Ezistence) The measure P(B) exists if and only if B > 5/8.
Remark 4.3. We already know that P(B) exist for 8 =1 (by Proposition 2.7),
B =5/8 (by Theorem 3.6), and 8 =5/8m +n form > 1,n > 1.

Proof of Theorem 4.2. Characterization. Suppose that K is scale-invariant and
satisfies Equation (4.1) for every A € A., then we could check that K does
satisfy chordal conformal restriction property. Thus we only need to show that
chordal restriction measures have only one degree of freedom.

Fix © € R\ {0} and let € > 0. We claim that the probability

P[K N B(z,¢) # 0]

decays like €2 as € goes to zero, and the limit
1
lgr(l) 6—2P[K N B(z,€) # 0]

exists which we denote by A(z) (The detail of the proof of this argument could
be found in [Wulj]).

Furthermore, A\(x) € (0, 00). Since K is scale-invariant, we have that, for any
y >0,

o1 o1 o
Aya) = lim K 0 By, ) # 0] = lim F[K 0 Bz, e/y) # 0] = y~*A(x)
Since A is an even function, there exists ¢ > 0 such that
MNz) = cx™2

Since there is only one-degree of freedom, when K satisfies chordal restriction
property, we must have that Equation (4.1) holds for some £ > 0.
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Denote fy,e = Pgy,)- In fact,

2 €2
foe(z) =2+ + —.
z—x
Note that,
PIK NU(z,¢) # 0] =~ \(z)e?,
and that
/ B 62
1- fz,e(o) ~ ﬁ

This implies that 8 = c. d

In the following of this section, we will first show that P(/3) does not exist for
B < 5/8 and then construct all P(j3) for 5 > 5/8.

4.2. Chordal SLE, (p) process

Definition

Suppose k£ > 0, p > —2. Chordal SLE, (p) process is the Loewner chain driven
by W which is the solution to the following SDE:

pdt 2dt
AW, = /rdB; + —"——— . dO, = —— _
+ = VKdB; + O, 0, — W,

Wt_Ota WOZOOZQ OtSWt~

(4.2)
The evolution is well-defined at times when W; > O;, but a bit delicate when
W, = O;. We first show the existence of the solution to this SDE.
Define Z; to be the solution to the Bessel equation

dt
t
In other words, Z is \/k times a Bessel process of dimension
d=1+4+2(p+2)/k.
This process is well-defined for all p > —2, and for all ¢ > 0,

| 5= - vRB) o+ 2) < e,
0 u

Then define
b du
Ot:—Q e Wt:Zt+Ot~
0 Zu
Clearly, (W, O,) is a solution to Equation (4.2). When p = 0, we get the ordinary
SLE,.

Second, we explain the geometric meaning of the process (O;, W;). Recall

2
hge(2) = ————,
tgt(z) gt(Z) —Ww,

Suppose (K;,t > 0) is the Loewner chain generated by W, then g; is the con-
formal map from H \ K; onto H normalized at co. The point W; is the image

go(z) = z.
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g 7(t) g
K, - ~[0,1] -
-1

9t (Vi>o (oD

A A

2k 0 Vi Wy 0 Oy Wy
(a) When p > k/2 — 2, the curve does (b) When p € (—2,K/2 — 2), the curve
not hit R_. touches the boundary.

Fic 4.1. Geometric meaning of (O, Wy) in SLE.(p) process. The preimage of Wi under g¢
is the tip of the curve, the preimage of O under g¢ is the leftmost point of Ky NR.

of the tip, and Oy is the image of the leftmost point of R N K;. See Figure 4.1.
Basic properties of SLE, (p) process: Fix k € [0,4], p > —2,

e It is scale-invariant: for any A > 0, (A\"'K2;,t > 0) has the same law as
K.

e (K;,t > 0) is generated by a continuous curve (y(¢),¢ > 0) in H from 0 to
0.

o If p > k/2 — 2, the dimension of the Bessel process Z; = W; — Oy is
greater than 2 and Z does not hit zero, thus almost surely yNR = {0}. If
p € (=2,K/2 — 2), almost surely Yy NR # {0} and Koo NR = (—00,0].5

Theorem 4.4. Fiz p > —2. Let (K;,t > 0) be the hulls of chordal SLEg;3(p)
and K = Ui>oK;. Then K satisfies the right-sided restriction property with
exponent

_ 3p%4+16p+20

5 (4.3)

B
In other words, for every A € A. such that ANR C (0,00), we have

P[K N A= 0] = 9,(0)".

Proof. The definitions of g, i, hy are recalled in Figure 4.2. Set T = inf{t :
K; N A # 0}, and define, for ¢t < T,

deQ)—h%00>3M8.

M. =} 5/817 p(3p+4)/32
= H(W)*1i(0)) L

Then (M, t < T) is a local martingale [LSWO03, Lemma 8.9]:

5When p > 0, the process Wi gets a push away from Oy, the curve is repelled from R_.
When p < 0, the curve is attracted to R_. When p < k/2 — 2, the attraction is strong enough
so that the curve touches R_.
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70,4 5
gl

ﬂ " wl(4)
0

Oy W,
(I)A + + ht

A/A”ﬁ

0 he(Or)  he(W3)

Gt
—>
0,1

F1c 4.2. The map ® 4 is the conformal map from H\ A onto H with ®4(0) = 0, ® 4(c0) = oo,
and ®4(z)/z — 1 as z — oo. The map g; is the conformal map from H \ v[0,t] onto H
normalized at infinity. g¢ s the conformal map from H\ 5[0, t] onto H normalized at infinity.
The map ht is the conformal map from H \ g¢(A) onto H such that ht o gt = gr o P 4.

