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We discuss a way to define minimal lightlike surfaces in Minkowski space.

1. Introduction

The minimal two-dimensional surfaces in the Euclidean space E™ have vari-
ous characteristic properties which can be viewed as definitions of minimal-
ity. The classical definition says that a surface F? in E™, n > 3, is minimal
if its mean curvature vanishes, H = 0. Minimal surfaces are critical points
of the area functional, the position-vector of a minimal surface in E" is
harmonic in terms of isothermic coordinates, etc [1]. One of the most use-
ful properties of minimal surfaces is their deformability. Namely, a surface
in B admits a continuous family of conformal G-transformations different
from translations and homotheties if and only if it is minimal [2]. Here a G-
transformation is defined as a regular mapping F? — F? which preserves
the Gauss image, i.e. the planes tangent to F2 and F? at corresponding
points are parallel.

The aim of this article is to introduce a natural analogue of minimal surfaces
for the class of lightlike surfaces in the Minkowski space M™. Recall that
there are three types of two-dimensional planes in M™: a two-dimensional
plane II2 in M™ is called spacelike, timelike or lightlike if it contains zero,
two or one null directions respectively [3],[5]. A two-dimensional surface F
in M™ is referred to as spacelike (timelike, lightlike), if all planes tangent
to F? are spacelike (timelike, lightlike respectively). Every space- or time-
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like surface in M™ has a non-degenerate semi-Riemannian metric induced
from ds%;, so we can consider all the fundamental intrinsic and extrinsic
geometric notions. In particular, one can define such notions as the mean
curvature and the minimal (maximal) space- and timelike surfaces. As for
the lightlike surfaces, whose induced metrics are degenerate by definition,
it is not clear what kind of lightlike surfaces may be treated as minimal and
what is the mean curvature. For our best knowledge, a unique attempt to
define the mean curvature for lightlike submanifolds was accomplished in
[4] for the lightlike hypersurfaces in semi-Euclidean spaces, see also [5].

Our idea is to use the mentioned deformability property of minimal surfaces
in E™. It turns out to be true that the space- and timelike surfaces in
M™ have the same property [6]: a space- or timelike surface F? in M™
admits a continuous family of nontrivial conformal G-transformations if
and only if the mean curvature of F? vanishes, H = 0 . Moreover, for
every spacelike (timelike) surface F'?> with vanishing mean curvature in M™
its conformal G-transformations are well represented by pairs of conjugate
harmonic functions (two functions of one argument, respectively) in terms
of isothermic coordinates on F2. It is useful to recall that a spacelike
(timelike) surface F'? in M™ is parameterized by isothermic coordinates iff
its position-vector p(ul,u?) satisfies

<au1pa au1p> = €<au2p7 8u2p>7 <au1p, au2p> =0,
and then the vanishing of the mean curvature reads
8u1u1p + Gauzuzp =0,

here (,) stands for the inner product in M™, e =1 and € = —1 correspond
to the spacelike and timelike cases respectively [7], [8], [9].

As for the lightlike case, it turns out that from the local point of view
there are two classes of lightlike surfaces which admit non-trivial conformal
G-deformations. One class consists of the null-ruled surfaces. A null-ruled
surface in M™ is formed by null straight lines of M™, it may be parameter-
ized in such a way that its position-vector p(u!,u?) satisfies

<8u1 P, 3u1 p> = 0, <8u1 P, auz p) = 0, 8u1u1p = 0,

2 = const are null straight lines and u! is an

affine parameter on them. This class of lightlike surfaces is formally relied
to the space- and timelike surfaces with vanishing mean curvature: we have
to set € = 0 instead of € = +1.

i.e. the coordinate curves u
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The other particular class consists of lightlike surfaces which are referred to
as strongly lightlike. By definition, a strongly lightlike surface is not null-
ruled and it may be parameterized in such a way that its position-vector

p(ul, u?) satisfies three conditions:

<au1pa au1p> = Oa <au1p7 6u2p> = 07

2

i.e. the coordinate curves u? = const in F? are null curves, and besides

Outuzp = POyip+ Q0,2p.

This class of surfaces was described earlier by K. Ilienko [10], [11], [12] in
terms of twistors and spinors but without any geometric interpretations.

