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In the (k + 1)n dimensional space P, where the transformation group is given by
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the adapted basis in tangent and its dual space is constructed. The Einstein-Yang-
Mills equations which give the extreme value of integral of action
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(L is Lagrangian, g is the determinant of the metric tensor) are determined. They
are similar to those obtained from Gh. Munteanu in [22].

1. Natural and adapted bases

Let P be a (k + 1)n dimensional C* manifold in which some point p in
local chart (U, ¢) has coordinates

(yOa’ yla7 y2a7 L ,yka) — (yAa)

(1.1)
A B,C,DE,...=0,1,2,....k, a,bcdye,...=1,2,... n.

If in another chart (U’,¢’) the same point p has coordinates
(y° yt 42 y*"), then the allowable coordinate transformations are
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given by
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Definition 1.1 The transformations of type (1.2) are called gauge trans-
formations of order k.

The natural basis of T*(P) is
B* = {dy°, dy*, ... dy*}. (1.3)
Under the transformations of type (1.2) the elements of B* are transforming

in the following way:

dy® = (Dopy®® )dy®®,

dy'® = (Bopy™ ™ )dy®® + (Brpy™ )dy'®, .. ., (1.4)
dy*a" = (Qopy™@ ) dy® + (B1py* )dy™® + - -+ + (Oppy*e ) dy™®,

where

0
aAbzw, A=0,1,...,k.

If we introduce the notations:

dyOa' dyob

ey = |V e = | (15)
.dyka/ .dykb
@ObyOa: 0 e 0

A = Aoy dwpy™™ -+ 0 ’ (1.6)

8Obyka/ albyka/ . akbyk:a
then (1.4) can be written in the form
Ay = [T55 dy™"). (1.7)
The elements of the Jacobian matrix are matrices of type n x n. If

rank[J4¥] = n(k + 1), (1.8)
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then exists inverse transformation of (1.2), which is the same type. The
identity transformation is the special case of (1.2) and where the composi-
tion is defined, the product of two transformations is also of type (1.2).

Theorem 1.1 The transformations of type (1.2) form a pseudo-group.

The natural basis of T'(P) is
B = {804, 014as- - -, Oka}- (1.9)

The elements of B under transformations of type (1.2) are transforming as
follows:

e = (00ay° )0 + (B0ay™ )01y + . + (Doay™ )k,

O1a = (8129 )01y + - + (01a¥* )0kt ..., (1.10)
Oka = (Okay™ ) Oy -
If we use the notations
[04a] = [00a014 - - - Okals [0Bb'] = [Oopr O1p - - - Ok ], (1.11)
then (1.10) can be written in the form:
[0aa] = [O50/][T5Y - (1.12)

Remark 1.1 The transformations of type (1.2) are more general as those
in Osc*M. The allowable transformations in Osc*M are the special cases
of (1.2). The relations
ayOa/ ayla' ayka/
Oya - Oyla - - 8yka )

(1.13)

ay(A+B)a/ A+ B 8yAa’
8yBa - ( B ) 8y0a ’
which are valid in Osc* M ([6], [7]) in P are not valid in general case.
We shall construct the adapted basis

B* = {6y, oy, 65>, ..., 6y"*} (1.14)
of T*(P) in the following way:
6y0a — dyOa

5y1a — dyla + M(_)l;;ldy()b7
Sy?e = dy?* + M3rdy* + M2edy®, ...,
Syke = dyke + MEe ), dy®=D8 - My,

(1.15)
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If we introduce the notations

R
A 5y1a A MOQZjJ, Mb2a 6(1 0
[0y = | . , [M£] = ob Mip Op v , (1.16)
. ka
o M Mg Mg - 5

then (1.15) can be written in the form:
[6y ] = [M551dy™"). (1.17)

We shall determine the functions M#g in such a way, that the elements of
B* =

{0y, §yte, ... 6y*?} are transforming in the following way:
sy = pAvgte paa O (1.18)
Yy = Dyq 0¥ AaiayAa, T Yy dy ey Yy .

no summation over A.
Remark 1.2 The transformation (1.18) is more general, then the corre-
sponding formula
B oz% B 8y0a’
dza  oyoa
in T*(Osck M), because in T*(P) (1.13) is not necessarily satisfied.
We have:

sy = B sy, BY

Theorem 1.2 The elements of the adapted basis B* of T*(P) determined
by (1.17) satisfy the transformation law (1.18) if the functions Mj2 are
transforming in the following way:

[Bﬁg,][Mgf] = [Mgﬁl}[Jgf/], (no summation over A) (1.19)
where
doa® 0 - 0
, 0 Oy -+ 0
[Bisl=| . : (1.20)
0 0 - Sy

or in the explicite form
A+B)a’ A+B)a A+B)a’ / A+B)d’ 4
By e M = MG 0,4 + MU 04y DY (121)

o My 0y



Proof. Using (1.7), (1.17) and (1.18) we can write:
[y = (M [dy®"] = Mz 11T 1dy©°],

6y = [BAY |[6y™*] = [BAY | [MEdy©],
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no summation over A. From the above two equations it follows (1.19).

From (1.2) and (1.19) it follows, that

M@= MR (00 yla g2 yArB)a),

for0<A<A+B<k.
We shall construct the adapted basis
B = {6Oaa 61(17 R ;5ka}

of T(P) in the following way

S0a = Ooa — N2, — NZOoy — -+ — NEL O,
0a = O1a — N20op — -+ — Nf0Oy, ...,
61(:0, = aka.

If we introduce the notations

[5Aa] = [(SOa(Sla ce. 61@(1]7 [5Aa’] = [600/51(1’ cee 51@(1’]7

52 0O ---0
—N(}f; 53 e 0

N = | NG N o

kb kb b
_N0a _Nla w0

a

then (1.23) can be written in the form:

[64a] = (O] [N £3)-

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

We shall determine the transformation law of functions N5 under condi-

tions that the elements of B are transforming in the following way:

Saa=BA" 40 A=0,1,2,... k,

(1.27)

no summation over A. (1.27) in the matrix form can be written as follows

[04a) = [64a/][BA]-

(1.28)
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We have

Theorem 1.3 The elements of the adapted basis B of T(P) satisfy the
transformation law (1.27) if the functions NE° are transforming in the
following way:

(NS BAG | = [T55 1IN, (1.29)
or in the explicite form

A+B)a’ yr(A+B)c A+B)b A ¢
B((A+B))a Nz(éla’ ) :Nzgla )6(A+B)by( ) +

NP2 4 g 1y AP 4 4 (1.30)
N,Exgﬂ)ba(BJrl)by(AJrB)cl — Opay AT

Proof. From (1.12) and (1.23) and (1.28) it follows
[0a] = [050][NZ3) = [Dce )5S 1INAD),
[64a) = [Baw][BA: | = [0ce ] INGZ ] [BAG |-
From the above two equations it follows (1.29).
From (1.29) and (1.30) we have

A+B)b ALBYb, 0a  la . 2a "
NG = NG (00 yla g,y At D)) (1.31)

for0< A< A+B<k.

Theorem 1.4 The necessary and sufficient condition that the adapted basis
B* is dual to the adapted basis B, when B* is dual to B, i.e.

[6y7°)[0a) = 5K 05T (1.32)
is the following equation:
[MAINES] = 668.1. (1.33)

The explicit form of (1.33) is:

A+B)b A+B)b A+B)b A+1)c
Nx(4a ) = M1(4a ) _M((AJrl)Z Nx(4a ) -

A A+BIb pr(A+2)e

RIS N _ pfA+BD  \r(A+B-1)c

(A+B—-1)c” "Aa
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Proof. The substitution of (1.17) and (1.26) into (1.32) gives
[6y"*)6ce] = [M£[dy"*)[0pa] [NES] =
[MEQOBOGIING] = [MEG)INEE) = 6861
(1.33) means, that the matrices [M£?] and [NA2] are inverse matrices.
Theorem 1.5 The elements of natural basis B are connected with the el-
ements of the adapted basis B in the following way:
[0a) = [0B0][M 5. (1.34)
The explicit form of (1.34) is
Doa = O0a + MLo1s + MG200 + ... + Mook,
01 = 014 + MEbap + -+ 4+ M0k, ...,
Oka = Oka-

Proof. The multiplication of (1.26) with the matrix [MZ¢] and (1.33)
results

[64a][MEE] = [0m]INEIIMEE] = [06]065T = [Oce].
The above equation is equivalent to (1.34).
Theorem 1.6 The elements of the natural basis B* are connected with the
elements of the adapted basis B* in the following way
[dy"] = (N3 1[5y"™"). (1.35)
The explicit form of (1.35) is
dyOa — 5y0a
dyla _ 5y1a o N&lt)z(syOb
dy?® = 5y — NEoy'® — Ny, ...,
dyka — (SykG _ N(kkail)b(sy(k—l)b L Ngf&yOb.
Proof. The multiplication of (1.17) with [N¢] and (1.33) results
INGE)5y) = (NSSIMAFdy™) = 0555 11dy™] = [dy].