(W) = (55(—_@ - <5/3>h;'<wt>) 0t + \/SJ3N(Wi)dB,.

dhy (W) = (pth(_V[gz + Zi{i(ﬂ@)) dt + /8/3h{ (W)dB,
21y (17,2
7e(03) — (W)
a0y 2M(WHO,)
dha(On) = ((ot “WOE T ((Or) — m(Wt))?) .

dht (Ot) -

Combining these identities, we see that M is a local martingale.
Since hj is decreasing in (—oo, W], we have

< ht(Wt) — ht(Ot)
- Wt — Ot

In fact, there exists § > 0 such that M; < h}(W;)?. (We omit the proof of
this point, details could be found in [LSWO03, Lemma 8.10]). In particular, we

have My <1 and (M, t < T) is a bounded martingale.
If T = oo, we have

0 < hy(Wy) < hy(0y) < 1.

. / _ 3 —
tlir(r)lo hi(Wy) =1 and tlggo M, =1.
If T < oo, we have
lim by (W) =0, and lim M; = 0.
t—T t—=T
Thus
P[K N A= 0] =P[T = cc] = E[My] = My = ®,(0)°

where § is the same as in Equation (4.3):

p(3p+4)  3p _ 3p> +16p+20

5
ﬁ_§+ 32 8 32
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Setup for right-sided restriction property
Let Q1 be the collection of closed sets K of H such that

KNR = (—00,0], K is connected and H \ K is connected.

Recall A, in Definition 1.1. Let A} denote the set of A € A, such that ANR C
(0,00). We endow QF with the o-field generated by the events [K € QF :
KNA=0] where A € AF.

Definition 4.5. A probability measure P on QF is said to satisfy right-sided
restriction property, if the following is true.

(1) For any A > 0, AK has the same law as K ;
(2) For any A € AT, ®4(K) conditioned on [K N A = 0] has the same law as
K.

Similar to the proof of Theorem 4.2, we know that, if P satisfies the right-sided
restriction property, then there exists 8 > 0 such that

P[KNA=0]=3,(0)0°, forall Ac Al

Remark 4.6. Theorem 4.4 states that SLEg;3(p) has the same law as the right
boundary of the right-sided restriction sample with exponent B which is related
to p through Equation (4.3). Note that when p spans (—2,00), the quantity
spans (0,00). We could solve p in terms of B through Equation (4.3):

p=p(B) = %(78+2\/24B+1). (4.4)

In particular, Theorem 4.4 also states the existence of right-sided restriction
measure for all > 0.

Remark 4.7. If B > 5/8, the right boundary of (two-sided) restriction measure
P(8) has the same law as SLEg;3(p) where p = p(B) is given through Equation
(4.4). In particular, the right boundary of a Brownian excursion has the law
of SLEg;3(2/3), the right boundary of the union of two independent Brownian
excursions has the law of SLEg;3(2).

Remark 4.8. Recall Theorem 2.12, suppose (e;,j € J) is a Poisson point
process with intensity TAug'R . and set X = Uje;, then the right boundary of ¥
has the same law as chordal SLEs;3(p) where p = p(B3) given by Equation (4.4)
for all B > 0.

Proof of Theorem 4.2, P(8) does not exist for 5 < 5/8. We prove by contradic-
tion. Assume that the two-sided chordal restriction measure P(3) exists for some
p < 5/8. Then the right boundary v of K is SLEg,3(p) for p = p(8) < 0 by
Remark 4.6.

On the one hand, the two-sided chordal restriction sample K is symmetric
with respect to the imaginary axis, thus the probability of ¢ staying to the right
of ~ is less than 1/2. On the other hand, since p < 0, the probability of i
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staying to the right of v is strictly larger than the probability of ¢ staying to
the right of SLEg,3 which equals 1/2, since SLEg/3 is symmetric with respect
to the imaginary axis and it is a simple continuous curve. These two facts give
us a contradiction. O

4.3. Construction of P(8) for 3 > 5/8

In the previous definition of SLE,(p) process, there is a repulsion (when p > 0)
or attraction (when p < 0) from R_. We will denote this process by SLEZ (p).
Symmetrically, we denote by SLEF(p) the same process only except that the
repulsion or attraction is from R . Namely, SLEZ(p) is the Loewner chain driven
by W which is the solution to the following SDE:

pdt 2dt
dW,; = dB dO; = Wo=0g=0, O; >W,.
= Vk t+Wt 0,’ t= 0, Wy 0 0 ; t > (t |
4.5

Please compare it with Equation (4.2) and note that the only difference is Oy >
W;. The process SLEZ(p) can be viewed as the image of SLEZ(p) under the
reflection with respective to the imaginary axis.

From Theorem 4.4, we know that SLEg /3( p) satisfies right-sided restriction
property, thus similarly SLEg /3( ) satisfies left-sided restriction property. The
idea to Construct K whose law is P(3) for 8 > 5/8 is the following: we first run
an SLE as the right-boundary of K, and then given the right boundary,
we run t e left boundary according to the conditional law.

Proposition 4.9. Fix > 5/8, and p = p(B) > 0 where p(B) is given by
Equation (4.4). Suppose v is a chordal SLE8/3( ) process in H from 0 to oco.
Given vE, in the left-connected component of H\ v®, sample an SL 8/3( -2)

from 0 to oo which is denoted by Y*. Let K be the closure of the union of the
domains between v~ and ¥f*. Then K has the law of P(3).

Proof. We only need to check, for all A € A,
P[K N A= 0] =d,(0)°.

