SCHWARZ ANALYSIS OF AN ITERATIVE SUBSTRUCTURING ALGORITHM FOR P1 NONCONFORMING FINITE ELEMENTS

S. Meddahi^∗

Abstract

We give an iterative substructuring algorithm for the P1 nonconforming finite element approximation of a second order elliptic problem in dimension two. The algorithm and its convergence analysis are based on an abstract framework of the Schwarz method. A bound is established for the condition number of this iterative method which grows only logarithmically with the number of degrees of freedom. We olso give an application of this method to the lowest order Raviart-Thomas mixed method.

Key words. elliptic boundary value problem, domain decomposition method, substructuring algorithm, Schwarz method, nonconforming finite element, mixed finite element

AMS(MOS) subject classifications. 65N30, 65F10

1 Introduction

Domain decomposition algorithms are preconditioned iterative methods where the preconditioners are constructed from solvers for the given partial differential equation restricted to subregions into which the given region is subdivided. The iterative substructuring methods, based on decompositions of the region into nonoverlapping subregions form one of the main families of such algorithms.

Many domain decomposition algorithms can be described and analyzed as Schwarz methods, which are generalizations of the alternating method of Schwarz [22] discovered more then 120 years ago. Schwarz methods have primarily been associated with a division of the region into overlapping subregions. Recently, it has been known that the iterative substructuring methods also fit well into a common Schwarz framework, see Dryja and Widlund [11]. It will be the point of view adopted in this paper.

The purpose of this paper is to develop a domain decomposition method for second order elliptic partial differential equations approximated by a P1 nonconforming finite element method.

�_{Facultad de ciencias, Calvo Sotelo 33007 Oviedo, Spain.}

1

There is some recent work in this area when the overlap between subregions is generous. Sarkis [21] has developed an additive Schwarz method which is insensitive to the jumps in coefficients but converges in a quasi optimal rate. Cowsar [8] and Brenner [4] have obtained an optimal rate of convergence using different approaches.

An important difference between the nonconforming and the conforming finite element method is that in the first case there are no nodes at the vertices of the subregions. To overcome this difficulty we follow closely the approach of Brenner [4] which is based on the connection between the nonconforming finite element space and an appropriate conforming finite element space.

The remainder of this paper is organized as follows. We summarize some abstract results on the convergence of the multiplicative and additive Schwarz methods in §2. In §3 we apply these algorithms to a model problem and derive the convergence estimates. In §3 we show how these methods can be used for the Raviart-Thomas mixed finite element method by taking advantage on a nonconforming equivalent formulation given in [1]. See [13, 12, 16, 17, 18] for related works.

Through out this paper, we will use the following notations. Let Δ denote any open interval of the real line or any polygonal domain in R^2. For any real number s, we consider the classical hilbertian Sobolev space H^s(Δ), provided with the usual norm ‖ · ‖_{s,Δ}. For any real number s ≥ 0, H^s_0 (Δ) stands for the closure in H^s(Δ) of the space of indefinitely differentiable functions with a compact support in Δ. Finally, we recall that the interpolation space with index 1/2 between H^1_0 (Δ) and L^2(Δ) is H^{1/2}_{00} (Δ) (see Lions, Magenes [15]); we denote its norm ‖ · ‖_H1/2_{00 (Δ)}.

2 Abstract theory for Schwarz methods

Let a(·, ·) be a symmetric and positive definite bilinear form on a Hilbert space V . Assume that V_i, i = 0, . . ., J, are closed subspaces of V satisfying V = J∑ i=0 V_i. (1)

Let P_i be the orthogonal projection operator on V_i with respect to the form a(·, ·); i.e., a(P_iu − u, v) = 0 ∀v ∈ V_i. For L, a fixed element in the dual space of V , the Schwarz alternating method to solve the problem { find u ∈ V ; a(u, v) = L(v) ∀v ∈ V, (2) is described below.

Given u^n ∈ V , an approximation of u, we compute the next approximation u^{n+1} ∈ V in three steps:

1. Set Y_{−1} = u^n.

2. Define Y_i ∈ V for i = 0, . . ., J by Y_i = Y_{i−1} + P_i(u − Y_{i−1}).

3. Set u^{n+1} = Y_J .

Note that for i = 0, . . ., J, the term v_i = P_i(u − Y_{i−1}) is calculated by solving the following subproblem { find v_i ∈ V_i; a(v_i, φ) = L(φ) − a(Y_{i−1}, φ) ∀φ ∈ V_i. (3) It is easy to show that the error propagation operator is E_J = (id − P_J )(id − P_{J−1}) · · · (id − P_0). (4) Estimates for the rate of convergence of the iterative method follow directly from bounds on the norm of E_J . These bounds will depend on the following parameters.