Since in the lightlike case only the null-ruled and strongly lightlike surfaces
admit continuous families of non-trivial conformal G-transformations, just
like the minimal surfaces in E™ and the minimal (maximal) space- and
timelike surfaces in M™ do, then the null-ruled and strongly lightlike sur-
faces may be also treated as minimal. It has to be remarked that every
lightlike surface in M? is null-ruled; in M* the strongly lightlike surfaces
are generic, whereas the null-ruled surfaces form a particular class of light-
like surfaces; in M™, n > 4, generically a lightlike surface is neither strongly
lightlike nor null-ruled.

The structures of null-ruled surfaces are quite simple, they were intensively
studied from different points of view. On the other hand, the strongly light-
like surfaces were neglected, so our principal aim is to study this new class
of surfaces. After proving the existence of continuous families of non-trivial
conformal G-transformations for null-ruled and strongly lightlike surfaces,
we will describe in more details the conformal G-transformations of strongly
lightlike surfaces. Next, we will consider Laplace transformations between
strongly lightlike surfaces and prove that Laplace transformations commute
with conformal G-transformations. Finally, we will present some examples
of lightlike surfaces in M™.

2. General conformal G-transformations

Let 20, ..., 2"~ ! be Cartesian coordinates in the n-dimensional Minkowski
space M™, the metric of M™ reads

ds}y = (d2°)? — (da')? = (da?)? - ... — (da" )2,

Consider a regular two-dimensional surface F? in M" represented by a
position-vector & = p(u',u?). The regularity of F? means that at every
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point P € F? the vectors d,1p and ,2p are non-collinear and span the
tangent plane TpF? to F?. The metric induced on F? from ds%; reads
ds? = gijduiduj , where g;; = (0, p, 0, p) are corresponding inner products
in M™.

Suppose the given surface F?2 is transformed to another surface F2 with
position-vector p(u',u?). The transformation ¢ : F? — F? is said to be
a G-transformation if the tangent planes to F2 and F? at corresponding
points are parallel, i.e. the following equalities hold:

O0u1p=A0u1p+ BOy2p, (1)

Ou2p=C0up+ D0y2p, (2)

where A, B, C, D are some functions of variables u!, u?.

Clearly, translations and homotheties in M™ generate G-transformations of
surfaces, they are referred to as trivial. Translations are described by A =
D =1, B =C = 0, whereas homotheties correspond to A = D = const,
B=C=0.

On the other hand, non-trivial G-transformations may exist too, so it is
an interesting problem to study such kind of mappings. The existence of
non-trivial G-transformations is relied to some restrictions for A, B, C,
D, which arise from the compatibility of (1)-(2), Oy1y2p = Oy241p. These
restrictions are following:

(8u2A — O C) Ouip + (8uzB - 6U1D) Oz p (3)
—Caululp + (A— D) auluzp + Bau2u2p = 0.

Generically we have a system of algebraic and differential equations for A,
B, C, D, whose compatibility depends on linear relations between 9,1 p,
Oz p, Oury1p, Oyiyzp and Oyz2,2p. Besides, since we consider regular G-
transformations only, the functions A, B, C, D have to satisfy an additional
constraint:

AD—BC #0. (4)

Now assume that the G-transformation ¢ : F2 — F? is conformal. Tt
means that the metric ds? = §;;du’du’ of F? is proportional to the metric
of the initial surface F2, gu _ N2 _ 922 1t gollows from (1)-(2) that v

g11 g12 922
is conformal if and only if A, B, C' and D satisfy the following conditions:

A%g11 +2ABgio 4+ B%gs2  ACg11 + (AD 4+ CB)gi2 + BDga

gi1 gi2
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C?%g11 + 2CDg1o + D?gos
922 .

()

Thus, the surface F2 C M" being given, the existence of conformal G-
transformations for F2 depends on the solvability of (3)-(5) with respect
to A, B, C, D. Generically we have trivial solutions only that corre-
spond to translations and homotheties. However in some particular cases
there are either finite sets or continuous families of non-trivial conformal
G-transformations. We will study continuous families of conformal G-
transformations which are referred to as conformal G-deformations. From
the analytic point of view, the question is when there exists a continu-
ous family of non-trivial solutions A(ul,u?;¢), B(ut,u?;¢), C(u',u?;e),
D(ut,u?;¢€) of (3)-(5) , here ¢ is a family parameter. It is natural to sup-
pose that the desired family starts from a trivial solution A(u!,u?;0) =1,
B(ut,u?;0) =0, C(ut,u?;0) = 0, D(u',u?;0) = 1. For space- and timelike
surfaces the discussion is quite simple and similar to the Euclidean case, if
we apply isothermic coordinates. Our aim is to analyze the case of lightlike
surfaces.