Since v is an SLEg /3( ) process and it satisfies the right-sided restriction prop-

erty by Theorem 4.4, we know that this is true for A € AF. We only need to
prove it for A € A such that ANR C (—o0,0). Let (g¢,t > 0) be the solution
of the Loewner chain for the process v and (O, W;,t > 0) be the solution of
the SDE (4.2). Set T = inf{t : v%(t) € A}. For t < T, let h; be the conformal
map from H \ g:(A) onto H normalized at co. See Figure 4.3. Recall that

he(Wy) — hy(0)\ 2778
Mt:hQ(Wt)5/8h2(Ot)p(3p+4>/32( o t)_Ott( t)>

is a local martingale, and that, since h} is increasing on [Oy, 00),

he (W) — he(Or)

0 < hy(0)) < 0,

< hy(Wy) <1
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+ hy

FiG 4.3. The map g¢ is the conformal map from H \ v2[0,t] onto H normalized at co. The
map hg is the conformal map from H\ g¢(A) onto H normalized at co.

Since p > 0, we have that M; < h}(W;)? < 1 and thus M is a bounded
martingale.
If T < oo, then

hiy(W;) -0, and My - 0ast— T.
If T = oo, then

hi(Wy) — h(Oy)
Wt — Ot —h

and we have (apply Theorem 4.4 to SLEg/B(p -2))

h;(Wt) — 1,

RL(O)PBPHD/32 L PN EN A = (A5 as t — oc.
Thus,
PIKNA=0]=Elr—oE[lgnazs | 7"]] = E[Mr] = M. O

4.4. Half-plane intersection exponents é(ﬁl, ey Bp)

Recall that
~ 1

EBr o By) = 57 (V2B H 1+ B+ 1 (p— 1)) - 1)),

and define

EBr s Bp) =E(Bry s By) = B — - = By (4.6)

We will see in Proposition 4.10 that, the function é is the exponent for the

restriction samples to avoid each other, or the exponent for “non-intersection”.
For z € C and a subset K C C, denote

x4+ K={x+z:2€ K}.

Proposition 4.10. Suppose Ki,...,K, are p independent chordal restriction
samples with exponents Pi,...,[Bp > 5/8 respectively. Fiz R > 0. Let € > 0 be
small. Set x; = je for j =1,...,p. Then, as e — 0,
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P[(le +Kj1 HU(Q R))m(sz +Kj2 HU(Q R)) = (Z), 1< <je < p] ~ Eé(Bl’m’ﬁp)'

In the following theorem, we will consider the law of K3, ..., K, conditioned
on “non-intersection”. Since the event of “non-intersection” has zero probability,
we need to explain the precise meaning: the conditioned law would be obtained
through a limiting procedure: first consider the law of Ki,..., K, conditioned
on

[(mjl + Kjl QU(OaR)) N ($j2 + Kj2 OU(OaR)) = Q)vl < <j2< p],

and then let R — oo and € — 0.

Theorem 4.11. Fiz (31,...,8, > 5/8. Suppose K1, ..., K, are p independent

chordal restriction samples with exponents By, ..., B, respectively. Then the “fill-
in” of the union of these p sets conditioned on_“non-intersection” has the same
law as chordal restriction sample of exponent £(B1, ..., Bp).

For Proposition 4.10 and Theorem 4.11, we only need to show the results for
p = 2 and other p can be proved by induction. Proposition 4.10 for p = 2 is a
direct consequence of the following lemma.

Lemma 4.12. Suppose K is a right-sided restriction sample with erponent
B > 0. Let vy be an independent chordal SLE§/3(p) process for some p > —2. Fix
t >0 and let € > 0 be small, we have

P[0, 8] N (K —€) = 0] ~ €167+ g5 0

where 5
p=5(V24B+1-1).
Note that, if 31 = 3, B2 = (3p? + 16p + 20)/32, we have

3

1—65(0 +2) = £(B1, Ba)-

Proof. Let (g¢,t > 0) be the Loewner chain for v and (O, W;) be the solution
to the SDE. Precisely,

2
0:ge(2) = —————, z) =z
19¢(2) 9(2) — W, 9o(2)
pdt 2dt
dW, =/kdB; + ————, dO; = ——, Wy=0y=0, O, >W,.
t =k t+Wt—Ot7 =0 -, 0 0 ) t = Wy

Given 7[0, t], since K satisfies right-sided restriction property, we have that
P[y[0,8] N (K =€) = 0|7[0, ] = g;(—¢)”.
Define

M, = gé(_e)ﬁ(3ﬁ+4)/32(Wt - gt(_e))gﬁ/g(Ot - gt(—G))?)ﬁp/lG.
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One can check that M is a local martingale and 8 = p(3p + 4)/32. Thus
P[(K —€) N~[0,t] = 0] = E[P[y[0,¢] N (K —€) = D[~[0,]]
=Elg)(—¢)”]

— My = e16P(P12),

In this equation, the sign ~ means that the ratio E[g,(—e¢)?]/E[M,] corresponds
to € where the error term in the exponent err goes to zero as e goes to zero.
In fact, we need more work to make this precise, we only show the key idea
that how we get the correct exponent, and the details are left to interested
readers. O

Proof of Theorem 4.11.. Assume p = 2. For any A € A,., we need to estimate
the following probability for ¢ > 0 small:

PKiNA=0,KoNA=0|(K:NUQO,R) +¢)N(K2NTU(0, R) + 2¢) = 0.