Let E = {ε_{ij} }_{1≤i,j≤J} be the matrix of strengthened Cauchy-Schwarz coefficients defined by |a(v_i, v_j)| ≤ ε_{ij} a(v_i, v_i)^{1/2}a(v_j , v_j )^{1/2} ∀v_i ∈ V_i, ∀v_j ∈ V_j i, j = 1, · · ·, J. Let C_0 be the minimum constant such that for all v ∈ V there exists a representation, v = ∑_J i=0 v_i, v_i ∈ V_i, with_J ∑ i=0 a(v_i, v_i) ≤ C^2_0 a(v, v) ∀v ∈ V. We have the following convergence result for the multiplicative algorithm.

Theorem 2.1 Let ρ(E) be the spectral radius of the matrix E. The rate of convergence of the multiplicative Schwarz algorithm is bounded by ‖E_J ‖ ≤ √ 1 − 1 (2ρ(E)^2 + 1)C^2_0 .

The additive version of the Schwarz alternative method is based upon the classical Schwarz method, but modified so that the resulting algorithm is easier to parallelize. Define the linear operator P by P = J∑ i=0 P_i;

note that since P is the sum of a(·, ·)-orthogonal projections, P is symmetric in the inner product a(·, ·). Furthermore, P is positive definite, see Theorem 2.2 below. Then one can use the conjugate gradient method to solve the equation P u = g_a.

In order to retain the same solution u of problem (2), we must find an appropriate right hand side g_a. Fortunately, it is computable:

g_a = J∑ i=0 g_i, where g_i is the solution of the following subproblem: { find g_i ∈ V_i; a(g_i, φ) = L(φ) ∀φ ∈ V_i. (5)

When analyzing the conjugate gradient algorithm, the crucial issue is the spectral condition number κ(P ) of the iteration operator. It is well known that κ =^{λmax(P )}_{λmin(P )} , where

λ_{min}(P ) ≤ a(P u, u) a(u, u) ≤ λ_{max}(P )

are the maximum and minimum eigenvalues of P given by the extrema of the Rayleigh quotient of P .

Theorem 2.2 For all u ∈ V (1/C^2_0 )a(u, u) ≤ a(P u, u) ≤ (ρ(E) + 1)a(u, u). Thus κ(P ) ≤ (ρ(E) + 1)C^2_0 .

Note that we can also regard the multiplicative algorithm as an iterative method for solving the equation T_mu = g_m, for an adequate right hand side g_m and where the operator T_m satisfies T_m = id − E_J . This is a nonsymmetric operator, the equation can be solved with GMRES.

Results for the additive form are due primarily to Dryja and Widlund [11] and Nepomnyaschikh [19], while the result for multiplicative Schwarz methods is a variant of results of Bramble, Pasciak, Wang, and Xu [3], and Xu [25], see also Lions [14] for early work on the case of two subspaces.

3 Scalar P1 nonconforming finite element

3.1 The elliptic problem and its discretization

Throughout this paper, we use boldface capital letters to denote matrix-valued functions of two independent variables and boldface small letters to denote vector-valued functions.

Let Ω be a polygonal domain in R^2, f ∈ L^2(Ω), and A a sufficiently smooth symmetric matrix-valued function on Ω such that for a positive constant α α|ξ|^2 ≤ 2∑ i,j=1 A_{ij} (x)ξ_iξ_j ∀x ∈ Ω, ∀ξ ∈ R^2.

Consider the second order partial differential equation { − div A(gradu) = f in Ω, u = 0 on ∂Ω. (6)

The variational formulation for (6) is to find u ∈ H^1_0 (Ω) such that a(u, v) = ∫ Ω fv dx ∀v ∈ H^1_0 (Ω) (7)

where a(u, v) = ∫ Ω Agradu · gradv dx. A coarse triangulation τ_H is introduced by dividing Ω into nonoverlapping triangles Ω_i, i = 1, · · · , J also called substructures. The substructures Ω_i are further divided into elements in such a way that a conforming triangulation τ_h of all Ω is obtained. We associate parameters H and h with these coarse and fine triangulations and assume that all the substructures and elements are shape regular in the usual sense. Throughout this paper C (with or without subscripts) will denote a generic positive constant independent of the mesh parameters h and H.

For each nonnegative integer k, denote by P^k(T ) the space of polynomial functions of degree ≤ k on T . We introduce the following spaces M^k_{−1}(τ_h) = {v ∈ L^2(Ω); v|_T ∈ P^k(T ) ∀T ∈ τ_h}. and M^k_0 (τ_h) = M^k_{−1}(τ_h) ∩ H^1_0 (Ω).

We denote by E_h the set of edges of the triangles in τ_h and set E^∂_h = {e ∈ E_h; e ⊂ ∂Ω} and

E^0_h = E_h \ E^∂_h .