3. Conformal G-transformations of lightlike surfaces

Now assume that the regular surface F? is lightlike. It means that the
differential form ds? induced in F? from ds%, is degenerate, g11ga2 — gis =
0. In this case it is conventional to call ds? a degenerate metric [3], [4],
[5]. In this case at every point P € F? there exist a unique well defined
null direction in the tangent plane TpF?. As consequence, F? is foliated
into a one-parameter family of null curves. Without loss of generality we

can specify the coordinates u', u? in such a way that the coordinate lines

u? = const are just the mentioned null curves in F2. Then the metric of
F? reads ds? = goo(du?)?, i.e.
g11 = <6u1p7 8u1p> =0, (6)
912 = (Ou1p, 0yzp) = 0. (7)
Remark that if we chose another local coordinates u! = wul(al,d?),

2

u? = u?(4?), then the coordinate lines 4> = const in F? will still null

and the metric will be written as ds? = §ao(da?)?.

The planes tangent to F2 and EF? at points corresponding under the G-
transformation 1 : F?2 — F? are parallel. Therefore F? and F? are of the
same causal type, so F2 is lightlike. Moreover, if we specify u', u? so that
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(6)-(7) hold, then the conditions (5) read:
B =0. (8)

So, the G-transformation 1 : F2 — F? is conformal iff it maps null
directions tangent to F2 into null directions tangent to F2. Such mappings
of lightlike submanifolds are sometimes referred to as radical preserving.

Because of (8), the equation (3) is rewritten as follows:
(8u2A — Oy C) Ouyrp — 0D Oyzp — COyry1p + (A - D) Oyryzp = 0. (9)

Besides, the regularity condition (4) holds iff A and D don’t vanish. We
see that if the vectors 0,1 p, Oy2p, Oyiy1p and J,1,2p are independent, then
(9) has trivial solutions only, C = 0, A = D = const, they correspond to
trivial conformal G-transformations.

Proposition 3.1 If a lightlike surface F? in M™, with position-vector
x = p(ut,u?) and metric ds®> = goo(du?)?, admits a non-trivial conformal
G-transformation, then the vectors Oy p, Ouzp, Ouryrp and Jyi2p are line-
arly dependent.

The described necessary condition for the existence of non-trivial conformal
G-transformations is invariant with respect to mentioned scaling changes of
coordinates, u! = ul(at, 4?), u? = u?(4?), which preserve the nullity of one
family of coordinate lines. How it is restrictive depends on the dimension
n.

Lemma 3.1 Let F2 be a lightlike surface in the n-dimensional Minkowski
space M™. Assume that F? is represented by a position-vector p(ul,u?) in
such a way that coordinate lines u>
of F? reads ds® = goo(du?)?.

= const are null curves, i.e. the metric

1) If n = 3, then Oy 1p and Oy12p linearly depend on O,1p, Oyz2p.
2) If n =4, then 0y1p, Oyzp, Oyry1p and Oyiyz2p are linearly dependent.

Proof. The coordinates on F? are specified in such a way that (6)-(7) hold.
If we differentiate these equalities, we obtain

(Ou1p, Ouryrp) = 0, (10)
(Ourp, Oyryzp) = 0, (11)
(Ouzp, Oyranp) = 0, (12)
(Ouzp, Ouryzp) + (Oy1p, Ouzy2p) = 0, (13)
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It follows from (7), (10)-(11) that Oy2p, Oy1yrp and 91,2 p are orthogonal to
the null vector 9,1 p. On the other hand, the subspace of vectors orthogonal
to a given null vector in M™ is (n — 1)-dimensional and contains this null
vector itself. Hence if n = 3, the subspace orthogonal to J,1p is two-
dimensional and it is spanned by 0,1 p and 0,z2p, 80 Oy1,1p and Jy1,2p are
linear combinations of 9,1 p and J,2p.