For i = 1,2, since K; satisfies chordal conformal restriction property, we know
that the probability of {K; N A = 0} is ®,(0)%. Thus
PIKiNA=0,KoNA=0|(K;NU0,R)+¢)N (K NU(0, R) + 2¢) = (]
PKiNA=0,KsnNA=0,(KiNU0,R)+e¢)N(KaNTU(0,R) + 2¢) = (]
B P[(K; N U0, R) + €) N (K2 N U(0, R) + 2€) = 0]
P[(K; NU(0,R) +¢)N (K2 NU(O,R) +26) =0 | K1NA=0,KoN A=)
P[(K1 NU(0,R) +¢) N (K2 NTU(0, R) + 2¢) = ()
x @, (0)71 @/, (0)%.
For i = 1,2, conditioned on [K; N A = )], the conditional law of ®4(K;) has the
same law as K;. Combining this with Proposition 4.10, we have
i P[(K1 NU(0,R) +¢e)N (K2 NU(0,R) +2) =0 | KiNA=0,Ksn A=)
R—o0 P[(K1NU,R) +¢€) N (K2 NU(0, R) +2¢) =0
~ im P[(K1NU(0,R) + ®4(e)) N (K2 NTU(0, R) + ®4(2¢)) = 0]
R—o00 P[(K1NU(0,R) +¢) N (K2 NTU(0, R) + 2¢) = ()
N D 4 (€)6(Br:B2)
T BB

Therefore,

lim PKiNA=0,K;NA=0|(K1NU,R)+e)N(K2NU(0, R) + 2¢) =]

R—00,e—0

_ D 4 (€)5(BrB2)
_ / B1p’ B2 ZA
lim @4 (0)™ @4(0) £(B1,B2)

= 3/, (0)Pr+P2+E(Br.B2)

This implies that, conditioned on “non-intersection”, the union K U K> satisfies
chordal conformal restriction with exponent £(51, f2). |
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5. Radial SLE
5.1. Radial Loewner chain

Capacity

Consider a compact subset K of U such that 0 € U\ K and U\ K is simply
connected. Then there exists a unique conformal map gk from U\ K onto U
normalized at the origin, i.e. gx(0) = 0, g% (0) > 0. We call a(K) := log ¢4 (0)
the capacity of K in U seen from the origin.

Lemma 5.1. The quantity a is non-negative increasing function.

Proof. The quantity a is non-negative: Denote U = U\ K. Note that log g (2)/z
is an analytic function on U \ {0} and the origin is removable: we can define the
function equals log ¢ (0) at the origin. Then h(z) = log |gk (2)/z| is a harmonic
function on U. Thus it attains its min on U. For z € U, h(z) > 0. Therefore
h(z) > 0 for all z € U. In particular, h(0) > 0.

The quantity « is increasing: Suppose K C K'. Define g; = gx and let go be
the conformal map from U\ gx (K’ \ K) onto U normalized at the origin. Then
gk’ = g2941. Thus

a(K") = log g5(0) +log g1 (0) > log g1(0) = a(K). 0
Remark 5.2. If we denote by d(0, K) the Euclidean distance from the origin
to K, by Koebe 1/4-Theorem, we have that

ie‘a(K) <d(0,K) < e~ oK),

Loewner chain

Suppose (Wi, > 0) is a continuous real function with Wy = 0. Define for
z € U, the function g;(z) as the solution to the ODE

eth + gt (Z)

Ohgi(2) = gt(Z)m,

go(z) = z.

The solution is well-defined as long as €'V — g;(2) does not hit zero. Define

T(z) =sup{t > 0: min | — g,(2)| > 0}.
s€l0,t]

This is the largest time up to which g;(z) is well-defined. Set
Ki={2€U:T(2) <t}, U =U\K,.

We can check that the map ¢; is a conformal map from U; onto U normalized
at the origin, and that, for each t, g;(0) = €. In other words, a(K;) = t. The
family (K,t > 0) is called the radial Loewner chain driven by (W;,t > 0).
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gt
—>

Fia 5.1. The map g¢ is the conformal map from U \ v[0,t] onto U normalized at the origin,
and the tip of the curve y(t) is the preimage of ¢!Vt under g¢.

5.2. Radial SLE

Definition

Radial SLE, for k > 0 is the radial Loewner chain driven by W; = /kB;
where B is a 1-dimensional BM starting from By = 0. This defines radial SLE,; in
U from 1 to the origin. For general simply connected domain D with a boundary
point  and an interior point z, the radial SLE, in D from x to z is the image
of radial SLE,; in U from 1 to the origin under the conformal map from U to D
sending the pair 1,0 to x, z.

Lemma 5.3. Radial SLE satisfies domain Markov property: For any stopping
time T, the process (g7 (K1 \ K7)e=WT t > 0) is independent of (K,,0 <
s <T) and has the same law as K.

Proposition 5.4. For k € [0,4], radial SLE,; is almost surely a simple contin-
uous curve. Moreover, almost surely, we have lim;_, o Y(t) = 0.

Restriction property of radial SLEg/3

Recall Definition 1.2. Suppose A € A, and ® 4 is the conformal map from
U\ A onto U such that ®4(0) = 0,24(1) = 1. Let v be a radial SLEg3, we will
compute the probability P[y N A = @]. Similar as the chordal case, we need to
study the image ¥ = ®4(v). Define T = inf{t : y(¢t) € A}, and For ¢t < T, let
710, ] := ® ([0, t]). Note that ® 4 is the conformal map from U\ A onto U with
D4(0) =0,24(1) = 1 and that g; is the conformal map from U \ [0, ¢] onto
U normalized at the origin. Define §; to be the conformal map from U \ [0, ¢]
onto U normalized at the origin and h; the conformal map from U\ g;(A4) onto
U such that Equation (5.1) holds. See Figure 5.2.

htogi = gioPa. (5.1)
Proposition 5.5. When k = 8/3, the process
My = | (0) | hy (V)5 t< T

18 a local martingale.
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gt

F1G 5.2. The map ® 4 is the conformal map from U\ A onto U with ® 4(0) = 0,P4(1) = 1.
The map gt is the conformal map from U\ v[0,t] onto U normalized at the origin. Define g
to be the conformal map from U\ [0, t] onto U normalized at the origin and h; the conformal
map from U\ g¢(A) onto U such that htogi = g o P 4.

