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For a Riemannian manifold M"™ with the curvature tensor R, the Jacobi operator
Rx is defined by RxY = R(X,Y)X. The manifold M" is called pointwise Os-
serman if, for every p € M™, the eigenvalues of the Jacobi operator Rx do not
depend on the choice of a unit vector X € T, M™, and is called globally Osserman
if they do not depend of the point p either. R. Osserman conjectured that globally
Osserman manifolds are flat or rank-one symmetric. This Conjecture was proved
in all the cases, except for manifolds of dimension n = 16 whose Jacobi operator
has an eigenvalue of multiplicity m € {7,8,9}. Here we give the proof in the case
m =9.

1. Introduction

An algebraic curvature tensor R in a Euclidean space R™ is a (3,1) ten-
sor having the same symmetries as the curvature tensor of a Riemannian
manifold. For X € R", the Jacobi operator Rx : R™ — R”™ is defined by
RxY = R(X,Y)X . The Jacobi operator is symmetric and Rx X = 0 for
all X € R”. Throughout the paper, “eigenvalues of the Jacobi operator”
refers to eigenvalues of the restriction of Rx, with X a unit vector, to the
subspace X .

Definition 1.1 An algebraic curvature tensor R is called Osserman if the
eigenvalues of the Jacobi operator Rx do not depend of the choice of a unit
vector X € R".

Definition 1.2 A Riemannian manifold M" is called pointwise Osserman
if its curvature tensor is Osserman. If, in addition, the eigenvalues of the
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Jacobi operator are constant on M"™, the manifold M™ is called globally
Osserman.

Flat and rank-one symmetric spaces are globally Osserman, since the isom-
etry group of each of them acts transitively on its unit tangent bundle.
Osserman [9] conjectured that the converse is also true:

Conjecture 1.1 A globally Osserman manifold is flat or locally rank-one
symmetric.

Except for a few cases in dimension 16, the answer to the Osserman Con-
jecture is affirmative, as well as to its “pointwise” version (see the Corollary
below).

In this paper, we treat one of the remaining cases and prove the following:

Theorem 1.1 The Jacobi operator of a pointwise Osserman manifold of
dimension sizteen cannot have an eigenvalue of multiplicity 9.

Combining this with Theorems 1 and 2 of [7], and with the result of [8] we
get:

Corollary 1.1 Let M™ be a Riemannian globally Osserman manifold
of dimension n > 2, or a pointwise Osserman manifold of dimension
n # 2,4. Then M™ is flat or locally rank-one symmetric except, possibly,
in the following case: n = 16 and the Jacobi operator has an eigenvalue of
multiplicity 7 or 8.

In the cases covered by the Corollary, there is not much difference between
globally and pointwise Osserman conditions, except in dimension 2, where
any Riemannian manifold is pointwise Osserman, and in dimension 4, where
any globally Osserman manifold is flat or locally rank-one symmetric [1],
but there exist pointwise Osserman manifolds that are not even locally
symmetric (“generalized complex space forms”, Corollary 2.7 of [3]).

We would also like to announce the following theorem, the proof of which

is to appear elsewhere:

Theorem 1.2 A pointwise Osserman manifold of dimension sixteen whose
Jacobi operator has two eigenvalues, of multiplicity 7 and 8, respectively, is
locally isometric to the Cayley projective plane or to its hyperbolic dual.

The paper is organized as follows.

In section 2, we introduce algebraic curvature tensors with a Clifford struc-
ture and show that Theorem 1.1 follows from Proposition 2.1 saying that
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an Osserman algebraic curvature tensor in R'® whose Jacobi operator has
an eigenvalue of multiplicity 9 has a Clifford structure. Proposition 2.1 is
then proved in section 3.

2. Manifolds with Clifford structure. Proof of Theorem 1.1

We will follow the two-step approach to the Osserman Conjecture suggested
in [3]:
(1) find all Osserman algebraic curvature tensors;

(ii) classify Riemannian manifolds having curvature tensor as in (i).

The standard tool for (ii) is the second Bianchi identity. The difficult part
is (i), but thanks to the remarkable construction of [2,3], we know the right
candidate for (i), a typical Osserman algebraic curvature tensor:

Definition 2.1 An algebraic curvature tensor R in R™ has a Cliff (v)-struc-
ture (v > 0), if there exist anticommuting skew-symmetric orthogonal op-
erators Ji,...,J,, and the numbers Ag, p11, . .. ft,,, With ps # Ao, such that

R(X.Y)Z = M((X.2)Y — (Y, 2)X)

+ Z Lty = 20) QUX, V)T Z + (2, Y )T X — (J,Z,X)TY). (1)

A Riemannian manifold M™ has a Cliff (v)-structure if its curvature tensor
at every point does.

The fact that skew-symmetric operators J, are orthogonal and an-
ticommute is equivalent to each of the following sets of equations:
(Js X, JuX) = 054| X|1? and JsJy + JyJs = —20541, for all s,q = 1,...,v
and all X € R™.

The Jacobi operator of the algebraic curvature tensor R with the Clifford
structure given by (1) has the form

RxY = M(|X[PY = (Y, X)X) + D (1s — X)) (L X, V)X, (2)

and the tensor R can be reconstructed from (2) using polarization and the
first Bianchi identity.

A Cliff(v) algebraic curvature tensor (manifold) is Osserman (pointwise
Osserman, respectively). For any unit vector X, the Jacobi operator Rx
given by (2) has constant eigenvalues Ao, A1, ..., Ag—1, where \1,..., k1
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are the p,’s without repetitions. The eigenspace corresponding to the eigen-
value Ao, a # 0, is By (X) = Span,, _,_(JsX), and the Ag-eigenspace is
E\,(X) = (Span(X, J1 X, ..., J, X))+, provided v < n — 1.

Theorem 1.1 follows from

Proposition 2.1 An Osserman algebraic curvature tensor in RS whose
Jacobi operator has an eigenvalue of multiplicity 9 has a Clifford structure
Cliff (6).

By Theorem 1.2 of [5], a Riemannian manifold M'® with a Cliff(6)-structure
is locally rank-one symmetric. However, no rank-one symmetric space of
dimension 16 has the Jacobi operator with an eigenvalue of multiplicity 9.