We define

V^h = {v ∈ M^1_{−1}(τ_h); v is continuous at the midpoints of each e ∈ E^0_h and vanishes at the midpoints of each e ∈ E^∂_h },

equipped with the norm ‖v‖^2_V h = ∑ T ∫ T |gradv|^2 dx. The P1 nonconforming finite element approximation of (7) is to find u_h ∈ V^h such that

a_h(u_h, v) = ∫ Ω fv dx ∀v ∈ V^h, (8) where a_h(·, ·) is the continuous bilinear form on V^h + H^1_0 (Ω) defined by a_h(u, v) = ∑ T ∫ T Agradu · gradv dx. This bilinear form is obviously symmetric and uniformly positive definite on V^h. Then, the discrete problem is well posed. Convergence results and error estimates can be found in [9].

3.2 Convergence analysis We introduce the following notation Σ^H = {x; nodes of τ^H }, and Λ^E = {(i, j); x_i, x_j ∈ Σ^H ; x_i, x_j adjacent and not both on ∂Ω}.

We also denote by Γ_{ij} the edge common to two adjoining rectangles Ω_i and Ω_j and let Ω_{ij} = Ω_i ∪ Γ_{ij} ∪ Ω_j . The set {Ω_{ij} , (i, j) ∈ Λ^E} forms a decomposition of the region Ω into overlapping subregions. We associate to each Ω_{ij} the subspace

V^h_{ij} = {φ ∈ V^h; suppφ ⊂ Ω_{ij} }. We will show that V^h = M^1_0 (τ_H ) + ∑ (i,j)∈Λ^E V^h_{ij} , where M^1_0 (τ_H ) is defined similarly with respect to τ_H . As described in section 2, we associate to this decomposition either the multiplicative or the additive Schwarz method.

We follow Brenner [4] and introduce the operators

E_h : V^h −→ M^2_0 (τ_h) F_h : M^2_0 (τ_h) −→ V_h defined by (E_hv)(m) = v(m) for all internal midpoints m ∈ τ_h (E_hv)(p) = average of v_i(p) for all internal vertices p ∈ τ_h where v_i = v|_{Ti} and T_i ∈ τ_h contains p at a vertex, (F_hw)(m) = w(m) for all midpoints in τ_h.

We will also need the nodal interpolation operator I_H : M^2_0 (τ_h) −→ M^1_0 (τ_H ) given by (I_H w)(p) = w(p) for all internal vertices p ∈ τ_H .

The following result concerning the stability of the intergrid transfer operators E_h and F_h can be found in [4].

Lemma 3.1 The following estimates on E_h and F_h hold: |E_hv|_{1,Ω} ≤ C‖v‖_V h ∀v ∈ V^h ‖F_hw‖_V h ≤ C|w|_{1,Ω} ∀w ∈ M^2_0 (τ_h). We will also need some technical results usually used in the theory of domain decomposition methods. The first one is an estimate on the interpolation operator I_H proved in [2, 24]. Lemma 3.2 The following estimate holds: |I_H w|^2_{1,Ω} ≤ C(1 + log H h )|w|^2_{1,Ω} ∀w ∈ M^2_0 (τ_h).

The following lemma is given in [2, 24] for continuous piecewise linear functions. The same result is valid for continuous piecewise quadratic functions with no modifications in the proof. Lemma 3.3 The following estimate holds: ‖w − I_H w‖^2_{H1/200 (Γij )} ≤ C(1 + log H h )^2|w|^2_{1,Ω} ∀w ∈ M^2_0 (τ_h).

Finally, we give an estimate of the discrete a_h(·, ·)-harmonic extension of boundary values obtained by replacing the value on ∂Ω_i by zero except on Γ_{ij} . More precisely, let Φ(Γ_{ij} ) = {v|_{Γij} ; v ∈ M^2_0 (τ_h)}.

Given a function φ ∈ Φ(Γ_{ij} ) ∩ H^1_0 (Γ_{ij} ) we characterize its a_h(·, ·)-harmonic extension R^i_{Γij} φ ∈ {v|_{Ωi} ; v ∈ M^2_0 (τ_h)} by a_h(R^i_{Γij} φ, v) = 0 ∀v ∈ M^2_0 (τ_h) ∩ H^1_0 (Ω_i) R^i_{Γij} φ = φ on Γ_{ij} R^i_{Γij} φ = 0 on ∂Ω_i\Γ_{ij} . (9)

The following result can be found in [2].

Lemma 3.4 There exists a positive constant C such that a_h(R^i_{Γij} φ, R^i_{Γij} φ) ≤ C‖φ‖_H1/2_{00 (Γij )}. We are now in position to prove the main result.

Theorem 3.1 There exists a constant C such that for each v ∈ V^h there exists a decomposition v = v_0 + ∑ ij v_{ij} with v_0 ∈ M^1_0 (τ_H ) and v_{ij} ∈ V^h_{ij} satisfying the inequality a_h(v_0, v_0) + ∑ ij a_h(v_{ij} , v_{ij}) ≤ C(1 + log H h )^2a_h(v, v).