The above equation is equivalent to (1.35).
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Definition 1.2 Some tensor T in the space T(P) ® T*(P) is a d-tensor if
it can be expressed in the form
T = T4%,04, ® 6y"° (1.36)
and the components of T under (1.2) are transforming as follows
TAal;b’ = TAaBbBﬁg/ngH (1.37)
no summation over A and B.
This transformation is good defined, because
T= TAal/?b/ daa ® 5be/ = TAaBbBﬁg/ng’éAa' ® 5be,
= TA%, 54, @ 6y,

In the above equation (1.18) and (1.27) was used.

2. The Einstein-Yang-Mills equations in gauge spaces of
order k

The metric tensor in P is a symmetric, positive definite tensor of type (0, 2).
In the natural basis B* of T*(P), G has the form

G = Gaappdy**@dyP® = [dy**) T [Gaaps])@[dy®P?], (T— transposed ). (2.1)
From (1.35) we have
[dy®*] = [NEI0y“°), ldy™)" = oy INpa)T,
so (2.1) can be written in the form
G = [0y" " [gpace] © [6y°°] = gpaceoy™? @ oy (2.2)
where
[9pace] = [Np§]" [gaans][NES)- (2.3)

Let us denote by T, T7, Ty, ..., T; the subspaces of T*(P) generated by
{690}, {6y}, {0y22), ..., {0y**} respectively. If they are mutually or-
thogonal to each other with respect to the metric tensor G, then all blocks
in matrix [gpace] for which D # C' are equal to zero.

Theorem 2.1 The subspaces T55, T5, T, ..., T of T*(P) are mutually or-
thogonal to each other with respect to G, if and only if

G = G0a0v0y"® @ 6y + 9141605 @ 0Y'® + - - + Grarpdy*e @ Sy*Y. (2.4)
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Let L(y°,y'?,...,y*) be a Lagrangian defined on the compact set
Q c R**+1) As it is a scalar field we have

Ly g, yf) = Ly ). (2.5)
We shall suppose that the adapted basis B = {Jg4, 614, - - - , 0y**} are chosen
in such a way, that T, 1Y, ..., T) are mutually orthogonal to G, i.e. when

(2.4) is satisfied. We have
g = det|gaans| = det|goaos|det|gratp] - - - det|grakb|- (2.6)
and
Gaaas = gawaw BAY B4Y, A=0,1,... k. (2.7)
From (1.6) it follows that the Jacobian matrix

D(y  yte . ykr)

i ] = Dy, y1b, ..., ykb) (2.8)
is a triangle matrix which has blocks ng/’ Blll‘}/, ceey B,’jg/ on the main di-
agonal, so
[ = 1Bos 1B ] |BE |- (2.9)
From (2.6) and (2.7) it follows
|9Aaab] = ‘gAa’Ab’||B£gl||Bﬁg,| = |gAa’Ab’HB£g,|2a (2.10)
A=0,1,2,... k.
The substitution of (2.7), (2.9) and (2.10) into (2.6) gives
g = det|gaaps| = det|gaapy||J> = g'|J|*. (2.11)
Let us define the Lagrangian density by
Ly yte, . %) = Ly, yte, ... ,yk“)\/j (2.12)
The substitution of (2.5) and (2.11) into (2.12) results
LM,y = L™y )V (2.13)

= E(yoa Lyl )| J]-

The elementary volume element dw in Q under coordinate transformation
(1.2) is transforming in known way:

dw(yoa Lyt ,yk“ ) = \J|dw(y0“7y1“, e y}w). (2.14)
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Proposition 2.1 The integral of action

1= /[,(yoa, yle, k) dw (2.15)
Q
does not depend on coordinate system if and only if L(y°*, y'e, ..., y*?)
satisfies the relation
L2 y' ) = Lyt ). (2.16)

Proof. I is invariant if

Ly yt, .yt )dw(y®, y'e, .yt = (2.17)
£(y0a’7 yla’, o 7yka’)dw(yOa" yla’7 o ’yka').
The substitution of (2.14) into (2.17) results (2.16). The proof in the op-
posite direction is obvious.

