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We consider holomorphically projective mappings of parabolically-Kéhlerian
spaces and define holomorphically projective flat parabolically-K&hlerian spaces.
We found the tensor characteristic of these spaces and obtained their metric ten-
sors.

1. Introduction

Many authors studied holomorphically projective mappings of K&hlerian
spaces and their generalizations [1, 17]. Some facts from the theory of holo-
morphically projective mappings of parabolically-Kéhlerian spaces Kz(m)
were published in [2, 9]—[15].

A (pseudo-) Riemannian space Kﬁ(m) is said to be parabolically-Kdhlerian
space if together with a metric tensor g;;(x) it possesses an affinor structure
FI'(x) of rank m > 2 satisfying the following relations

a) FLFF=0, b) giaFy+giaF=0 ¢ Fy=0 (1)
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where the comma denotes the covariant derivation.

2. Holomorphically projective mappings of
parabolically-Kéahlerian spaces

The following criteria from the papers [10, 13] hold for holomorphically
projective mappings from a parabolically-Kéhlerian space Kﬁ(m) onto a

parabolically-Kéhlerian space K9™.

An analytically planar curve of the parabolically-Kéhlerian space Kf{(m)

is a curve defined by the equations z" = 2"(t) which tangent vector
A = dzh/dt, being translated, remains in the area element formed by
the tangent vector A" and its conjugate A*F, i.e., the conditions

i, '

dt tla
are fulfilled. Here Ff‘j is the Christoffel symbol and p;, ps are functions of
the argument ¢.

GATN = pr (A" + pa (A FL,

The diffeomorphism f of K™ onto K™ is a holomorphically projec-
tive mapping, if it transform all analytically planar curves of Ko™ into
analytically planar curves of K Z(m).

Consider a concrete mapping f: Ko™ — K™ both spaces being re-

ferred to the general coordinate system x with respect to this mapping.

This is a coordinate system where two corresponding points M € Ko™

and f(M) € K™ have equal coordinates x = (xt,22%,...,2"); the cor-

responding geometric objects in K Z(m) will be marked with a bar. For
h

example, I'}; and f‘?j are components of the Christoffel symbols on Kz(m)

and K Z(m), respectively.

Structures of K™ and Ko™ are preserved under f, i.e. Fli'(z) =
Fl'(z). Among others, the structure F* is covariantly constant, and
Gia ' + gja I = 0 holds.

It is proved in [10, 13] that a parabolically-K&hlerian space K™ admits a
holomorphically projective mapping f onto a parabolically-K&hlerian space
K™ it and only if the following conditions (in the common coordinate

system x) hold:
(@) = T (@) + i8] + ;60 + @iF)' + @i ', (2)

where ; is a covector, 1; = @ &, and ;(x) is a gradient, i.e. there is a
function (), such that ;(x) = dv(z)/dx".
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If ¢; # 0 then a holomorphically projective mapping is called nontrivial;
otherwise it is said to be trivial or affine.

Condition (2) is equivalent to

Gijk = 2Vxgij + ViGik + ViGik + 0iGia i + @iGiaFy (3)
Under a holomorphically projective mapping f: Ko™ — K™ the
following conditions hold:

R?jk = R?jk + 00 — ¢ik5jh + i B — @ikFJh — (pju —or))E, (4)
where Rfjk and R?jk are Riemannian tensors of Kg(m) and K %(m)7

©ij = Qij — Vi — @i, Vij = aiFY (=5 =iy —Yiby). (5)

3. Holomorphically projective flat parabolically-Kahlerian
space

A parabolically-Kahlerian space be(m) is said to be holomorphically pro-

jective flat, if it admits a holomorphically projective mapping onto a flat
space, i.e. the space with the vanishing Riemannian tensor.

We have the following theorem.

Theorem 3.1 The parabolically-Kdhlerian space Kg(m) is holomorphically
projective flat if and only if the following conditions are true for the Rie-
mannian tensor

Riiji = ¢ (2 Fyi Fji + FnjFix — FriFij) (6)
where ¢ = const, Fy; = ngf".

Proof. Let a parabolically-Kihlerian space K4™ admit a holomorphically
projective mapping onto a flat space V, (RZ x = 0), which should be a pa-

rabolically-Kihlerian space Ko™ same.

If R}';. = 0 then after omitting the index h (4) takes the form

Rhije = —Uijgih + Vikgjn — ©ijFak + ©iFrj + (@5 — 0x) Fri. (7)

Let us symmetrize (7) at indices h and i. Then, using the properties of the
Riemannian tensor we get:

0 = —ijgkn + Virgjn — CijFuk + CiFrg — Ynjgrs
+ Ynegji — eniFir + one ;.
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Analyzing of this formula, we obtain v;; = 0 and
pij = cFij, (8)

where ¢ is a certain function. Thus (8) takes the form (6).
On the basis (5), formula (8) takes the form

vij = Yig; + s + c . (9)
The condition of integrability takes the form: c;Fi; — c;F;r = 0. From
foregoing one it is implied, that c¢; = 0 and ¢ = const.
So, we have shown that the Riemannian tensor at all holomorphically pro-
jective flat parabolically-Kéhlerian spaces Ko™ satisfies (6).
(m)
the Riemannian tensor satisfies (6), admits holomorphically projective map-
ping onto a flat space K5,

It is easy to check that any parabolically-Kéhlerian space K, ", in which

Make sure that the system of equations (3) and (9) is completely integrable
in this Ko™ and has the solution Gij (), pi(x) for any initial conditions

Gij(wo) =gi; and  p;(z,) :éi (10)

for which det|| gin £ 0, §ij :51»1» and Eme(a:o)—I— gjaFi“(xo) =0.