3. Proof of Proposition 2.1

Let R be an Osserman algebraic curvature tensor in R'6 whose Jacobi
operator has an eigenvalue of multiplicity 9. Shifting R by a multiple of
the curvature tensor of a unit sphere (which preserves both the Osserman
property and the property to have a Clifford structure) we can assume this
eigenvalue to be 0.

Define an eigenvalue structure for R to be the list of multiplicities of its
Jacobi operator, in the nondecreasing order. There are eleven possible
eigenvalue structures:

(9,6),
(9,3,3),
(9,5,1),(9,4,2),(9,4,1,1),(9,3,2,1),(9,3,1,1, 1),
(9,2,2,2),(9,2,2,1,1),(9,2,1,1,1,1),(9,1,1,1,1, 1, 1).

3)
4)
5)

)

(
(
(
(6
For the eigenvalue structure (9, 6) the claim follows from Theorem 2 of [6].
We will separately consider the case of the eigenvalue structure (9, 3, 3), in
subsection 3.1, and all the other cases (when the Jacobi operator has an
eigenvalue of multiplicity 1 or 2), in subsection 3.2. In the proof, we will

use some facts from commutative algebra collected in subsection 3.3.

3.1. Jacobi operator has an eigenvalue of multiplicity 1 or 2

In this subsection, we show that an Osserman algebraic curvature tensor
whose Jacobi operator has an eigenvalue of multiplicity 9 and an eigenvalue
of multiplicity at most 2 has a Clifford structure. Our starting point is the
following two Lemmas:
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Lemma 3.1 (1.) Let R be an Osserman algebraic curvature tensor in R™
whose Jacobi operator has k distinct eigenvalues, one of which is zero, and
let X\ # 0 be a simple eigenvalue. Then for every X # 0, the eigenspace
Exjx2(X) of Rx is spanned by a vector P(X) all of whose nonzero com-
ponents are odd homogeneous polynomials of degree 2m +1 < k — 1, and
for all unit vectors X,

(P(X),X)=0, [PX)IP=1  PPX))=-X. (7)

(2.) Let R be an Osserman algebraic curvature tensor in R™ whose Jacobi
operator has k distinct eigenvalues, one of which is zero, and let A # 0
be an eigenvalue of multiplicity 2. Then for every X # 0, the eigenspace
Eyjx2(X) of Rx is spanned by vectors U(X),V(X) all of whose nonzero
components are odd homogeneous polynomials of degree 2m + 1 < k — 1,
and for all unit vectors X,

(U(X), X) = (V(X), X) = (UX),V(X)) =0, [UX)|*=[VX)|*=1.

The proof is given in Lemma 2 of [8].

Lemma 3.2 (1.) Let R be an Osserman algebraic curvature tensor in
RS, and let J be an orthogonal skew-symmetric operator and C # 0 a
real constant. Suppose that an algebraic curvature tensor R defined by
RxY = RxY —C(JX,Y)JX is Osserman (this condition is automatically
satisfied, if JX is an eigenvector of Rx, for all X € R'®) and has a Clifford
structure. Then R also has a Clifford structure.

(2.) Let R be an Osserman algebraic curvature tensor in RS having an
eigenvalue O of multiplicity 9 and an eigenvalue A # 0 of multiplicity 1 or
2. If the polynomial eigenvector P(X) ( respectively, at least one of the
polynomial eigenvector U(X),V (X)) constructed as in Lemma 3.1 has the
form || X||>™JX for some linear operator J, then R has a Clifford structure
CLiff(6).

Proof. (1.) We assume (shifting by a constant curvature tensor) that the
eigenvalue of the Jacobi operator of R with the biggest multiplicity is 0.
Let Ji,...,J, be a Clifford structure for R, so that

RxY = pa(JaX,Y) I X,

a=1
where (1, # 0, although some of the p,’s can be equal. Let Aq,..., A
be the set of nonzero eigenvalues (the u,’s without repetitions), and let
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mi,...,my be the corresponding multiplicities. Relabeling the J,’s ac-
cordingly we get RxY = S0 )\i(zgl(J;l)X, Y)JJ@X). For a unit
vector X, the eigenspaces of Ry are E), (X) = Span(Jl(i)X,...,ngX)
and Fo(X) = KerRx = (Span,(JoX))*. For R to be Osserman, it is
necessary and sufficient that every projection m;(JX) of JX to Ej,(X)
has a constant length ¢; > 0, for any unit vector X. For an ar-
bitrary X we have m(JX) = SV X IX) X)) X, and so
| (JX)||? = Z?L(J;”X, JX)2|| X||72. This must be equal to ¢;| X]||?,
0 Z;’;NJ;”X, JX)? = || X||*. The left-hand side is a sum of squares
of m; < v < 8 polynomials, which is divisible by ||X||?. According
to Lemma 3.11, each of them must be divisible by [|X||?, so that each
<J]@X, JX) is a constant multiple of ||X||?, This implies that m; o J is a

linear operator, which is a constant linear combination of Jl(i), .. .7J,gi2.
Replacing Jl(l),...,Jﬁ,Q by appropriate orthonormal linear combinations

we can assume that m;(JX) = ciJl(i)X. Then the map X — J, 11X,
the projection of JX to Ep(X) is also linear, and the operator J, 1 is
skew-symmetric, is orthogonal times a constant ¢ = /1 — ), ¢? (which
can be zero), and anticommutes with all the J,’s (as J,41X L J, X, for
a=1,...,v). SoJ =>", cz-Jl(i) + co(calJ,,H) (if ¢ = 0, we simply
omit the last term). Substituting this to RxY = RxY + C(JX,Y)JX
and replacing the operators Jf1)7 ey fp), Jy41 by their orthonormal linear
combinations (to diagonalize the symmetric matrix diag{Ai,...,\,, 0} +

Clety .. epyc0)i(cty ...y cp,co)) we get a Clifford structure for R.

(2.) As it follows from Lemma 3.1, the operator J is orthogonal and skew-
symmetric. What is more, for any X € R, JX is an eigenvector of Rx,
with the eigenvalue A\. Then an algebraic curvature tensor R defined by
RxY = RxY — A(JX,Y)JX is again Osserman, with the Jacobi operator
having an eigenvalue 0 of multiplicity 10. By Proposition 1 of [7], such an
algebraic curvature tensor has a Clifford structure Cliff(5). By assertion 1,
R has a Clifford structure (which is Cliff(6)).