If n = 4, the subspace orthogonal to 0,1p is three-dimensional and it con-
tains 91 p, Oy2p, Oyryrp and y1,2p, 80 Oy p, Ou2p, Oyryip and Jy,1,2p are
linearly dependent, g.e.d.

If n > 4, the dimension of the subspace orthogonal to 0,1 p is greater than
or equal to 4. Therefore generically the vectors 0,1p, Oy2p, Oyiyip and
Oy142p are linearly independent. However in some particular cases linear
dependencies between the vectors in question may exist, it gives us a way
to distinguish particular classes of lightlike surfaces in M™, n > 4.

From the local point of view, three different classes of lightlike surfaces in
M™ may be defined:

A) Oy11p linearly depends on d,1p and 0,2p at every point of F2;
B) Ou1p, Ou2p and 9,11 p are independent, whereas Oy 1,2p is its linear
combination, at every point of F?2;

C) Ourp, Oyzp, Oyryrp and Oy1,2p are independent at every point of
F2,

The case C is trivial because of Proposition 3.1. It is a generic situation
for n > 5.

The case A describes null-ruled surfaces. To see this, suppose 91,1 p lin-
early depends on 0,1 p and 0,2 p. Since 0,141 p and 0,2 p are orthogonal, then
Oyry1p is collinear to d,1p. One can chose an admissible scaling change
of coordinates u! = u'(a!,4?), u? = u?(4%) on F? in such a way that
Oararp = 0, so p = £(a?)at + n(a?), where vector-function &(%?) and n(a@?)
satisfy (¢,&) =0, (¢,1') = 0. Thus the coordinate null curves @2 = const in
F?2 are null straight lines of M™, so the lightlike surface F? is ruled by null
straight lines. It follows from Lemma 3.1, that every lightlike surface in M?
is null-ruled. On the other hand, if n > 3, then the null-ruled surfaces form
a very particular class of lightlike surfaces in M™. A quite simple analy-
sis shows that every null-ruled surface in M™ admits non-trivial conformal
G-deformations and it still remains null-ruled under such transformations.

We consider in more details the case B. So suppose that at each point of F2
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the vectors 9,1 p, 0,2p and 9,1, p are linearly independent, whereas 0,142 p
is its linear combination, Oy1,2p = POy p + Q0u2p + Ry, p. In this case
the lightlike surface 2 is referred to as strongly lightlike. Clearly, F? is
not null-ruled. Moreover, one can specify the choice of local coordinates
ul, u? in F?, by applying a suitable scaling u! = u! (@', 4?), u? = u?(a?),
in such a way that

au1u2p = Paulp + Q0,2 p. (14)

If (14) holds, then u!, u? are called Liouville coordinates in F?. They are

determined uniquely up to scaling changes u' — @' (u!), u? — @?(u?).
It is easy to find the coefficients of (14), if we take into account (6)-(7),

(10)-(12):

pP— <au1u1u2pv au1u1p> Q o <au1u2pa auzp>
<8u1u1pa 8u1u1p> ’ <au2paau2p> .
We remark that the lightlike surfaces described by K. Ilienko [10], [11],

[12] in terms of spinor-twistor representations are just the strongly lightlike

surfaces parameterized by Liouville coordinates.

Proposition 3.2 A strongly lightlike surface F? in M™ admits non-
trivial continuous conformal G-deformations. FEach regular conformal G-
transformation maps F? to another strongly lightlike surface F2, and Liou-
ville coordinates in F? are mapped to Liouville coordinates in F2.

Proof. In order to prove Proposition 3.2, we rewrite (9) by applying (14):
(02 A — 0,1 C+ P(A—D))0yp+ (Q(A— D) — 0,1 D)0y2p — COyrip = 0.