Proof. Let v ∈ V^h, by definition E_hv ∈ M^2_0 (τ_h). Denote ω = E_hv − I_H (E_hv). We will show that ω = ∑ ij ω_{ij} , with ω_{ij} ∈ M^2_0 (τ_h) ∩ H^1_0 (Ω_{ij} ). Then

E_hv = I_H (E_hv) + ∑ ij ω_{ij} . Noting that F_h ∘ E_h = id and F_h ∘ I_H = I_H , we apply the operator F_h to the last equality and arrive to v = I_H (E_hv) + ∑ ij F_hω_{ij} . We take v_0 = I_H (E_hv) ∈ M^1_0 (τ_H ) and v_{ij} = F_hω_{ij} ∈ V^h_{ij} . By virtue of Lemma 3.2 and the equivalency of the norms ‖ · ‖_V h and a_h(·, ·)^{1/2}

a_h(v_0, v_0) ≤ C(1 + log H h )a_h(E_hv, E_hv). Now using the estimates given in Lemma 3.1 for the operators E_h and F_h we immediately obtain

a_h(v_0, v_0) + ∑ ij a_h(v_{ij} , v_{ij}) ≤ C((1 + log H h )a_h(v, v) + ∑ ij a_h(ω_{ij} , ω_{ij} )).

To conclude, it suffices to show that the functions ω_{ij} can be constructed in such a way that the following estimate holds ∑ ij a_h(ω_{ij} , ω_{ij} ) ≤ C(1 + log H h )^2a_h(v, v).

Let us construct ω_{ij} . For all k = 1, · · · , J we denote α_k = 1/(number of interior sides of Ω_k) and P_k the a_h(·, ·) -orthogonal projection onto M^2_0 (τ_h) ∩ H^1_0 (Ω_k). We consider the projection operator P_{ij} defined by P_{ij} = P_i ⊕ P_j . Finally, let P^⊥_{ij} be the orthogonal of P_{ij} in H^1_0 (Ω_{ij} ) ∩ M^2_0 (τ_h). We take ω_{ij} = α_iP_i(ω) + α_j P_j (ω) + P^⊥_{ij} (ω).

It easy to show that ω = ∑ ij ω_{ij} . By the properties of the orthogonal projection

a_h(ω_{ij} , ω_{ij}) = α^2_i a_h(P_iω, P_iω) + α^2_j a_h(P_j ω, P_j ω) + a_h(P^⊥_{ij} ω, P^⊥_{ij} ω)

≤ α^2_i a^i_h(ω, ω) + α^2_j a^j_h(ω, ω) + a_h(P^⊥_{ij} ω, P^⊥_{ij} ω), where we have denoted a^i_h(·, ·) the restriction of a_h(·, ·) to Ω_i.

It is straightforward to see that P^⊥_{ij} is equal to R^i_{Γij} (ω) in Ω_i and R^j_{Γij} (ω) in Ω_j . Applying Lemma 3.4 we obtain the inequality a_h(ω_{ij} , ω_{ij} ) ≤ α^2_i a^i_h(ω, ω) + α^2_j a^j_h(ω, ω) + C‖w|_{Γij} ‖^2_{H1/200 (Γij )}.

By definition w = (E_hv − I_H (E_hv)); the triangular inequality and Lemmas 3.2 and 3.3 lead to a_h(ω_{ij} , ω_{ij} ) ≤ C(1 + log H h )^2(|E_hv|^2_{1,Ωi} + |E_hv|^2_{1,Ωj} ).

Summing over (i, j) ∈ Λ^E and using again the stability property of E_h given in Lemma 3.1 we arrive to ∑ ij a_h(ω_{ij} , ω_{ij} ) ≤ C(1 + log H h )^2‖v‖^2_{V h} ,

and we conclude by the equivalency of the norms ‖ · ‖_V h and a_h(·, ·)^{1/2}. 2

To obtain an upper bound on ρ(E), we observe that we can color {Ω_{ij} , (i, j) ∈ Λ^E } in such a way that subdomains of the same color are disjoint. It is easy to see that no more than 3 colors are needed. In addition, we have the global space M^1_0 (τ_H ) that intersects all other subspaces and which we associate with a forth color. Noting that two elements belonging to (different) subspaces associated to subdomains of the same color are a_h(·, ·)-orthogonal, it follows that ρ(E) < 4. 4 The lowest order Raviart-Thomas mixed method

4.1 The mixed formulation of the model problem and its discretization

In this section we use the same notation introduced previously and the model problem (6) will be approximated by a mixed finite element method. The flux variable p = −A(gradu) is of interest in many physical problems. The Raviart-Thomas method is useful when an accurate approximation of this flux variable is required.