Consequently, the space be(m)

ping onto a space K Z(m) with the metric tensor g;;(x) and the structure
Fl'(z). Using (4) we can see, that R, = 0, hence K™ is a flat space.
This completes the proof.

admits a holomorphically projective map-

The direct analysis of (6) leads us to the following

Lemma 3.1 A holomorphically projective flat parabolically-Kdhlerian
space Ky, is a Ricci flat symmetric space, i.e. a Ricci tensor is van-

ishing and the Riemannian tensor is covariantly constant in this Krol(m),

4. On isometries between holomorphically projective flat
parabolically-Kéahlerian spaces

We denote Ko™ a holomorphically projective flat parabolically-Kéhle-
rian space, which determined by (6), and prove the following theorem.

Theorem 4.1 Two holomorphically projective flat parabolically-Kdihlerian
spaces Kﬁ(m’c) and f{z(m’c) are locally isometric if and only if m = m, the
metric signatures are coincident, and the constants ¢ and ¢ have the same
S1gn.
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Proof. Let us consider the given spaces K™ and K™ which are
related to the coordinate systems z and Z respectively. It is natural to
consider the case, when the constants ¢ and ¢ are not equal to zero.

We will search an 1sornetr1c mapping f: Ko™ — K™ Ag it is
known, the mapping f: z" = z" (2!, 22, ... |2 ™) is an isometric mapping if
and only if
9i(%) = Gap(%())0,7°9;7". (11)
Denote ! = 9;z". From (11) it follows that
oz =al, 0zl =Thyzea) — T8k, (12)

where Ffj and f‘?j are the Christoffel symbols of Kﬁ(m’c) and Kz(m’é).

The system (12) for the unknown functions z"(z), z(x) has a solution
for initial conditions z"(x,) = z" and z”(z,) = y, where the following
properties are satisfied

gaﬁ(y’co)yiayf = gij(w0), F(zo)y" = /¢/c F(z,)y?, (13)

where F* and F]* are the structures of KZ(m’C) and K}i(m’c), respectively.

Initial conditions y? from (13) exist if only if m = m, the signatures of the
metric g and g are coincident, and the constants ¢ and ¢ have the same
sign. Conditions (13) follow from (11) and from an integrability condition
of system (12): Rpijr = Ramg:iﬁf?:f}fi.

5. Holomorphically projective mappings of holomorphically
projective flat parabolically-Kahlerian spaces

We can prove the next theorem in the similar way as Theorem 3.1.

Theorem 5.1 If the holomorphically projective flat parabolically-Kdhlerian

m,c)

space Kg( admits a holomorphically projective mapping onto some para-

bolically-Kdhlerian space Ko(m) then f(o(m) is a holomorphically projective

o(m,c)

flat parabolically-Kdihlerian space Ky too.

In addition the next theorem holds

Theorem 5.2 Any holomorphically projective flat parabolically-Kdhlerian
o(m,c) . . . . . .

space Ky, admits a nontrivial holomorphically projective mapping onto

o(m,c)

some holomorphically projective flat parabolically-Kdhlerian space Ko
with a given constant ¢ and a given signature of the metric gi;.
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Proof. The availability of this theorem follows from the existence of the
solutions g;;(x) and ¢;(x) of equations (3) and

pij = Vi + pibj + ¢ Fij — ¢ Fy,
where F;j = gio F?, for any initial conditions (10)

o

ij :gji and ng (zo)+ g]aF (x,) = 0, in the space K, o(me)

i 0,

Theorem 5.3 Between any holomorphically projective flat parabolically-
Kahlerian spaces it is possible to establish a nontrivial holomorphically pro-
jective mapping.

Proof. Let us have two arbitrary holomorphically projective flat parabo-
lically-Ké&hlerian spaces be(m’c) and K Z(m’é). By Theorem 5.2, there exists
some space Rﬁ(m’c) with a signature of a metric of I_(Z(m"a)7 on which Kﬁ(m’c)
admits nontrivial holomorphically projective mapping. By Theorem 4.1,

m,c)

the spaces K f,,( and f(ﬁ(m’c) are isometric, which prove the theorem.

6. Metric of holomorphically projective flat
parabolically-Ké&hlerian spaces

In a symmetric space its a metric tensor may be rebuilt in some Riemannian

coordinate system (y!,v?, ... y") at a point z, by the known formulas [5]
o 1~ (—1R2rz
~ 9T kZ_l 2k+2 @k T Ml Mo (14)

o
A o . o 0.
mmyo‘yﬁ, mf = miq ¢** and g;;, g and Rp;ji are the com-
ponents of the metric, its inverse and Riemannian tensors at the point z,.

where m;; —R

Taking into account the representation of Riemannian tensor (6) and prop-
erties of structures F* the formulas (14) take the form:

o

9ij = gij — CFZ‘FJ‘, (15)
o o
where F; = meo“7 Fz,j are the components of tensor Fj; at x,.

Note, that for a given point x, of holomorphically projective flat parabo-
(m7c)

simultaneously reduced to the form:

lically-Kéhlerian space Kj the metric and structure tensors may be

0 0 bap , 00 0
5”-: 0 ¢ 0 and F'=1|( 00 0],
b, 0 0 En0 0
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where bfb is a transposed matrix by, a,b = 1, m, E,, is the identity matrix,

0 1 0 €n—2m

Thus, we proved the following theorem.

Theorem 6.1 In the holomorphically projective flat parabolically-Kdhle-

. (o]
rian space Ky,

(M) there exists a coordinate system y in which the metric

tensor has the form (15).

Not neglecting generality of reasons, on basic of theorem 4.1 we can consider
¢ = 0,41 that is, spaces Ko™ Ko™+ and gom—1,
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