Since 0y,1p, Ju2p and Oy1,1p are independent, then C' = 0, and the non-
vanishing functions A and D solve the following system of equations:

B2A = P(D— A), (15)
duD = Q(A— D). (16)

It is easy to see that this system has many solutions different from
A = D = const. For instance, one can find D from (15) and substitute
it to (16), then we obtain a second-order linear pde of hyperbolic type
for A(u',u?), which has a large variety of solutions. As consequence, the
strongly lightlike surface F? admits many various non-trivial conformal
G-transformations, which can generate non-trivial continuous conformal
G-deformations of F2.
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Let us analyze what kind of surfaces in M™ we can obtain, if we apply a
regular conformal G-transformation to F2. So assume that we have some
non-trivial solution A, D of (15)-(16). In order to construct the corre-
sponding non-trivial conformal G-transformation ¢ : F2 — F2, we have
to integrate the complete system of compatible equations (1)-(2) which now
reads as follows:

aul/5 = Aa’ulpv (17)
Oy2p = D Oy2p. (18)

The solution p(u', u?) of (17)-(18) is the position-vector of the transformed
surface F2. Let us discuss the properties of F2. First of all, it is trivial to
verify that F2 is lightlike, the coordinate curves u>
the metric of F? is d§? = Goo(du?)?, where §oo = goo D?. Next, differentiate
(17)-(18) and take into account (14) and (16):

= const in F? are null,

6u1u1ﬁ = 0,1 A0, p+ ADy1 1 P, (19)
auluzﬁ = PDO, P+ QAauz p. (20)

It follows from (17)-(19), that 0,19, Ou2p and 9y1,1p are independent and
span the same three-dimensional subspace as 9,1 p, 9,2p and 91,1 p do.

Finally, find 9,1 p and 9,2p from (17)-(18) and substitute into (20):
Ouruzp = POy p+ Qdy2p, (21)

here P = P2 and Q = Q4. _Therefore, F2 is strongly lightlike and u!, u2
are Liouville coordinates in F2.

4. Laplace transformations of strongly lightlike surfaces

Let the lightlike surface F? be strongly lightlike and parameterized by Li-
ouville coordinates u!, u? so that (14) holds. Consider the transformation
L : F? — F? represented by the following formula:

1
h=p — =Dyip. 22
p=r= g0 (22)

The mapping L is completely determined by F2, since the vector (1/Q) 0,1 p
is invariant under scaling changes of Liouville coordinates u! — a'(u'),
u? — w?(u?). Following the traditional terminology [13], it is naturally
to call the mapping L the Laplace transformation of F2. Clearly, this
transformation is defined if the coefficient @ from (14) does not vanish.
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Differentiating (22) and taking into account (14) we obtain:

« 01 Q 1
Ou1p = <1 + Q? > Ourp — 6 Oyt p, (23)
A 8u2Q Vig
Oy2p = — Oy p- 24
o= (22— 2 ) o (24)

We see that the transformed surface F2 with position-vector p is regu-
lar (regularly parameterized by ul, u?) iff 9,2Q — PQ does not vanish.
Moreover, it easily follows from (6) and (10), that F? is lightlike, the co-

ordinate curves u' = const on F? are null curves, and the metric of F? is

ds* = gll(dul)Qa where g1 = <8u1u1pa 8u1u1p>/Q2-
Differentiate (24) with respect to u? and apply (14):

9,:Q P 9,20 P 9,20
8u2u2ﬁ: (6u2< Y —>—|—P( 4 —))8u1p+( v - 8u2p.
Q*  Q Q?*  Q Q
Therefore 0y,1p, 0,2p and 0,2,2p are linearly independent, since
0,2Q — PQ # 0 in view of regularity of F2.
Finally, differentiate (24) with respect to u! and replace 9,1 p and 91,1 p

by corresponding expressions in terms of d,1p and 0,2p. We obtain:
8u1u2[) = P8u1ﬁ+ Qaugﬁa

where

0:2Q A Q%0,2Q — 0,1Q0,2Q — Q°P + Q0,1,2Q — Q*9,n P
Q9 Q0.:Q~ PQ) |

Hence, the transformed surface F?2 is strongly lightlike and parameterized

by Liouville coordinates u', u2. So the following statement holds.

P=prP-—

Proposition 4.1 Let L : F2 — F2 be the Laplace transformation of a
strongly lightlike surface F? parameterized by Liouville coordinates. If L is
regular, then the transformed surfaces F2 s strongly lightlike and parame-
terized by Liouville coordinates.