We consider the space

H(div, Ω) = {q ∈ (L^2(Ω))^2; div q ∈ L^2(Ω)},

equipped with the usual graph norm,

‖q‖^2_{H(div,Ω)} = ‖q‖^2_{0,Ω} + ‖ div q‖^2_{0,Ω},

which makes it a Hilbert space.

The mixed variational formulation of (6) is

find (p, u) ∈ H(div, Ω) × L^2(Ω); ∫ Ω Cp · q dx − ∫ Ω u div q dx = 0 ∀q ∈ H(div, Ω), ∫ Ω div pv dx = ∫ Ω fv dx ∀v ∈ L^2(Ω), (10)

where C = A^{−1}. It is well known that this problem has a unique solution, see [20] or [23].

We associate with each element T ∈ τ_h the Raviart-Thomas space [20, 23] defined by : R(T ) = {(a + cx, b + cy)^t, a, b, c ∈ R}, where (x, y)^t is the space variable. Now we introduce the space R^h_{−1} = {q ∈ (L^2(Ω))^2; q|_T ∈ R(T ) ∀T ∈ τ_h}, and the finite dimensional subspace of H(div, Ω) R^h_0 = R^h_{−1} ∩ H(div, Ω), in which we will seek an approximation p_h of the flux p.

The finite dimensional space corresponding to the scalar variable is the space M^0_{−1}(τ_h) of piecewise constant functions.

The lowest order Raviart-Thomas finite element approximation of (10) is given by find (p_h, u_h) ∈ R^h_0 × M^0_{−1}(τ_h); ∫ Ω Cp_h · q dx − ∫ Ω u_h div q dx = 0 ∀q ∈ R^h_0 , ∫ Ω div p_hv dx = ∫ Ω fv dx ∀v ∈ M^0_{−1}(τ_h). (11)

The spaces R^h_0 and M^0_{−1}(τ_h) are constructed so that problem (11) is well posed, cf. [23], and furthermore lim_{h→0} ‖p − p_h‖_{0,Ω} = lim_{h→0} ‖u − u_h‖_{0,Ω} = 0.

Additional convergence results including error estimates can be found in [20] and the references contained therein.

4.2 An equivalent nonconforming formulation Note that, by definition, the normal component of the elements in R^h_0 is continuous across the interelement boundaries e ∈ E^0_h . One may eliminate this continuity requirement from the finite element space and enforce it through Lagrange multipliers defined on the interelement boundaries.

Let M^0_{−1}(E^0_h) be the space of all functions on E_h which are constant functions when restricted to each edge e ∈ E^0_h and vanish on E^∂_h . It is easy to see that if q ∈ R^h_{−1}, then q ∈ R^h_0 ⇔ ∑ T ∈τ_h ∫ ∂T q · ˚_T μ de = 0 ∀μ ∈ M^0_{−1}(E^0_h),

where ˚_T denotes the exterior normal to T . As noted in [1] the extended problem find (p_h, u_h, λ_h) ∈ R^h_{−1} × M^0_{−1}(τ_h) × M^0_{−1}(E^0_h); ∫ Ω Cp_h · q dx − ∑ T ∈τ_h ( ∫ T u_h div q dx − ∫ ∂T λ_hq · ˚_T de) = 0 ∀q ∈ R^h_{−1}, ∑ T ∈τ_h ∫ T div p_hv dx = ∫ Ω fv dx ∀v ∈ M^0_{−1}(τ_h), ∑ T ∈τ_h ∫ ∂T p_h · ˚_T μ de = 0 ∀μ ∈ M^0_{−1}(E^0_h ).

(12) has a unique solution (p_h, u_h, λ_h). Moreover p_h can be identified with p_h, and u_h = u_h.

The extended problem (12) can be written as a nonconforming finite element problem in the following manner. We first introduce the spaces

B^h = {v ∈ M^3_{−1}(τ_h); v vanishes on each e ∈ E_h, } and N^h = V^h + B^h.

Let Π^0 denote the L^2-projection onto M^0_{−1}(E^0_h), and P^0 the L^2-projection onto M^0_{−1}(τ_h). We have at our disposal two approximations of u, one, λ_h, is polynomial of degree k on each e ∈ E^0_h , and the other, u_h, is polynomial of degree k in each element T of the triangulation τ_h. We use the two approximations to construct a unique function ψ_h ∈ N^h. More precisely, the following lemma is proved in [1].

Lemma 4.1 Let k be an even integer, and (p_h, u_h, λ_h) the solution of (12). There exists a unique function ψ_h ∈ N^h defined by P^0ψ_h = u_h, and Π^0ψ_h = λ_h.