Proof. Define
¢1(2) = —ilog hy(e')
where log denotes the branch of the logarithm such that —ilog h(e!Vt) = W,.
Then
he(e?) = G Ry (™) = G (Wh).
Define B
a(t) = a(K; UA) = a(A) + a(K).
A similar time change argument as in the proof of Proposition 3.5 shows that
. e+ gi(2)
gt (2) = 0ra ge(2) e 5(2),
Plugging h; o g = §: o P4, we have
iW; iW
Biha(2) + h;(z)z% _ 8taht(z)ziwtj—m.

e'LWt _
We can first find 9;a: multiply 't — h;(z) to both sides of Equation (5.2) and
then let z — "¢, We have

dra = hi(e™*)? = ¢ (W)*.

(5.2)

Denote
X1 =¢(Wh), Xo=¢/(W), Xs=¢{" (W)
Then Equation (5.2) becomes

9 et + hy(2) et 4 2

Plugin the relation h;(e*?) = €*?*(*) we have that

eWe — 2~
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- W, - W,
oun(z) = X7 cot(PELIN e 22
Differentiate Equation (5.3) with respect to z, we have
1 - W, — Wi
061(2) = —2 x2ol ) ese(PELZ I gy o2
1 - W,
+ §¢2(z) CSCQ(Z Y.
Let z — Wy,
X2 4 X, - X3
G Wy = o2 Ay XX
W) = 5%, ~ 3% T T
Thus
; 8 X3 X, - X3
dh (W) = dol,(W,) = \[XQdBt b2+ 2 g (54)
3 2X, 6

For the term h}(0), we have that

11(0) = exp(a(gu(A))) = exp(a(t) — 1) = exp(a(A) + / oL (W,)ds — 1),

thus

dh,(0) = h,(0) (X7 — 1)dt. (5.5)
Combining Equations (5.4) and (5.5), we have that
5 X
dMy = =My —=dW,. O
t = gy, oWt

Theorem 5.6. Suppose 7y is a radial SLEg;3 in U from 1 to 0. Then for any
A€ A,, we have

Plyn A = 0] = @/, (0)]/ 4@/, (1)>/%.
Proof. Suppose M is the local martingale defined in Proposition 5.5. Note that
My = | @4 (0)[/ 5@, (1)°/°.
Define T = inf{t : K; N A # 0}. In fact, |®/,(0)[®/,(1)*> <1 for any A € A,,
thus M is a bounded martingale.
If T = oo, we have

lim hy(e™*) =1, lim A,(0)=1, and lim M, = 1.

t—o00 t—o0 t—o0
If T < oo, we have

lim A} () =0, and lim M; = 0.
t—T t—=T

Thus,
PyNA=0] =P[T = o] = E[M7] = M. |

5.3. Radial SLE, (p) process

Fix k > 0, p > —2. Radial SLE, (p) process is the radial Loewner chain driven
by W which is the solution to the following SDE:
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(a) When p > k/2 — 2, the curve does (b) When p € (=2,k/2 — 2), the curve
not hit the boundary. touches the boundary.

FIG 5.3. Geometric meaning of (O, Wy) in radial SLE.(p) process. The preimage of Wt

under gi is the tip of the curve, the preimage of 't under g: is the last point on the curve
that is on the boundary.

W, — Oy

dW; = /kdB; + gcot(tT)dt, dO; = — cot(Wt%Ot)dtv (5.6)

with initial value Wy = 0, Op = x € (0,27). When k£ > 0, p > —2, there
exists a piecewise unique solution to the SDE (5.6). There exists almost surely
a continuous curve v in U from 1 to 0 so that (Kj,¢ > 0) is generated by .
When k € [0,4] and p > k/2 — 2, v is a simple curve and K; = v[0,t]. When
k € [0,4],p € (—=2,k/2 — 2), v almost surely hits the boundary. The tip ~(¢)
is the preimage of ¢!+ under g;, and €' (when it is not swallowed by K;) is
the preimage of ¢’ under g;. When e** is swallowed by K, then the preimage
of €'©* under g; is the last point (before time t) on the curve that is on the
boundary. See Figure 5.3.

Let © — 0+ (resp. x — 2w—), the process has a limit, and we call this limit
the radial SLEZ(p) (resp. SLEZ(p)) in U from 1 to 0. Suppose 7 is an SLE§/3(p)
process for some p > —2. For any A € A,, we want to analyze the image of
~ under ®4. Define T = inf{t : y(t) € A}. For t < T, note that ®4 is the
conformal map from U\ A onto U with ®4(0) = 0,P4(1) = 1, and that g; is the
conformal map from U \ 7[0, ¢] onto U normalized at the origin. Define g to be
the conformal map from U \ 4[0,¢] onto U normalized at the origin and h; the
conformal map from U\ g;(A) onto U such that h; o g; = g 0 4. See Figure

5.4. Denote S )
b= 5 de=garg(h(e™)/h(').

Proposition 5.7. Define

; ) sin ¢ 30/8
My = 10 (e x [y (e O /52 (S0 )
sin 0,
where 5
= — 4+ — 4).
a= ot eplptd)

Then M is a local martingale. Note that, if we set

) 1 3
= — —_— 4 j—
B=g+55rGr+4)+op,
we have a = £().
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F1G 5.4. The map ® 4 is the conformal map from U\ A onto U with ® 4(0) = 0,P4(1) = 1.
The map gt is the conformal map from U\ v[0,t] onto U normalized at the origin. Define g
to be the conformal map from U\ 7[0,t] onto U normalized at the origin and hy the conformal
map from U\ g¢(A) onto U such that htogi = gro P 4.