One of the applications of Lemma 3.2 is immediate: for the eigenvalue
structures (9, 5,1) and (9, 4, 2), the degree of all the nonzero components of
P(X) (of U(X),V(X), respectively) is 1, according to Lemma 3.1. Hence
in the both cases, R has a Clifford structure Cliff(6).

We next consider the cases (6), when all the multiplicities, other than 9,
are 1 or 2.
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Lemma 3.3 Let R be an Osserman algebraic curvature tensor in RS,
Suppose that the Jacobi operator of R has the eigenvalue 0, with multiplicity
9, and that all the other eigenvalues have multiplicity 1 or 2. Then R has
a Clifford structure Cliff(6).

Proof. Let Ai,...,\, be the nonzero eigenvalues, each of multiplicity
m; < 2. Let p1, ..., ue be the list of the A;’s counting multiplicities (each
A; appears m; times in that list), and let P;(X),..., Ps(X) be the list
of the corresponding polynomial eigenvectors of Rx (take P(X) for each
simple eigenvalue and U(X), V(X) for each eigenvalue of multiplicity 2, as
constructed in Lemma 3.1). For every i, all the nonzero components of
P;(X) are homogeneous polynomials of the same odd degree d;. Denote
d = max;d; and replace every P;’s with d; < d by P||X|?"% (note
that d — d; is even). We now have six vectors P;(X), all whose nonzero
components are odd homogeneous polynomials of the same degree d, and
at least one of the components of some vector P;(X) is not divisible by
| X||?. What is more, they still span the corresponding eigenspaces of Ry,
and (P;(X),X) = 0, (P(X),P;(X)) = 6]/ X||**. Choose an orthonor-
mal basis for R'6 and denote P(X) a 16 x 6 matrix whose columns are
Py(X),...,Ps(X). Note that P(X)'P(X) = || X||*!I,.

Let A = diag{u1,...,us}. For every X # 0, the 16 x 16 matrices
| X]|~2¢P(X)AP(X)* and || X||"2Rx have the same eigenvalues and the
same eigenvectors. It follows that P(X)AP(X)! = || X|?¥2Rx. Squaring
both sides we get

P(X)N?P(X)" = || X|PT*RY, as P(X)'P(X) = ||X|*Is.

If d > 3, then every entry of the polynomial matrix P(X)A2P(X)! is divis-
ible by || X|>. The diagonal (a, ) entry of this matrix (o = 1,...,16) is
Z?:l (i (Pi(X))a)?, which is a sum of squares of six polynomials in the vari-
ables x1,..., 216, the coordinates of X. By Lemma 3.11 of subsection 3.3,
it follows that for every ¢ = 1,...,6 and every a = 1,...,16, the polyno-
mial (P;(X)), is divisible by || X||?. This contradicts the construction of

the Pi’S.

So d = 1, hence all the P;(X)’s are linear, which implies that R has a
Clifford structure.

We have three remaining cases for the eigenvalue structure to consider:
(9,4,1,1),(9,3,2,1) and (9,3,1,1,1).

This is done in the following Lemma;:
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Lemma 3.4 Let R be an Osserman algebraic curvature tensor in RS
whose eigenvalue structure is one of the following: (9,4,1,1), (9,3,2,1),
(9,3,1,1,1), with 0 being the eigenvalue of multiplicity 9. Then R has a
Clifford structure Cliff (6).
Proof. We start as in the proof of Lemma 3.3. Let A\, Aq,..., A, be the
nonzero eigenvalues of the Jacobi operator, with A the eigenvalue of multi-
plicity bigger than 2, and each of the A; of multiplicity 1 or 2. Let u1,..., 115
be the list of the A;’s counting multiplicities (s here can be 2 or 3), and
let Py(X),..., Ps(X) be the list of the corresponding polynomial eigenvec-
tors of Rx, as constructed in Lemma 3.1. We can assume that all the
nonzero components of all the P;’s are homogeneous polynomials of the
same odd degree d, and at least one of the components of some of them
is not divisible by || X||?. Choose an orthonormal basis for R'¢ and con-
sider a 16 x s matrix P(X) whose columns are P; (X),..., Ps(X). We have
P(X)'P(X) = | X|1,.
Let A = diag{p1(p1 — A), ..., us(ps — A)} (all these numbers are nonzero).
For every X # 0, the 16 x 16 matrices ||X||72¢P(X)AP(X)! and
| X||~*Rx (Rx — A|| X ||?I16) have the same eigenvalues and the same eigen-
vectors. So

P(X)AP(X)" = [|X[***Rx (Rx — || X|*I1)- (8)
Squaring both sides of equation (8) we get

P(X)A’P(X)" = | X[~ (Rx (Rx — A X[*116))*.

Suppose d > 5. Then the diagonal entries of the polynomial ma-
trix P(X)A2P(X)? are divisible by || X||2. The diagonal (a, ) entry is
S (i(pi — A)(Pi(X))a)?, for every a = 1,...,16, which is a sum
of squares of no more than three polynomials in x1,...,x16, hence, by
Lemma 3.11 of subsection 3.3, every (P;(X)), is divisible by || X||*>. This
contradicts the construction of the P;’s.

Hence, as d is odd, it can only be 1 or 3. If d = 1, all the P;(X)’s are linear
and R has a Clifford structure, by assertion 2 of Lemma 3.2.

Let d = 3. Then every entry of the matrix P(X)AP(X)! is divisible by
X112, by (8).

First, suppose that all the numbers p;(u; — A), the diagonal entries of A,
have the same sign. The diagonal (o, ) entry of P(X)AP(X)! is then
300 (pi(i = N)|7Y2(P(X))a)?, for every a = 1,..., 16, which is a sum
of squares of no more than three polynomials in xz1,...,z14. This again
implies that all the (P;(X)),’s are divisible by ||X||?, which leads to a
contradiction.
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Now, assume that from among the p;(p; — A)’s there are numbers of both
signs. Here we consider two possibilities, s = 2 and s = 3, separately.