Furthermore, the pair (p_h, ψ_h) solves the following problem:

find (p_h, ψ_h) ∈ R^h_{−1} × N^h; ∫ Ω Cp_h · q dx − ∑ T ∈τ_h ∫ T gradψ_h · q dx = 0 ∀q ∈ R^h_{−1}, ∑ T ∈τ_h ∫ T p_h · gradχ dx = − ∫ Ω (P^kf)χ dx ∀χ ∈ N^h. (13)

Let now P_{R,C} be the L^2-orthonormal projection onto R^h_{−1} with respect to the weighted L^2-inner product (p, q)_C = ∫ Ω Cp · q dx. From the first equation of problem (13), we have

p_h = −P_{R,C} (Agrad_hψ_h), (14)

where (grad_hψ_h)|_T = grad(ψ_h|_T ) ∀T ∈ τ_h. Therefore, it follows that problem (13) is equivalent to find ψ_h ∈ N^h; c_h(ψ_h, χ) = ∫ Ω (P^k f)χ dx ∀χ ∈ N^h (15) where c_h(·, ·) is the positive semi-definite symmetric bilinear form on H^1_0 (Ω) + N^h given by

c_h(χ_1, χ_2) = (P^k_{R,C} (Agrad_hχ_1), P^k_{R,C}(Agrad_hχ_2))_C . (16)

We denote the corresponding nonconforming energy semi-norm on H^1_0 (Ω) + N^h by ‖ ψ ‖_h= c_h(ψ, ψ)^{1/2}. The steps from problem (11) to problem (15) can be viewed, at the matrix level, as a static condensation procedure to eliminate internal degrees of freedom. This strategy is general, and can be applied to linear systems of the form ( A B^t B 0 ) , whenever the matrix A corresponds to a bilinear continuous form on a space which does not have continuity requirement at the vertices, like the Brezzi-Douglas-Fortin-Marini (BDFM) spaces (cf. [5]), the Brezzi-Douglas-Marini (BDM) spaces (cf. [6]), and some mixed finite element spaces for the plate and elasticity equations.

Remark 4.1 An important advantage of this nonconforming formulation is that it provides an approximate displacement field u_h ∈ M^1_{−1}(τ_h) defined by

Π^0(ψ_h − u_h) = 0

which is more accurate than the approximation u_h furnished by the original problem; see [4].

In the following theorem we prove that the symmetric bilinear form c_h(·, ·) is uniformly positive definite on N^h.

Theorem 4.1 There exists a positive constant C such that ‖ψ‖_h ≤ C ‖ψ‖_V h ∀ψ ∈ H^1_0 (Ω) + N^h, and ‖ψ‖_V h ≤ C‖ψ‖_h ∀ψ ∈ N^h. Proof. The hypotheses on A make the first inequality obvious. To prove the second inequality, observe that

‖ ψ ‖_h = sup q∈R^h�_1

|(P_{R,C} (Agrad_hψ), q)_C| (q, q)^{1/2}_C

= sup

q∈R^h�_1 | ∫ Ω grad_hψ · q dx| (q, q)^{1/2}_C

≥ C sup

q∈R^h�_1 | ∫ Ω grad_hψ · q dx| ‖ q ‖_{0,Ω} = C ‖ P_R(grad_hψ) ‖_{0,Ω} where P_R is the orthogonal projection onto R^h_{−1} with respect to the usual inner product of L^2(Ω). It remains to show that there exists a positive constant C such that

‖ P_R(grad_hψ) ‖_{0,Ω}≥ C ‖ grad_hψ ‖_{0,Ω} ∀ψ ∈ N^h.

Let T̂ be the unitary reference triangle {(x, y); x, y ≥ 0, x + y ≤ 1} and e_i, i = 1, 2, 3, its edges. Denote by ˚_i and t_i = (−ν^2_i , ν^1_i ) the unit normal and tangent vector to e_i for i = 1, 2, 3. Let ψ = φ + b with φ ∈ P^1(T̂) and b ∈ xy(1 − x − y)P^0(T̂). By definition the equation P_R(grad_hψ) = 0 on T̂ means that ∫ T̂ gradψ · q dx = 0 ∀q ∈ R(T̂ ). (17)

Using Green’s formula in (17), we obtain the relation ∫ T̂ ψ div q dx = 3∑ i=1 ∫ e_i φq · ˚_i de_i ∀q ∈ R(T̂ ). (18)

Writing (18) for q ∈ (P^0(T̂ ))^2 ⊂ R(T̂) we get 3∑ i=1 ∫ e_i φq · ˚_i de_i = 0 ∀q ∈ (P^0(T̂))^2. (19)

The restriction of φ to each e_i is a polynomial of degree ≤ 1 which can be written as φ|_{ei} = α_iL_i + β_i for i = 1, 2, 3, where α_i,β_i are two constants and L_i is the Legendre polynomial of degree 1 on e_i. Then equation (19) gives 3∑ i=1 β_i ∫ e_i q · ˚_i de_i = 0 ∀q ∈ (P^0(T̂))^2.