From (2.12) and (2.13) we obtain that one example for £, which gives
coordinate invariant action is

L0y, Y™™ = gLy, v, .. yF).

Proposition 2.2 For arbitrary C? function L(y,y'?, ..., y**) the follow-
ing relation is valid:

dL = (60a L)y + (61aL)0Y" + - - - + (0pa L)dy™. (2.18)
Proof. As £ = L(y°%,y', ..., y**) we have
dL = (00a £)dy"* + (D1aL)dy"* + - - + (Ora L)dy™*. (2.19)
The substitution of (1.34) into (2.19) gives:
dL = (8oa + MyYo1, + Mggdop + - -+ + Mgy ) Ldy™ (2.20)
+ (010 + M0y + -+ + ME20) Ldy™® + -+ + o Ly
= (JoaL)dy" + (51aL)(dy" + Mog'dy™) + - -
+ (kL) (dy®® + - + MECdy™® + ML dy).

From (1.17) and (2.20) it follows (2.18).

We shall suppose that the Lagrangian L(y%®, y'?,... y*%), is the function

of ¢a (yOa, yla, B ’yk:a)’ 30a¢a (yOa, yla’ s ’yk:a)’ ala¢a(y0aa yla’ v 7yka)7
e O (2%, e, . yF?), where o = 1,2, ..., p.
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For the simplification we shall consider only one function
¢ = oy, y'e, ..., y*) and use the abbreviations

IP(ye,yte, ..., Oyk?) 4
ayAa ?

Opad = =0,1,...,k.

Now we have

E(yoav ylaa sy yka) = £(¢7 60a¢> 81a¢7 ey aka(b) (221)
= \/EL(QZ?, aOaQb, ala(ybv cee >aka¢)

and the integral of action has the form:

I(¢) = /£(¢a 80a¢a ala¢a ey 8ka¢)dW. (222)

Q

We are looking for such function ¢, for which I(¢) has maximal or minimal
value, i.e. for which §1(¢) = 0.

For the simplicity we shall suppose that Q is the (k + 1)n dimensional
rectangle, such that

bOa bla bka
/dw: /dyOa/dyla._./dyka’ (223)
Q ala ala aka
where
bAa bAl bA2 bAn
/dyAa: /dyAl/dyAQ---/dyAn, A=0,1,2,... k. (2.24)
qAa aAl aA2 aAn

The variation of ¢ on the boundary of € is equal to zero, i.e.
Sp(b% yte, L yR) = 8¢ (a®, gyt .yt =0, ., (2.25)
5¢(y0a7 o 7y(k—l)a7 bka) _ 5¢(y0a’ e y(k—l)a’ aka) =0,

fora=1,2,...,n,
where for instance
5¢(y0a, R bA2, .. ,y’m) = (2.26)

6¢(y017"'7y0n7"'7yA1bA27yA37'"7yAn)""yk:17'"’ykn)7
A=0,1,2,... k.
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From the variation principle we have

1(6) = [ 5LG " ) (2.27)
Q

oL oL oL
— / |:8¢§¢ + mé(&)aqﬁ) + -+ m(;(aka(ls) dw.

Q

From (2.21) it can be seen, that £ is a function of independent variables
@, 00, - - ., Okad. To express this fact in (2.28) we shall write

oL ac oL ac

0(00a0)  d(00ad)’  0(Okad)  d(Okad) (2.28)
From (2.18) it follows
L($, 000, D10, - - -, Okad) = L(, 8000, 010, - - - Oka®), (2.29)
where (see (1.23)
5Ob¢ = 80b¢ - N&ﬁaméﬁ - Nngaméb - N(?baakagbv
S1p = Oy — N2Dyup — - — NG, . .., (2.30)
Oka® = Oka -
We have
_dc oL 0(0we)  OL
A0 = D00t~ T000d) DBo0ad)  00ad) (2:31)
Ao 4L 0L 00u9)  OL 0(0ud)
LT d(0109)  9(0009) 9(D1a0) | (0150) D(100)
o s oL |
9(01a0) 3(6op)
dL oL oL oL
A _ _ _ 2a _ 2a
2= 1000) ~ 900200) 0 0008) O 3o00a)
dc oL 5, OL 5, OL 5 OL
Az =