Let s = 2 (this corresponds to the eigenvalue structure (9,4, 1,1)). Without
loss of generality, let pi(pus — A) = a? > 0, pa(pa — A) = —b? < 0. The
fact that all the entries of the matrix P(X)AP(X)! = a?P(X)P(X)! —
b2Py(X)Py(X)! are divisible by || X||? implies that all the components of
at least one of the aP;(X) + bPy(X) are also divisible by || X||?. Let say
aPy(X)—bPy(X) = (a®4+b*)'/2|| X |>J X, for some linear operator J. Then,
from (7) we have 0 = (aPy(X) — bPy(X), X) = (a® + b*)'/2||X|2(J X, X),
so J is skew-symmetric, and (a? + b?)||X||° = [laPi(X) — bP(X)|* =
(a® 4+ b?)|| X||*||J X |2, so J is orthogonal (since P;(X) L Py(X), as they
are eigenvectors of Rx corresponding to different eigenvalues). Moreover,
although JX is not an eigenvector of Rx, an algebraic curvature tensor
R defined by RxY = RxY — C(JX,Y)JX is Osserman, for any real C.
Indeed, for any unit vector X, the projections of JX to the eigenspaces
E,, (X) and E,,(X) have the same length (and JX is orthogonal to all
the other eigenspaces of Rx). In fact, for a unit vector X, the eigenvalues
of Rx are the same as those of Rx, except that instead of the eigenval-
ues U1, [, Rx has two eigenvalues, which are the roots of the equation
2? =z (pr+p2—C)+p1pa(1—=C/ (p1+p2—X)) = 0 (note that iy +pg =X # 0,
as p1 (pi1 —A) and pa (e — ) have opposite signs). If we take C = g +pa— A,
these roots are 0 and A, so the Osserman algebraic curvature tensor R has
the eigenvalue structure (10, 5), with the corresponding eigenvalues 0 and .
Such a R has a Clifford structure Cliff(5). Then R has a Clifford structure
Cliff(6) by assertion 1 of Lemma 3.2.

Let now s = 3. Again, without loss of generality, we can assume that
pi(p —A) = af >0, pa(pe —A) = a3 >0, pz(pz — ) = —b* <0.

Every entry of the 16 x 16 matrix

(a1 Py (X)) (a1 P (X)) + (a2P2(X)) (a2 Po(X))" — (bP3(X))(bP3(X))"

is divisible by [|X||?. Let K be the ring Rlzy,...,z16]/ (2 4+ ...+ 2%5),
with 7 : R[zy,...,216] — K the natural projection. Denote by p; = 7(P;)
the corresponding elements of the free module K6, and by p;, their com-
ponents (o = 1,...,16, ¢ = 1,2,3). Then for any 1 < o # § < 16 we
have

aipl, + adpa, = V2p3a,  aipiaPig + aip2ap2s = b*psapss,  (9)

and so a%a%(plapgﬁ — pgaplg)2 = 0. As aj,as # 0 and K is an integral
domain, this implies that p1ap2s — P20p18 = 0.
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Then the 16 x 2 matrix over K with entries p;, has the rank at most one
(every 2 x 2 minor vanishes). As K is a UFD (Nagata Theorem 3.1), there
exist u;, v, € K such that p;o, = w;v,, foralli =12, a=1,...,16.

If all the v,’s vanish, or if at least one of the wu;’s is zero (say u; = 0), then
p1 =0, so P (X) is divisible by || X||?. Hence there exists a linear operator
J such that P;(X) = || X||?JX and the claim follows from assertion 2 of
Lemma 3.2.

We assume therefore, that both uq, us and at least one of the v, ’s is nonzero.

Substituting p;o = uive, ¢ = 1,2, to the equations (9) we find that
(afu? + adud)vavs = b*psapss for all o, 3 = 1,...,16. As K is a UFD,
this implies that a?u? + a3u? is a square: there exists uz € K such that
aju? 4+ aju3 = (bus)?. Then ufv,vs = p3apsp for all o, =1,...,16 and
SO P3o = Fuszv,, with the same choice of the sign for all 1 < a < 16.
Replacing u3 by —us, if necessary, we can assume that ps = usv,. Again,
we can assume that ug # 0, as otherwise P3(X) is divisible by || X||? and

the assertion 2 of Lemma 3.2 applies.

If uz is not a unit in K, then gedy (ps,1, - - -,p3,16) 7 1. Also, the eigenvalue
us of the Jacobi operator is simple, so P3(X) satisfies (7). The claim is
then follows from the Lemma below (its proof is given at the end of the
subsection) and assertion 2 of Lemma 3.2.

Lemma 3.5 Let P(X) be a 16-dimensional vector whose components
Py(X)(a = 1,...,16) are homogeneous cubic polynomials satisfying (7)
such that for all X, P(X) is an eigenvector of Rx. Let p, = 7(P,(X)),
where ™ @ Rlzy,...,216) — K = Rlz1,...,216]/ (2 + ...+ 2d5) is the
natural projection. If gedi(p1,...,p16) # 1, then p, = 0, that is,
P(X) = || X||?JX for an orthogonal skew-symmetric operator J.

Assume now that ug is a unit in K. Then, as p;, = u;v,, for all
1=1,2,3, a=1,...,16, we have p; = (ulu?jl)pg7 po = (uzugl)pg. Lift-
ing up to R[zy,...,216] we obtain Py (X) = f1(X)P3(X) + [| X]|?Q:1(X),
Py(X) = fo(X)P3(X) + || X]|?Q2(X) for some polynomials f;(X) €
7~ (ujuz ') and some 16-dimensional polynomial vectors Q;(X), Q2(X).
As all the nonzero components of Py, P, and P3; are homogeneous cubic
polynomials, we can take fi, fo to be constants (which are nonzero, since
7(fi) = uwuz* #0).

Take ¢; = —fo(f2 4+ f2)7V2, co = fi(f2 + f3)~'/%. Then ¢} + ¢ =1, and
c1Pi+ca Py is divisible by || X |2, so ¢ Py (X)+c2Po(X) = | X||?J X, with J a
skew-symmetric orthogonal operator. Then an algebraic curvature tensor R
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with RxY = RxY —C(JX,Y)JX is Osserman, for any C. For a unit vector
X, the eigenvalues of R x are the same as those of Rx, except that instead
of the eigenvalues pi1, pto, Rx has two eigenvalues, which are the roots of
the equation (1 —z)(pu2 —2) — C(p1c3 + pac? —x) = 0. The coefficient of C
must be nonzero for at least one of two values of x : * =0 or x = A. Then,
for the corresponding C, R is the Osserman algebraic curvature tensor with
the eigenvalue structure (10,...) (or (9,4,...), respectively). In the both
cases, R has a Clifford structure, which implies (assertion 1 of Lemma 3.2)
that R has a Clifford structure (which must be Cliff(6)).