Proof. Define ¢;(z) = —ilog hs(e**) where log denotes the branch of the loga-
rithm such that —ilog h¢(e?"V*) = W;. Then

Ry (™) = Gi(We),  [hi(e™)| = ¢i(V), e = (¢6(We) — ¢e(Vi)) /2.

To simplify the notations, we set X7 = ¢L(Wy), Xo = ¢ (Wy), Y1 = ¢,(V;). By
1t6’s Formula, we have that

dér(W;) = \/8/3X,1dB; + (—ng + gxl cot et) dt,

dos(V;) = — X7} cot ¥,dt,

X2 X, - X3
de(Wy) = \/8/3X2d By + (gxg cot 0, + i + %) dt,
1

1 1 1 1
de, (Vi) = (—Xle— + —Yl—) dt,

2 sin?9, 2 “sin?6,
6, — 2/3dBt P2 by,
4o, = %deBt + (—gxz + %Xf cot ¥y + §X1 cot 9t> dt.
Combining these identities, we see that M is a local martingale. O

5.4. Relation between radial SLE and chordal SLE

Roughly speaking, chordal SLE is the limit of radial SLE when we let the interior
target point go towards a boundary target point. Precisely, for z € H, suppose
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©* is the Mobius transformation from U onto H that sends 0 to z and 1 to 0.
We define radial SLE in H from 0 to z as the image of radial SLE in U from 1
to 0 under ¢*. Then, as y — oo, radial SLE,; in H from 0 to iy will converge to
chordal SLE,; (under an appropriate topology).

Proof. Fix R > 0, suppose y > 0 large. Let 4" be a radial SLE, in H from 0 to
1y and let v be a chordal SLE, in H from 0 to co. Let 75 be the first time that
the curve exits U(0, R). Set p = 6 — x, and define

My (iy) = |g, (i) [P 5720/ ) (g, (iy))7/ 9| g, (iy) — Wi|?/".

One can check that M is a local martingale under the law of v (see [SWO05,
Theorem 6]). Moreover, the measure weighted by M (iy)/My(iy) is the same as
the law of v%¥ (after time-change). In particular, the Radon-Nikodym between
the law of %[0, 7r] and the law of [0, 7r] is given by

Mz, (iy) /Mo (iy)
. 2 /(8K . K
= (gl (i) [P 20/0) (ggm (W>>p ) (gm (iy) = Wra| \”/
" y y
which converges to 1 as y — oo. O

6. Radial conformal restriction
6.1. Setup for radial restriction sample

Let Q be the collection of compact subset K of U such that
KnNnoU={1},0 € K, K is connected and U \ K is connected.

Recall A, in Definition 1.2. Endow € with the o-field generated by the events
[K € Q: KN A = 0] where A € A,. Clearly, a probability measure P on € is
characterized by the values of PIK N A = (] for A € A,.

Definition 6.1. A probability measure P on Q is said to satisfy radial restriction
property if the following is true. For any A € A, ®4(K) conditioned on [K N
A = (] has the same law as K.

Theorem 6.2. Radial restriction measure have the following description.

(1) (Characterization) A radial restriction measure is characterized by a pair
of real numbers (, B) such that, for every A € A,.,

P[K NA=0]=|®,(0)]*®,(1)". (6.1)

We denote the corresponding radial restriction measure by Q(a, §).
(2) (Existence) The measure Q(a, ) exists if and only if

52 5/8,0 <€(B) = (V2B 117 - )
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Remark 6.3. We already know the existence of Q(5/48,5/8) when K is radial
SLEg3. Recall Theorem 2.1/, if we take an independent Poisson point process
with intensity aué?%p, the “fill-in” of the union of the Poisson point process and

radial SLEg;3 would give Q(5/48 — a,5/8).

Remark 6.4. In Equation (6.1), we have that |®'4(0)| > 1 and ®/,(1) < 1.
Since B is positive, we have ®4(1)? < 1. But a can be negative or positive, so
that |®',(0)|* can be greater than 1. The product |®',(0)|*®',(1)? is always less
than 1 which is guaranteed by the condition that a < &(B). (In fact, we always
have |®',(0)|®’,(1)> < 1.)

Remark 6.5. While the class of chordal restriction measures is characterized by
one single parameter § > 5/8, the class of radial restriction measures involves
the additional parameter «. This is due to the fact that the radial restriction
property is in a sense weaker than the chordal one: the chordal restriction sam-
ples in H are scale-invariant, while the radial ones are not.

6.2. Proof of Theorem 6.2. Characterization.

Suppose that K satisfies Equation (6.1) for any A € A,., then K satisfies radial
restriction property. Thus, we only need to show that there exist only two-degree
of freedom for the radial restriction measures.

It is easier to carry out the calculation in the upper half-plane H instead of
U. Suppose that K satisfies radial restriction property in H with interior point
1 and the boundary point 0. In other words, K is the image of radial restriction
sample in U under the conformal map ¢(z) = i(1—2)/(142). The proof consists
of six steps.

Step 1. For any = € R\ {0}, the probability P[K N U(z,¢) # 0] decays like €
as € goes to zero. And the limit

. 2
lgr(l)P[K NU(z,€e) # 0] /€
exists which we denote by A(x). Furthermore A(z) € (0, 00).

Step 2. The function A is continuous and differentiable for x € (—o0,0)U(0, 00).
We omit the proof for Steps 1 and 2, and the interested readers could consult
[Wul5].

Step 3. Fix x,y € R\ {0}. We estimate the probability of
BIK N Uz, &) # 0, K N Uy, 5) # 0],

Clearly, it decays like €262 as €,0 go to zero. Define f, . to be the conformal
map from H \ U(z, €) onto H that fixes 0 and 4. In fact, we can write out the
exact expression of fy .: suppose 0 < € < |z|. Then

62

Jz,e(2) =2+ P
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is a conformal map from H \ U(z, €) onto H. Define

gac,e(z) — ¢
fa, (2) = b2 (C_a)(gm’c(z) —a)

where a = R(g4,e(7)), b = (ga,e(9)), ¢ = g5,¢(0). Then f; . is the conformal map
from H \ U(z, €) onto H that preserves 0 and 3.