_ _ an73a _ _ -
FTE NP TE s S Tr s S U T S S TP S

dl oL oL oL
AL = _ _Nka _”._Nka
BT A(0had)  O(0kad) F=DP 05 k—1)p) ' 9(01,0)
o OF




We shall suppose, that
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5(00a9) = (00a69),6(01a9) = O1a(60), ..., 0(Ikat) = Oka(09).  (2.32)
From (2.28) and (2.31) we get
ac ac oL
6£ - %5¢ + d(a()aQb) 6(80a¢) + a(ala¢) 6(Bla¢) +o 4+
oL
t ) Orad) = (2:33)
oL
= 875&{) + A06(00a®) + A10(D1ad) + -+ + Apd(Oka®)
oL
= %(M + A000a(09) + A101a(6¢) + - - + AOka(50)
oL
= %M + 000 (A000) + 01a(A109) + - - + Oka(Akdd)
— (00aA0)d¢ — (01a41)0¢ — -+ — (OkaAk)I¢.
Using (2.24) and (2.25) we have
bla, b2a bka bOa
[ onassro = [aye [apee [ [ ona(ansorin
Q ale a2a aka ala
bla, b2a bka
= [aye [aye [ateao)in =0 s
In the similar way we obtain
/ala(A15¢)dw =0,... ,/3ka(Ak§¢)dw =0. (2.35)
%) )
From (2.33)—(2.35) we obtain
oL
5[((}5) = /(5£)dw = / <8(b — 80aA0 — 81(1141 — = 5‘kaAk> 5¢)dw
9) Q

(2.36)
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The extreme value of integral of action is obtained when £ = 0. If we in
(2.36) substitute Ag, Ay, ..., A from (2.31) we get

oL oL
5,6:——8&—]\[128 —--~—Nk£8 . 2.37
5~ (Goa = NoaOu 020k B 500) (230
oL
J— J— 2b [ R — kb [ R —
(81a Nlaa2b Nlaakb) a(alad))
oL
_(aka)m +Bo+Bi1+ By + -+ Bk—1),
where
3£ 1a 2a ka
Bo = m[ala]vob + 02a Ny + -+ + OeaNoy |
oL
By = m[azafvf;: + O3aNif + -+ + Oka N
oL
BQ = m[aiiaNSg +---+ akaNQkIﬂ
oL o
B(k—l) = akazv(kk—l)b'

I((k-1)p9)
Using (1.23) we have

Theorem 2.2 The extreme value of integral of action is obtained, when
0L =0, i.e.

R R o R B
+ Bo+Bi1+Ba+ -+ By-1) =0,
In Osc* M we have
NG = NG y0a yla L yPe) = (2.39)
B1=0,By=0,...,By_y =0. (2.40)

Proposition 2.3 In Osc*M the integral of action has extreme value if

oL oL oL oL

=90 " 0ad) 0wt B(00ad)

+ By =0. (2.41)
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As from (2.19) we have £L = /gL and /g is not the function of
@, Qoa®, 0100, - - ., Ika®, so from (2.38) we obtain

Theorem 2.3 The FEinstein- Yang-Mills equation for the gauge transfor-
mation of order k given by (1.2) expressed as function of the Lagrangian L
and the metric function g is given by

9 P P 9
L = — — 00 — 014 e P ——
Vo Kaas % D Gond) O (01ad) ¢ 6(%@)
oL
((50 ¢> [31a + 62a ob + -+ akaNéc}ﬂ
oL y
+ m[aQaNl + agaNlb + + akaNlb } (2.42)
oL
+ m[asaNS; + ot OhaNog ]+

v N
A6 (r_1)p9) ka Vi

oL oL OL
- {awom‘i’“ o) e T T (%m)‘ska}f‘o'

Proposition 2.4 In Osc*M the integral of action has extreme value if

oL oL oL oL
o= ‘@K&b 00 3 G0ad) 1 D(01a0) "'5’“6(%@)

oL
—— _[01a N 4 oo N + -+ - + O NEO 2.43
+ 5(501)(25)[ 1aNVop T+ O2aNVgy + -+ + O Ob]:| (2.43)

OL oL 0
B [6(6%@5"”a(&m)‘””"' (%m)‘ska}f 0

Proof. The proof follows from Theorem 2.3 and equation 2.40.
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