We now give a proof of Lemma 3.5.

Proof. Let f = gedg(p1,...,p16) # 1. Lifting up to Rlxy,...,z16] we
get P(X) = F(X)Q(X) + || X|*C(X) for some polynomial vectors @ and
C and a polynomial F' € 7= 1(f). As the nonzero components of P are
homogeneous cubic polynomials, we can take C' to be a linear operator, F’
to be a homogeneous polynomial of degree r = 1,2,3 coprime with || X||?,
and all the nonzero components of ) to be homogeneous, of degree 3 — r.
It is sufficient to prove that all the components of @ are divisible by || X||2.

If r = 3, the equation (P(X),X) = 0 from (7) can only be satisfied, when
Q =0 (as F and || X|? are coprime).

Assume that r = 2, so that @ is a linear operator. From the second
equation of (7) it follows that ||QX]|? is divisible by || X||?, so that Q
is a constant, say cg, times an orthogonal operator. From the third
equation of (7) we get P(P(X)) = —||X||®X, so all the components of
F(F(X)QX)Q(F(X)QX) = F(X)}F(QX)Q?X are divisible by || X||2. As
F(X) is coprime with ||X]|?, this is only possible when F(QX) is divisible
by || X||?. But if ¢y # 0, the operator @ is invertible and so F(QX) is
coprime with ||QX||? = ¢y || X||2. Hence ¢y = 0, that is, Q = 0.

Let r = 1, so that F(X) is a nonzero linear form, and all the nonzero
components of Q are quadratic forms. Then from the first equation of
(7), F(X){Q(X),X) = —|| X|*(CX, X), so F(X) divides the quadratic
form (CX,X) : (CX,X) = F(X){(a,X), with some vector a €
R!6. Define a linear operator C' and a vector of quadratic forms Q by
CX =CX —F(X)a, Q(X) = Q(X) + || X||?a, respectively. Then P is still
given by F(X)Q(X)+ || X|>?CX, but now with a skew-symmetric C. From
the second equation of (7) it follows that F(X) divides the quadratic form
[ X |12 = |CX |2, which is only possible (for a skew-symmetric C') when C' is
orthogonal. From the third equation of (7) we get P(P(X)) = —|| X|®X,
which simplifies to F(P(X))Q(P(X)) = —|| X[|°F(X)CQ(X). On the ker-
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nel of F, we have P(X) = [|X|?CX, so (F(CX)Q(CX))kerr = 0. As
C' is an orthogonal operator, F(CX) cannot be identically zero on KerF,
SO Q(C’X)u(erp = 0. It follows that F(X) divides Q(CX), hence F(CX)
divides Q(X), as C' is orthogonal and skew-symmetric, which reduces this
case to the case r = 2.

3.2. FEigenvalue structure (9,3, 3)

We follow the plan of proof of Proposition 1 of [7]. Let Ay # A2 be two
nonzero eigenvalues of the Jacobi operator, each of multiplicity 3. In a
Euclidean space R®, choose an orthonormal basis ey, ...eg and define an
operator A : RS — RS by Aey, = pses, s = 1,...,6. The matrix of A is
then diag{)\l, )\1, /\17 /\2, )\2, /\27 }

The key ingredient of the proof is the following Lemma similar to Proposi-
tion 3 of [7]:

Lemma 3.6 Let R be an Osserman algebraic curvature tensor in R'6 whose

Jacobi operator has three different eigenvalues, 0, A1, Ao, with the multiplic-

ities 9, 3, 3, respectively.

There exists a linear map M : R*® — Hom (RS, R'6), X — Mx such that
Rx = Mx A M%. (10)

The map X — Mx is determined uniquely up to a precomposition
X — MxN with an element N from the group Oy = {N : NAN® = A}.

Assuming Lemma 3.6, the claim (the existence of a Clifford structure for
R) follows from the Lemma below (Proposition 4 of [7]):

Lemma 3.7 Let R be an Osserman algebraic curvature tensor in R™, with
the Jacobi operator having the form (10). Assume that n > %, where
v is the sum of multiplicities of all the nonzero eigenvalues of the Jacobi
operator. Then R has a Cliff (v)-structure.

In our case, n = 16,v = 6, so the condition of Lemma 3.7 is satisfied.
Before proving Lemma 3.6 we need some preparations.
First of all, we will use the Raki¢ duality principle [10], for the eigenvalue
0, in a slightly modified form: for any two vectors X,Y € RS,

Y e KerRx iff X € KerRy. (11)

One immediate consequence of (11) is the following fact: if {X,} and {Yz}
are two sets of vectors with the same span, then N,KerRx,_A = NgKerRy,,
so that N,KerRyx_ depends only on the Span, (X,).
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For every nonzero X € R'6, dimKerRx = 10 and dimImRx = 6. One
can expect that for a generic pairs of vectors, the intersection of the images
of the corresponding Jacobi operators is zero, and the set of such pairs is
large enough. This is formalized in Lemma 3.8 below.

Denote V5 the Stiefel manifold of pairs of orthonormal vectors in R'6, and
V3 the Stiefel manifold of triples of orthonormal vectors in R6. Define V;
to be the set of triples (X,Y,Z) of unit vectors in R such that ¥ 1 Z,
and X ¢ Span(Y, Z). V3 is an open manifold (with the topology induced
from S1'° x V5) and is a fibration over V, with a fiber homeomorphic to
S5\ St

Let Sy C Va2 be the set of pairs of orthonormal vectors (Y, Z) with the
property ImnRy NImRz = 0. By assertion 1 of Lemma 2 of [7], the subset
S5 is open and dense in V5.