In this equation, we put q = t_1 and q = t_2 successively to deduce that β_1 = β_2 = β_3. Denote this common constant β. The above shows that the function ψ − β is a multiple of the Legendre polynomial of degree 1 on each e_i. Thus ψ − β takes opposite values at the end points of each e_i. The Legendre polynomials do not vanish at the endpoints of the interval. Since ψ − β is continuous on T̂ , this implies the equality ψ − β = 0 on ∂T̂. Therefore, ψ − β = xy(1 − x − y)z where z ∈ P^0(T̂ ). Now, using once again (17) we have ∫ T̂ (ψ − β) div q dx = 0 ∀q ∈ R(T̂), (20)

and choosing in (20) q ∈ R(T̂ ) such that div q = z we conclude that ψ = β on T̂ .

The two norms ψ −→‖ P_R(gradψ) ‖_{0,T̂} and ψ −→‖ gradψ ‖_{0,T̂} are equivalent on the quotient space (P^1(T̂) + xy(1 − x − y)P^0(T̂ ))/P^0(T̂ ), so there exists a constant C such that ‖ P_R(gradψ) ‖_{0,T̂} ≥ C ‖ gradψ ‖_{0,T̂} .

By definition ‖ P_R(gradψ) ‖_{0,T} = sup q∈R(^^T ) | ∫ T gradψ · q dx| ‖ q ‖_{0,T} . We deduce by standard scaling arguments that there exists a constant C independent of h such that

‖ P_R(gradψ) ‖_{0,T} ≥ C ‖ gradψ ‖_{0,T} ∀ψ ∈ P^1(T ) + xy(1 − x − y)P^0(T ), for all T ∈ τ_h. Summing over all the triangles we obtain the result. 2

Remark 4.2 A generalization of the last theorem to the case of greater order finite elements is given in [18].

The following lemma indicates that estimates on N^h can be done on the components V^h and B^h separately.

Lemma 4.2 Let ψ = φ + b be an arbitrary element of N^h where φ ∈ V^h and b ∈ B^h. Then, there exists a positive constant C such that C(‖φ‖_h + ‖b‖_h) ≤ ‖ψ‖_h ≤ ‖φ‖_h + ‖b‖_h. Proof. The upper bound of the lemma follows from the triangular inequality. To get the lower bound one can use Theorem 4.1 to see that it is equivalent to state the inequality C(‖φ‖_V h + ‖b‖_V h ) ≤ ‖ψ‖_V h . Let T̂ be the reference triangle. The norms ψ −→ ‖gradψ‖_{0,T̂} , and ψ −→ ‖gradφ‖_{0,T̂} + ‖gradb‖_{0,T̂} , are equivalent on (P^1(T̂) + xy(1 − x − y)P^0(T̂ ))/P^0(T̂ ). By a change of variable and summing over all the triangles we obtain the result. 2

We associate to each Ω_{ij} the subspace N^h_{ij} = {ψ ∈ N^h; supp(ψ) ⊂ Ω_{ij} }.

Note that N^h_{ij} = V^h_{ij} + B^h_{ij} where b^h_{ij} = B^h ∩ H^1_0 (Ω_{ij} ).

Theorem 4.2 There exists a constant C such that for each ψ ∈ N^h there exists a decomposition

ψ = ψ_0 + ∑ ij ψ_{ij}

with ψ_0 ∈ M^1_0 (τ_H ) and ψ_{ij} ∈ N^h_{ij} satisfying

‖ψ_0‖^2_h + ∑ ij ‖ψ_{ij}‖^2_h ≤ C(1 + log( H h ))^2‖ψ‖^2_h.

Proof. Let ψ ∈ N^h, ψ = φ + b with φ ∈ V^h and b ∈ B^h. By Theorem 3.1 we know that there exists a decomposition φ = φ_0 + ∑ ij φ_{ij}

with φ_0 ∈ M^1_0 (τ_H ) and φ_{ij} ∈ V^h_{ij} satisfying

‖ψ_0‖^2_V h + ∑ ij ‖ψ_{ij} ‖^2_V h ≤ C(1 + log H h )^2‖ψ‖^2_V h .

Now , we decompose b as follows b = ∑ ij b_{ij} with b_{ij} ∈ B^h_{ij} defined by b_{ij} = α_ib|_{Ωi} in Ω_i and α_j b|_{Ωj} in Ω_j . It is Straightforward that b = ∑ ij b_{ij} and ∑ ij ‖b_{ij} ‖^2_V h = ‖b‖^2_V h . We take ψ_0 = φ_0, ψ_{ij} = φ_{ij} + b_{ij} and conclude by Lemma 4.2.

References

[1] D. N. Arnold, F. Brezzi. Mixed and nonconforming finite element methods: Implementation, postprocessing and error estimates. RAIRO Model. Anal. Numer., 19 (1985), 7-32.

[2] J.H. Bramble, J.E. Pasciak and A.H. Schatz, The construction of preconditioners for elliptic problems by substructuring, I. Math. Comp. 47 (1986) 103-134.