Thus one can apply the Laplace transformation in order to construct a
strongly lightlike surface parameterized by Liouville coordinates from a
given strongly lightlike surface parameterized by Liouville coordinates. It
is easy to check that the Laplace transformation is involutive.

2

Remark that the null curves on F? are u
1

= const, whereas the null
curves on 2 are u' = const. So the Laplace transformation is not con-

formal (radical preserving). Besides, the Laplace transformation is not a
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G-transformation, since the planes tangent to F? and F2 at correspond-
ing points are not parallel. On the other hand, we will demonstrate that
conformal G-transformations and Laplace transformations commute, in the
following sense.

Proposition ~4.2 Let F? be a strongly lightlike surface in M”A. Let
o F? —>AF2 be a conformal G-transformation, L : F? — F? and
L: F?2 — F? the Laplace transformations. Suppose thaAt the mapping L
and L are regular. Then the mapping Lo®o L™ : F—F2isa conformal
G-transformation.

Proof. Without loss of generality we assume that the strongly lightlike sur-
face F'? is parameterized by Liouville coordinates u', u?, and its position-
vector p(u',u?) satisfies (14). Then the strongly lightlike surface F2, that
is obtained from F? by the given conformal G-transformation ®, is param-
eterized by Liouville coordinates u', u? and its position-vector p is relied to
p by (17)-(18), where A and D satisfy (15)-(16). The Laplace transforma-
tion L is represented by the formula (22), and the Laplace transformation
Lis represented by a similar formula:

| —

p=p— = Ourp.

QO

Similarly to (23)-(24), one can write:

S 1Q 1 S :Q P
Ou1p = 1+au~Q Out p— = Oyry1 Py Ou2p = auNQ—T Oy1 P -
Q? Q Q@ Q

Recall that P = P Q= Q4. Taking into account (15)-(18), we obtain:

8u15 =D (1 + agf) Oyrp — g Oty P,
o — (P2Q=PQD Q02D )
Q2
Easy calculations which use (23)-(24) lead to the following final expressions:
Ourp = Dy p, (25)
0f = (D—0,.D—2 .5 (26)
0,2Q — PQ

Therefore the planes tangent to F2 and F? at corresponding points are

parallel, i.e. the mapping L o ® o L' is a G-transformation of £?2 to F2.
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1

Besides, it follows from (26) that the null curves u! = const in F? are

mapped to the null curves u! = const in F2, so the mapping Lo ®o L~ is

conformal. ]

5. Examples

Example 1. Consider a surface of rotation F? in M?* represented by
a position-vector p(ul,u?) = (u!, f(u')cosu?, f(u')sinu? h(u')), where
f(u') and h(u') satisfy (f')*> 4+ (W/)* =1, f # 0. It is easy to verify that
F? is strongly lightlike provided f”h’ — h" f' # 0.

Example 2. Consider a surface F? in M?® represented by a position-vector
p(ut,u?) = (u!, acosul, asinul, beosu?, bsinu?), where constants a and

b satisfy a? + b? = 1. It is easy to see that F? is strongly lightlike.

Example 3. Consider a Cartan surface N? in Euclidean space E" ™1, n > 4:
by definition, N? carries a well-defined net of conjugate curves[13]. Choose
a corresponding local parameterizations of N2, r(u!,u?) = (f'(u',u?),
ey fP7(ut,u?)); the conjugacy of coordinate curves on N? means that
Oy1q27 18 a linear combination of 9,17 and 0,2r. Assume that the conju-
gate coordinates u', u? in N? are semi-geodesic, i.e. the metric of N? is
do? = (du')? + G(du?)?. The surface N2 being fixed as the base, consider
the surface F2 in M™ with position-vector p(ul,u?) = (u', fl(u!,u?), ...,
P (ut,u?)). Tt is easy to verify that F? is lightlike. If the base surface
N? is not ruled by straight lines, then F? is strongly lightlike.

Example 4. Consider the two-dimensional surface of rotation F? in
M?® with position-vector p = (u', f(u')cosu?, f(u')sinu?, h(u')cosu?,
h(u')sinu?), where f(u') and h(u!) are some functions which satisfy
()2 + ()% = 1. The surface F? is lightlike. If ((f")% + (h")?)(fh' — hf)
does not vanish, then F? is neither strongly lightlike nor null-ruled.
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