Lemma 3.8 There exists an open and dense subset S3 C V3 such that for
every triple (X,Y, Z) € Ss, the following conditions are satisfied:

(a) for any ¢, dim(ImRx NImRcos¢ytsingz) < 1;

(b) ImRy NImRz = ImRx NImRy = ImRx NImR; = 0, that is,

(Xa Y)a (Ya Z)a (ZvX) € Sy;

(¢) KerRx NKerRy NKerRy = 0.
Proof. First we prove the following fact: there exists an open and dense
subset S5 C V3 such that for any triple (X,Y, Z) € Ss, condition (a) of the
Lemma is satisfied.
Let (Y,Z) be an arbitrary pair of vectors from the set Sy, and let C =
{Y(¢) = cosdY +sindZ, ¢ € [0,2m)} be the unit circle passing through YV’
and Z. The sphere bundle S;C with a fiber over a point Y (¢) € C being
a unit 9-dimensional sphere in the space KerRy (4) is a ten-dimensional
compact submanifold of T'S15. Let S»C be a sphere bundle over S;C, with
the fiber over a point (Y (¢),U) € S1C being the 9-dimensional unit sphere
in the space KerRy. The space SoC' is a compact analytic manifold of
dimension 19 (as KerRx depends analytically on X, for X nonzero).
Define the projection 7 : SeC — S by 7(((Y(9),U),X)) = X. Then
T HX) = Up{((Y(9),U),X) € S2C : U € KerRx N KerRy (4}, for any
X € 95, by the duality principle.
Since for every ¢, KerRx N KerRy (4) is a linear space of dimension at
least 4, the map 7 is surjective and 7 o7~ 1(X) D C, where 71 : S2C — C
sends ((Y(¢),U), X) to Y(¢).
The set Ay z of the regular values of 7 is open and dense in S'®. Moreover,
for each regular value X € Ayz we must have rkdm((y(4),0),x) = 15, so
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dim(KerRx N KerRy (4)) < 5, for every ¢. It follows that Ayz; N C = &
and that dim(ImRx +ImRy (4)) > 11, which is equivalent to condition (a),
dim(ImRx NImRy(4)) < 1, as both spaces are six-dimensional.

Now let S3 C Vi be the set of triples (X,Y,Z) such that (Y,Z) € S,
X € Ayy. As Vj fibers over V5, S5 is open and dense in V5, and Ay 7 is
open and dense in the fiber of V3 for every (Y, Z) € Ss, the subset S is
open and dense in Vj.

Using the set S5, we will now construct an open and dense subset of Vs,
every element of which satisfies condition (a).

The manifold V; is a fibre bundle over the Stiefel manifold V3, with the
projection p defined via the Gramm-Schmidt orthogonalization. Namely,
p(X,Y,Z) = (X,Y',Z'), where Y’ = (Y — (X,YV)X)(1 — (X,Y)2)"1/2,
7 = (Z— (Y, 2)Y' —(X,2)X)(1 — (Y',Z)? — (X, Z)2)~Y/2 (this is well
defined, as rk {X,Y, Z} = 3.

The set S; projects under p onto an open and dense subset By C V.
For every triple (X,Y’,Z’) € Bj, condition (a) is still satisfied, since
Span(X, cos Y’ + sin ¢Z') = Span(X, cos Y + sin¢Z) for some 1, hence
KerRx N KerReos ¢y +sinpzr = KerRx N KerReosyy4sinyz, which im-
plies that ImRx + ImRcos ¢y +sinpz2 = ImRx + ImReos vy +sin vz, and so
dlm(ImRX NImRos éY ' +sin qbZ/) = dlm(ImRX NImRos Y +sin qu).

Next, there is an open and dense subset Bs C V3, for each element of
which condition (b) is satisfied. To see that, consider three projections,
p1,p2,p3 : Va3 — Vo defined by p1(X,Y, Z) = (X,Y), p2(X,Y, 2) = (Y, Z),
p3(X,Y, Z) = (Z,X). The set Ss is open and dense in V3, hence each of the
p; *(S2) is open and dense in V3, therefore a set By = p; ' (S2) Npy H(S2) N
p3*(S2) is also open and dense in V5.

Finally, there exists an open and dense subset Bs C V3, for each element
of which condition (c) is satisfied. This follows from the dimension count.
Indeed, dim V3 = 42. If condition (c) is violated, then there exists a unit
vector U € R'6 such that U € KerRx N KerRy N KerRyz. By the duality
principle, X,Y,Z € KerRy. Consider a Stiefel fiber bundle F over S'°
whose fiber over U € S1° is the set of triples (X,Y,Z) of orthonormal
vectors from KerRyy. Then F is a compact manifold of dimension 39, hence
the image of its projection to V3 defined by (U,(X,Y,Z)) — (X,Y,Z) is
closed and nowhere dense. For all the triples in the complement Bs of that
image, condition (c) is satisfied.

It now follows that for every triple (X,Y, Z) in an open and dense subset
S3 = By N By N Bs of Vs, all three conditions (a), (b), (c) are satisfied.
Combining the results of Lemma 1 and Lemma 3 of [7] we get:
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Lemma 3.9 (1.) For every X € R there exists a linear operator Mx :
R® — R such that Rx = MxAM?Y . The operator Mx is uniquely defined,
up to a precomposition with an element N € Oy = {N : NAN! = A},
and can be chosen in such a way that M%Myx = || X|*idgs. Moreover,
ImRX = ImMX

(2.) For every pair of orthonormal vectors (X,Y) € Sa, there exist linear
operators My, My : RS — R sych that

Rg;Xery = (Mlil,' + ng) A (Mll' + ng)t

for all x,y € R. The operators My, My are determined uniquely up to a
precomposition My N, MoN with an element N € Oy.

We claim that a factorization of the Jacobi operator similar to that of
Lemma 3.9 exists for any triple from the open and dense set S3 C V3
constructed in Lemma 3.8:

Lemma 3.10 For any triple (X,Y,Z) € Ss, there exist operators
My, My, M3 : RS — RIS such that for all z,y,z € R,

Rmx+yy+zz = (Mll‘ + My + M3Z) A (Mlx + My + Mgz)t

Proof. Choose a triple (X, Y, Z) is in S3. Denote Y (¢) := cos Y +sin ¢Z.
Then for any ¢, dim(ImRy NImRy ) < 1 and ImRy N ImRy ) =
ImRx N ImRy(ﬁ/g) =0.

The fact that dim(ImRx N ImRy(4)) > 0 is equivalent to the follow-
ing: a linear operator ®(¢) : RI® — R3? defined for every ¢ by
®(p)U = (Ry(4)U, RxU) has rank less than 12. This condition can be ex-
pressed as a set of polynomial equations for sin ¢, cos ¢. Since rk ®(0) = 12
(as ImRx NImRy ) = 0), the condition ImRx N ImRy 4y = 0 holds for
all, but a finite number of ¢ € [0, 27).