Lemma 6.6.

1
25%%1_% 252 PIK NU(z,¢e) # 0, K NU(y,d) # 0]

= M2)Ay) = NW)F(z,y) - 2M(y)G(x,y)
where
1+22+y? +ay N 1
(1 + 22) y—z’
x+ 2y _ 1
z(l+a?)  (y—=2)*
Proof. By radial restriction property, we have that
PK NU(z,e) =0, K NU(y,0) # 0]
= PKNU(z,e) =0 x PIKNU(y,d) # 0| K NU(z,e) = 0)
= PEKNU(z,¢) = 0] x PIK N fo,(U(y,0)) # 0]

F(w,y)fhm (fme( )7 )

e—0 € 2

G(z,y) = lim = (fxe( )—1) =

e—0 62

Thus,

1
liny lim — 5 P(K 1 U(a, ) £ 0,K (0(y, 8) 0

1
= lim lim ——
=080 €262

x (B[ 1U(y,6) # 0] ~ BIK N U(z,0) = 0] x PIK 1 f1.o(U(y,5)) £ 0]
= lim 5 (A(y) ~ FIK 1 U(z,©) = AU )2 0))

e—0 €2
= lim 5 (PIK U, €) # OA e o)+ A) = AU eI 0))
= Mz)A(y) = N(y)F(z,y) - 2M(y)G(z, y). O

Step 4. We are allowed to exchange the order in taking the limits in Lemma
6.6. In other words, we have that

N(y)F(x,y) + 2A\(y)G(x,y) = N (2)F(y, z) + 2X(2)G (y, z). (6.2)

We call this equation the Commutation Relation.

Step 5. Solve the function A through Commutation Relation (6.2).

Lemma 6.7. There exists two constants cqg > 0,co > 0 such that
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. co+02x2
Az) = 7x2(1 pIEE

Proof. In Commutation Relation (6.2), let y — x, we obtain a differential equa-
tion for the function \. To write it in a better way, define

P(z) = 22(1 + 2%)?\(x),
then the differential equation becomes
P"(x) = 0.

Moreover, we know that A is an even function. Thus, there exist three constants
cp, €1, C2 such that

co+c1x + 02x2

AMz) = ST for = > 0;
Co — C1T + (32332
Nz) = —F———55—, f < 0.
(x) T or
We plugin these identities in Commutation Relation (6.2) and take z > 0 > v,
then we get ¢; = 0. Since A is positive, we have ¢y > 0,c3 > 0. O

Step 6. Find the relation between (a, 8) and (¢, ¢2). Since there are only two-
degree of freedom, when K satisfies radial restriction property, we must have
that Equation (6.1) holds for some «, 8. Note that

P[K NU(x,€) # 0] ~ Mz)e.

Compare it with
L= 7017007,
we have that
a=(cp—c2)/d, B =co/2.

6.3. Several basic observations of radial restriction property

Recall a result for Brownian loop: Theorem 2.14. Let (I;,5 € J) be a Poisson

point process with intensity cufﬁ'%p for some ¢ > 0. Set ¥ = U;l;. Then we have

that, for any A € A,.,
PXNA=0]=|®,(0)°.
Suppose K is a radial restriction sample whose law is Q(«, fp). Take K as the

“fill-in” of the union of ¥ and Kj, then clearly, K has the law of Q(ag — ¢, fp).
Thus we derived the following lemma.

Lemma 6.8. If the radial restriction measure exists for some (ag, Bo), then
Q(a, o) exists for all @ < «g. Furthermore, almost surely for Q(«, By), the
origin is not on the boundary of K.
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V0

FIG 6.1. The curve v is a radial SLEL,,(p) in U from 1 to 0. Conditioned on v, the curve

8/3
~L is a chordal SLE§/3(pf 2) in U\ v2 from 1~ to 0. The set K is the closure of the union

of domains between the two curves.

In the next subsection, we will construct Q(£(5), 8) for 8 > 5/8 and point out
that if K has the law of Q(£(8), ), almost surely the origin is on the boundary
of K. Thus, combine with Lemma 6.8, we could show that, when 8 > 5/8,
Q(a, B) exists if and only if a < £(3). Note that, radial SLEg,3 has the same
law as Q(5/48,5/8) where 5/48 = £(5/8).

Another basic observation is that Q(«, ) does not exist when 5 < 5/8.
Suppose KV is a radial restriction sample with law Q(c, 3). For any interior
point z € H, we define K* as the image of K° under the Mobius transformation
from U onto H such that sends 1 to 0 and 0 to z. Similar as the relation between
radial SLE and chordal SLE in Subsection 5.4, if we let z — oo, K* converges
weakly toward some probability measure, and the limit measure satisfies chordal
restriction property with exponent 3, thus 8 > 5/8.

6.4. Construction of radial restriction measure Q(£(3),3) for
B8 >5/8

The construction of Q(£(5), 8) is very similar to the construction of P(5).
Proposition 6.9. Fiz 5> 5/8 and let

p=p(5) = 5 (-8 +2y/HAF 1 1)

Let 4% be a radial SLEg/S(p) in U from 1 to 0. Given v%, let v~ be an indepen-

dent chordal SLEé%/S(p —2) in U\~ from 17 to 0. Let K be the closure of the
union of the domains between v~ and . See Figure 6.1. Then the law of K is

Q&(B), B). In particular, the origin is almost surely on the boundary of K.