[3] J. H. Bramble, J. E. Pasciak, J. Wang, J. Xu. Convergence estimates for product iterative methods with applications to domain decomposition. Math. Comp. 57 (1991), 1-21.

[4] S. C. Brenner. Two-level additive Schwarz preconditioners for nonconforming finite element methods, preprint. SIAM, J. Numer. Anal. 29 (1992), 647-678.

[5] F. Brezzi, J. Douglas, Jr., M. Fortin, L.D. Marini. Efficient rectangular mixed finite elements in two and tree space variables. R.A.I.R.O., Modél. Math. Anal. Numér., 21 (1987), 581-604.

[6] F. Brezzi, J. Douglas, L.D. Marini. Two families of mixed finite element methods for second order elliptic problems. Numer. Math., 47 (1985), 217-235.

[7] F. Brezzi, M. Fortin. Mixed and hybrid finite element methods. 1991. Springer-Verlag, New York.

[8] L.C. Cowsar, Domain decomposition methods for nonconforming finite elements spaces of Lagrange-type, Proceedings of the Sixth Copper Mountain Conference on Multigrid Methods, NASA Conference Publication 3224 (1993), 93-109.

[9] M. Crouzeix and P.-A. Raviart, conforming and nonconforming finite element methods for solving the stationary Stokes equations I, R.A.I.R.O. R-3 (1973), 33-75.

[10] M. Dryja, O. B. Widlund. Some domain decomposition algorithms for elliptic problems.

Technical Report 438, Courant Institute of Mathematical Sciences, April 1989.

[11] M. Dryja, O. B. Widlund. Towards a unified theory of domain decomposition algorithms for elliptic problems. In Third International Symposium on Domain Decomposition Methods for Partial Differential Equations, T. Chan, R. Glowinski, J. Périaux, and O. Widlund, editors, SIAM, Philadelphia, PA, 1990.

[12] R. E. Ewing, J. Wang. Analysis of the Schwarz algorithm for mixed finite elements methods.

RAIRO Model. Anal. Numer., 26 (1992), 739-756.

[13] R. Glowinski, M. F. Wheeler. Domain decomposition methods and mixed finite element methods for elliptic problems. Proc. First Internat. Sympos. on Domain Decomposition Methods for Partial Differential Equations (R. Glowinski, G. H. Golub, G. A. Meurant, J. Periaux, eds.), SIAM, Philadelphia, PA; 1989, 144-172.

[14] P. L. Lions. On the Schwarz alternating method. Proc. First Internat. Sympos. on Domain Decomposition Methods for Partial Differential Equations (R. Glowinski, G. H. Golub, G. A. Meurant, J. Periaux, eds.), SIAM, Philadelphia, PA; 1989, 81-92.

[15] J.-L. Lions and E. Magenes, Problémes aux limites non homogénes et applications (Dunod 1968).

[16] T. P. Mathew. Schwarz alternating and iterative refinement methods for mixed formulations of elliptic problems, part I: algorithms and numerical results. Numer. Math., 65 (1993), 445- 468.

[17] T. P. Mathew. Schwarz alternating and iterative refinement methods for mixed formulations of elliptic problems, part II: convergence theory. Numer. Math., 47 (1993), 469-492.

[18] S. Meddahi. Schwarz algorithms for the Raviart-Thomas mixed Method. To appear in Calcolo.

[19] S.V. Nepomnyaschikh. Domain Decomposition and Schwarz methods in a subspace for the approximate solution of elliptic boundary value problems, Ph. D. thesis,Computing Center of the Siberian Branch of the USSR Academy of Sciences, Novosibirsk, USSR, 1986.

[20] J. E. Roberts, J. M. Thomas. Mixed and hybrid methods. Volume II ”Finite Element Methods (part1)” of the ”Handbook of Numerical Analysis”, P. G. Ciarlet, J. L. Lions Editors, North-Holland, Amsterdam, 1991, 523-639.

[21] M. Sarkis. Tow-level Schwarz methods for nonconforming finite element and discontinuous coefficients. Technical Report 629, Courant Institute of Mathematical Sciences, March 1993.

[22] H. A. Schwarz. Gesammelte mathematische abhandlungen. 1890. Springer, Berlin.

[23] J. M. Thomas. Sur l’analyse numérique des méthodes d’éléments finis hybrides et mixtes.

Doctoral Thesis, Université Pierre et Marie Curie, Paris, 1977.

[24] O.B. Widlund, Iterative substructuring methods: algorithms and theory for elliptic problems in the plane. In: R. Glowinski, G.H. Golub, G.A. Meurant, J. Periaux, ed., First international symposium on domain decomposition methods, (SIAM, Philadelphia, 1988) 113-128.

[25] J. Xu. Iterative methods by space decomposition and subspace correction. Technical report, Penn State University, University Park, PA, 1990. To appear in SIAM Review.