It follows that (X,Y(¢)) € S for all ¢ € S, where S is a subset of

[0,27) with a finite complement containing 0 and 7/2. For every ¢ € S,
there exist linear operators Mi(¢), Ma(¢) : RS — R such that for all

2,y € R, Ruxiyvis) = (Mi()z + Ma(d)y) A (Mi(d)z + Ma(0)y)". By
Lemma 3.9 we can take Mj(¢) to be the same for all ¢ € S and to satisfy
M!M; = idge. Then

Ry X 4y(cos oy +sin62) = (Miz + Ma(¢)y) A (Myz + Ma(9)y)", (12)

for all ¢ € S, x,y € R, with the operator My(¢) : RS — R0 be-
ing uniquely determined for every ¢ € S. In particular, by uniqueness,
Ms(¢p + ) = —Mas(¢), whenever ¢ and ¢ + 7 mod (27) are in S.
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Let y3 = ycos ¢, yo = ysin ¢. The equation (12) then takes the form
Rox 4y yoz = (Miz 4+ Ma(y1,y2)) A (Myz + Ma(y1,2))", (13)

where M (y cos ¢, ysin @) = yMa(¢) is well defined outside a finite union of
lines on the plane (y1,ys).

At this point, it would be more convenient to switch to the matrix lan-
guage. Choose an orthonormal basis {ey,...,e16} for R such that the
Is), where Is is the 6 x 6 identity matrix (this is
always possible, as M{M; = Ig). Then ImRx = Span(ey,...,eq),
KerRx = Span(er, ..., e1g). With respect to this basis, let

F(y1, yz))
P(y1,y2))’

where F(y1,y2) is a 6 X 6 matrix, and P(y1,y2) is a 10 x 6 matrix.

matrix of M is (

Ms(y1,y2) = (

From the terms of (13) linear in z we get

(F(yl, Y2)A 4+ AF(y1,y2)" AP(y1,y2)"
P(y1,y2)A 0
(where Rxy : R'® — R0 is defined by 2RxyU = R(X,U)Y + R(Y,U)X).
As all the entries of the matrix on the right-hand side are linear in i, yo
and det A # 0, we get that all the entries of both F(y1,y2)A + AF(y1,y2)t

and P(y1,y2) are linear in yp,ys. It follows that

P(y1,y2) = 1P+ yoaP2, F(y1,y2) = 1 F1 + y2Fo + K(y1,y2)A 7",

where P; and F; are constant matrices, and K(y1,y2) is a skew-symmetric
6 x 6 matrix

) =2y Rxy + 2y Rx 7

The terms of (13) not containing = give

(F(yl, y2)AF (y1,92)" F(y1,y2)AP(y1,2)"

_ .2 2
P(y1,y2)AF (y1,y2)" P(y17y2)AP(y17y2)t> = vilty + 20y z Rz,

(14)
which implies that all the entries of the matrix on the left-hand side are
quadratic forms in y1,y2 (whenever they are defined). It follows that all
the entries of both

F(y1,y2)AF(y1,y2)" and  K(y1,y2) (51 PL + y2Ps)’ (15)

must be quadratic forms.

By the choice of the triple (X, Y, Z), the conditions (b) and (c) of Lemma 3.8
must be satisfied. In particular, the fact that InRx N ImRy = 0 means
(Lemma 3.9) that M>(1,0) is defined and that ImRy = ImM>(1,0), which
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implies tk P; = 6. Similarly, the fact that (X,Z) € Sy means that
M>5(0,1) is defined and rk P, = 6. Condition (c) gives that no nonzero
vector from R!® is orthogonal to the column spaces of all three matrices
M5(1,0), M2(0,1) and M3 simultaneously, which gives

As all the entries of the matrix K(y1,y2)(y1P1 + y2P)t =: Q(y1,y2) are
quadratic forms in y1, y2 and rk (y1 Py +y2 P2) = 6 for generic pairs (y1, y2),
K(y1,y2) = Q1,y2) W1 P + y2P2) (1 P + y2P2) (Y1 PL + y2P2)) ™", hence
the entries of K (y1,y2) are rational functions, which are the ratios of ho-
mogeneous polynomials in yi,ys of homogeneity 1 (that is, with the nu-
merator of each nonzero entry is of degree one bigger then that of the
denominator). Let g(y1,y2) be the lowest common multiple of the denom-
inators of the nonzero entries of K(y1,y2) (after cancelation in every en-
try). The polynomial ¢ is homogeneous and its zero locus is a subset of
{(y1,92) : tk (11.P1 + y2P2) < 6}. In particular, both ¢(1,0) and ¢(0,1) are
nonzero, hence ¢ and y;ys are coprime.

Introduce a 6 x 6 skew-symmetric matrix K (yi, y2) = K(y1,y2) —
y1K(1,0) — y2K(0,1). As K(1,0) = K(0,1) = 0 all the numerators of the
entries of K (y1,y2) are divisible by y1y2. Define a 6 x 6 skew-symmetric
matrix G(y1,y2) by K(1,0) = y1y2¢~ ' G. The entries of G are homogeneous
polynomials in yi,ys, with the degree of every nonzero entry one smaller
than the degree of ¢, and with the greatest common divisor of the entries

being coprime with ¢ (otherwise we can cancel it out).

It follows now from (15) that for some matrices Q1(y1, y2), @2(y1, y2) whose
nonzero entries are quadratic forms in yq, yo,

120Gy By + yo o) — (1 Fy + 42 F)G) + yiyaGAT'G! = ¢°Q1 (17)
y192G (11 PL + 42 P2)" = qQo2, (18)

where F} = Fy + K(1,0), Fb = F» + K(0,1) are constant matrices. As ¢
and y1y2 are coprime, equation (17) implies that all the entries of GA™1G"
are divisible by ¢2. As the degree of every nonzero entry of G is one smaller
than the degree of ¢, this is only possible when GA~!G* = 0. Since
A7V = diag{A\T AL AT A AL MDY, this implies that G = 0, if
AAg > 0, or tkG < 3, if A2 < 0. As G is skew-symmetric, we have
rk G < 2. We want to show that the condition rk G(y;1,y2) = 2 for at least
one point (y1,y2) leads to a contradiction, so that G must vanish.