Proof. Suppose (g;,t > 0) is the Loewner chain for 4. For any A € A, define
T = inf{t : vF(t) € A}. For t < T, let h; be the conformal map from U\ g;(A)
onto U normalized at the origin. From Proposition 5.7, we know that

sin ﬂt > 30/8

My = 10 (e x [hy (e O3 (T
sin 0,
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FIG 6.2. The map g is the conformal map from U\ v7(0,t] onto U normalized at the origin.
The map hy is the conformal map from U\ g+(A) onto U normalized at the origin.

is a local martingale, and
Moy = @4 (0)[7 @y (1)°.
See Figure 6.2. If T' < oo,
lim, hy(e™) =0, and lim M; = 0.

IfT =o00,ast — o0

sin 6,

R (0)] = 1, [hi(e™)] = 1, =1,

sin 9
By () P59/ L, By 0 A = 0] 4]

Thus,
PIKNA=0] = Elr—oE[lxna—g] | 77] = E[M7] = Mo. O

6.5. Whole-plane intersection exponents £(B1,...,08p)

Recall that £(By,...,8,) and £(Bi,...,B,) are defined in Equations (1.1, 1.2)
and £(B1, ..., By) is defined in Equation (4.6). For x € R and a subset K C U,
denote ‘ ‘
e"K ={e"z:2z € K}.
For r € (0,1), denote the annulus by
A, =TU\T(0,r).

Proposition 6.10. Fiz 51,...,08, > 5/8. Suppose K1,...,K, are p indepen-
dent radial restriction samples whose laws are Q(£(61),51),- .., Q(&(By), Bp)
respectively. Let v > 0, € > 0 small. Set x; = je for j = 1,...,p. Then, as
e,r — 0, we have
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Pl(e™n K;, NA) N (™2 K, NA,) = 0,1 < j; < ja < p]
re B Bp) &Py By) —E(BL) ——E(Bp)

In the following theorem, we will consider the law of K3, ..., K, conditioned
on “non-intersection”. Since the event of “non-intersection” has zero probability,
we need to explain the precise meaning: the conditioned law would be obtained
through a limiting procedure: first consider the law of Ki,..., K, conditioned
on

[(e™n Kj NA) N (™2 K, NA) = 0,1 < j1 < j2 < p]

and then let r — 0 and € — 0.

Theorem 6.11. Fiz (1,...,5, > 5/8. Suppose Ki,...,K, are p indepen-
dent radial restriction samples whose laws are Q(§(561),81),- .., Q&(By), Bp)
respectively. Then the “fill-in” of the union of these p sets conditioned on “non-
intersection” has the same law as radial restriction sample with law

QUE(B- -, Bp):E(Brs - - Bp))-

We only need to show the results for p = 2 and other p can be proved by
induction. When p = 2, Proposition 6.10 is a direct consequence of the following
lemma.

Lemma 6.12. Let K be a radial restriction sample with exponents («, 8). Let
r >0, € >0 be small. Suppose ~ is an independent radial SLEé/B(p) process.
Then we have

P[0, 4] N (e*“K) = 0] ~ etePPH2)pd=a—a g e p

t

where r = e ", and

p=S(VAIF T 1),

3 3 _
¢=gplptd), 1= (p+p)(p+p+4)

Note that, if B1 = B, B2 = (3p* + 16p +20) /32, = £(B1), then

1P+ =E€B1B2). G- a—a=&(BrB2) —E(Br) — &(B2).

Proof. Let (g¢,t > 0) be the Loewner chain for v and (O, W;) be the solution
to the SDE. Precisely,

e (2
019(2) = gt(z)ethJ_rgtEZ;

AW, = /rdB, + gcot(u
W0:0,00:27r7.

;o 90(2) = z;

Jdt, dO, = — cot(— =
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Given v[0, t], since K satisfies radial restriction property, we have that
P[0, 2] N () = 0]4[0,]] = gi(e™) e
Define
M, = 1T g () gy (") — Ve [3715] g (1) — i P/16,
One can check that M is a local martingale. Thus we have

Ply[0,¢] N (eifK) = (]
E[g;(e")7e']

etla—a+ag [t(q q) ( ) ]
~ rTTITOE[M] =TT MO

Proof of Theorem 6.11. Assume p = 2. For any A € A,, we need to estimate
the following probability

PIKiNA=0,KNA=0|(“K;NA)N (e KaNA,) =0

The idea is similar to the proof of Theorem 4.11. Since K; satisfies radial re-
striction property, conditioned on [K; N A = @], the conditional law of ®4(K;)
has the same law as K; for ¢ = 1,2. Thus

lim PKiNA=0,KyNA=0|(e K NA)N (KN A,) = (]

e—0,7r—0

PKiNA=0,KsNA=0,(e“KiNA)N(e? Ky NA,) = (]

= 1 = :

=00 P[(e K1 NA) N (e2Ky N A) = 0]
— ¥ / &(B1)+&(B2) p/ B1+82

5—>15,If=1—>0 |24 (0)] (1)

PUE K NA) N (€ KN A) =0 KiNA=0KnA=10]
Pl(eic K1 NA) N (2K NA,) = 0]
lim |®,(0)|¢P+EF) g/, (1)Pr+52

e—0,r—0
o P[(®4(e’) K1 N®a(A, \ A) N (Pa(eP)VKaND4(A,\ A)) = 0]
B0 Ky 1 &) 1 (02K 1 ) = 0]
— |q)£4(0)|§(51)+£ B2) @’ ne )/3’1+52 (I);‘(l)é(ﬁl#b)|(I)14(0)|E(ﬁ1,ﬁ2)*f(ﬁ1)*f(ﬁ2)
13

_ |q)£4(0)|§(51 B2) ! (1 (1) (B1:B2) O
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