Assume 1k G(y1,y2) = 2 for at least one point (y1,y2) (and hence for an
open and dense set on the plane (y1,y2)). From (18), as ¢ and y;y» are
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coprime, it follows that QY2 = y1y2Cs, with a constant 6 x 10 matrix Co
whose rank is at most 2 (since rk G < 2). Then

Gy Pr + ya o)t = qCo, (19)

which implies that a 10 x 10 matrix (y3 Py +y2P»)C5 is skew-symmetric and
has rank at most 2, for all y1,yo. If tk Cy < 2, then (y; Py +y2P2)Ce = 0 and
so G = 0 (since rk (y; P1 +y2P) = 6 for an open dense set of points (y1, y2)).
Assume rk Cy = 2. The vectors e, ..., e of the orthonormal basis e; are
arbitrary orthonormal vectors spanning the kernel of Rx. We can specify
their choice in such a way that the matrix Cy has a form (a|b]|0), where
a 1 b are nonzero six-dimensional vector-columns, and 0 represents the
6 x 8 zero matrix. Then there exists a nonzero linear form ! = I(y;, y2) such
that

(11 P1 + y2Po)a = (0,—1,0,...,0)", (y1 P +y2P2)b = (1,0,0,...,0)". (20)

For any ¢ € R® orthogonal to a and b we have Cic = 0, so by (19) Ge = 0. It
follows that the column space of the skew-symmetric matrix G is spanned
by a and b, which implies that G = f(ab® — ba') for some polynomial
f = f(y1,y2). Substituting this to (19) and using (20) we get fl =¢q. As ¢
is coprime with the greatest common divisor of the entries of G, we obtain

G = ab' — ba', q =1(y1,y2), a linear form. (21)
It follows from (21) and (19) that

F(y1,y2)AP(y1,y2)" = (y1F1 + y2F2 + y1yzlflGL*1)A(y1P1 + y2P2)t
= (1B + 2 B2) (1 P+ 92 Po)' + y1y2(a | 0] 0). (22)

From (17), as GA~'G! = 0, we have (A~'a,a) = (A~1a,b) = (A=1b,b) = 0,
and also G(ylﬁ'l + ygﬁ'g)t — (y1F1 + yQFQ)G = l(y1,y2)C; for a constant
symmetric 6 x 6 matrix Cq. In particular, if {(yo1,%02) = 0, the matrix
Glyo Fi + yoo ) is skew-symmetric, and it follows from (21) that for
some constant p,

(y01F1 + yozﬁz)a = pa, (y01F1 + yozﬁ2)b = pb. (23)

Now take yo1,%02 such that y2; + y3, = 1 and I(yo1,%02) = 0. Then
the 10 x 6 matrix P() = P(yOl,ygg) = y01P1 + y02P2 has rank 4. In-
deed, by (20) its rank is not bigger than 4. On the other hand, by (16),
tk (P | P(yo1,v02)) =tk (P1 | P2) = 10, so rk P(yo1, yo2) = 4. Moreover,
by (20), the column space of the 6 x 10 matrix P} (which is 4-dimensional)
is orthogonal to both ¢ and b. As a,b L A~'a, A~'b, it follows that both
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A~1a and A=) lie in the column space of P¢, hence a and b belong to the
column space of AP,. Then the subspace V C R!? of vectors v such that
Ptv € Span(a, b) has dimension 8.

Let U = (0,0,0,0,0,0,u)" € KerRx, where u € R!’. From (14) and (22)
we obtain

Ry yir gU = (F(y1>y2)AP(y1,y2)t>
yiY ez P(y1,y2)AP(y1,92)"
_ ((ylﬁl + 1 Fo) A1 Py + 92 Po)! + y1y2(a b|0)> "
P(ylny)AP(ylyilD)t

Take (y1,y2) = (Yo1,%02) and u € V. Then APlu = li(u)a + la(u)b
for some linear functionals ly,ls on V, as AP/(V) = Span(a,b). We
have: PyAPlu = 0, as Pya = Pob = 0 by (20), and by (23), (yo1F) +
Y02 F2) AP + yo1yo2(a|b]0)u = p(l(u)a + la(u)b) + yoryo2 (ura + ugd) =
(uly (u) + yo1yozur)a + (ula(u) + yo1yo2usz)b, where uy and wus are the first
two components of v € ¥V C R0,

The common kernel U of the linear functionals u — pl;(w) + yo1yoo2ui, ¢ =
1,2 on V is at least six-dimensional. Then any vector U = (0,0, 0,0, 0,0, u)?,
with u € U belongs to both KerRx and KerRy,, v 4y,,z, Which contradicts
condition (a) of Lemma 3.8, as dimi > 6.

It follows that G = 0, and so

F(y1, yz)) <F1> <F2>
M. , = = + 7
2(y1,y2) (P(y1,yz) nip ) telp
with 13‘1,13’2,P17P2 constant matrices. Substituting this to (13) completes
the proof of the Lemma.

With Lemma 3.10, the proof of Lemma 3.6 (and hence of the fact that
R has a Clifford structure Cliff(6)) is word-by-word the same as that in
section 4 of [7], after Lemma 4.

3.3. Two facts from Commutative Algebra

Let for X = (21,...,216), (|| X]|?) be the ideal of R[X] generated by || X||?,
and K = R[X]/(|| X||?), with 7 : R[X] — K the natural projection.

We need the following two facts (the first one is Nagata’s Theorem [4]).

Theorem 3.1 The ring K is a unique factorization domain (UFD ).
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Lemma 3.11 Let fi1,..., fm be polynomials in R*® such that | X||? divides
S 2 If m <8, then || X||* divides each of f;.

Proof. In K, we have ), ff = 0, where f; = m(f;). Assume that at
least one of the f; is nonzero, say f,, # 0. Then in the field of fractions
K of the ring K, we get Z;T;l(fifflf = —1, which means that s(K), the

m

level of the field K is at most m — 1 [11]. The field K is isomorphic to the
field L5 = R(z1, ..., 215, V—d15), where di5 = 215 22 (an isomorphism

j=1"J
from Lq5 to K is induced by the map (a + bv/—di5)/c — (a+ bx16)/c, with
a,b,c € Rlzq,...,215], ¢ # 0). Then by Theorem 3.1.4 of [11], s(K) =8, a
contradiction.
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