A Boundary Rigidity Problem for

Holomorphic Mappings

Graziano Gentili and Serena Migliorini^1

Abstract

Several families of complex geodesics of D^2 = {z = (z_1, z_2) ∈ C^2 : |z_1| + |z_2| < 1} touching given boundary points are explicitly studied and the corresponding holomorphic retracts in the sense of Lempert [12] are founded. A careful investigation of the holomorphic extendibility of the Lempert–type retracts to the boundary of D^2 and a few results on their “uniqueness” allows the proof of a Cartan–type rigidity theorem at the boundary for holomorphic mappings of the domain D^2. Analogous rigidity results are obtained for special points of the boundary of D^n, n > 2.

1 Introduction

One of the main features of the theory of holomorphic maps is the close connection between analytic properties of maps and geometric properties of the domains on which they are defined. The classical Schwarz and Schwarz-Pick Lemmas are among the most significant examples in this setting: they establish that any holomorphic map f of the open unit disc Δ of C into itself is a contraction for the Poincaré metric, that is, for any z_0 ∈ Δ, f maps any Poincaré disc centered at z_0 into a Poincaré disc centered at f(z_0) with the same radius.

In particular the Schwarz and Schwarz-Pick Lemmas establish the following “rigidity result”: if f : Δ → Δ is holomorphic and if z_0 ∈ Δ is such that f(z_0) = z_0, then |f^′(z_0)| ≤ 1; moreover f^′(z_0) = 1 if, and only if, f is the identity on Δ.

In the case of several complex variables, a generalization of the Schwarz Lemma appears in a classical theorem proved by H. Cartan, according to which, if Ω ⊂ C^n is a bounded domain, if f : Ω → Ω is a holomorphic map and if z_0 ∈ Ω is such that f(z_0) = z_0, then |det(df_{z0} )| ≤ 1; moreover df_{z0} is the identity if, and only if, f is the identity on Ω.

The investigation on the behaviour of the Poincaré metric at the boundary of the unit disc Δ of C, carried out by using geometric tools such as horospheres and Stolz regions, leads to the Julia Lemma and the Wolff Lemma which establish Schwarz-type results at the boundary of Δ. In fact it turns out that if f : Δ → Δ is holomorphic and without fixed points, then there exists a unique τ ∈ ∂Δ such that f(τ) = τ and that 0 < f^′(τ) ≤ 1 (here f(τ) and f^′(τ) are defined as non-tangential limits). For such a τ - the Wolff point of f - and for any R > 0, the horosphere of radius R centered

1Authors partially supported by GNSAGA of the Consiglio Nazionale delle Ricerche. 157 at τ is mapped into itself. However the rigidity result stated by the classical Schwarz Lemma does not extend in the same form to the case of a holomorphic map having its

Wolff point τ ∈ ∂Δ; take for example the map g(z) =

1 + 3z^2 3 + z^2

: it is such that g(1) = 1, g^′(1) = 1 but g is not the identity of Δ.

In 1994 Burns and Krantz [2] have established exact terms in which the rigidity at the boundary can be stated; they proved the following result:

Theorem 1 (Burns-Krantz) Let Δ be the unit disc centered at 0 ∈ C. Let f : Δ → Δ be a holomorphic map from the unit disc to itself such that

f(ξ) = ξ + O(|ξ − 1|^4)

when ξ → 1. Then f is the identity on Δ.

In the same paper the authors generalize their result, first to the case of the open unit ball of C^n, and then to strictly convex and to strongly pseudo-convex domains of C^n. For these classes of domains in several complex variables, the tecnique is to reduce to the one dimensional case; the principal geometric tool is the construction of a family of mappings of the unit disc into the domain such that the image analytic discs (the complex geodesics) are holomorphic retracts of the entire domain. Thanks to the work of Lempert (see [11]), we know that such special analytic discs exist for a large family of smoothly bounded domains.

In this paper we study Cartan-type rigidity at the boundary for holomorphic mappings of the domain D^2 = {z ≡ (z_1, z_2) ∈ C^2 : |z_1| + |z_2| < 1}, i.e. of the L^1-ball of C^2. This is a non-strictly convex domain, whose boundary is smooth only at the points of ∂D^2 ∩(C\{0})^2 where D^2 is strictly pseudo-convex. The domain D^2 came into scene in 1927, when N. Kritikos [10] proved, as one of the first applications of the Carathéodory distance, that every holomorphic automorphism of D^2 leaves the origin fixed; a result which Thullen [18] reobtained four years later, while constructing the group of all holomorphic automorphisms of bounded Reinhardt domains in C^2. Since then, the peculiar complex structure of the domain D^n = {(z_1, . . . , z_n) ∈ C^n : |z_1|+. . .+|z_n| < 1}, n ≥ 2, has been investigated by several authors (see, e.g., [19], [4], [14]) and in particular the family of all complex geodesics of such domains has been described. The Cartan-type rigidity results proved by Burns-Krantz and Huang [24] for large classes of domains rely upon hypotheses of smoothness and pseudo-convexity which do not hold at all points of ∂D^2. Moreover the techniques used for the unit ball of C^n cannot be adapted to this situation, because of the non-transitivity of the group of holomorphic automorphisms of D^2. Here we have explicitly studied several families of complex geodesics of D^2 touching given boundary points and have found the corresponding holomorphic retracts in the sense of Lempert [12]. A careful investigation of the holomorphic extendibility of the Lempert-type retracts to the boundary of D^2 and a few results on their “uniqueness” allows the proof of the following:

Theorem 2 Let D^2 be the domain {z ≡ (z_1, z_2) ∈ C^2 : |z_1| + |z_2| < 1}. Let f : D^2 −→ D^2 be a holomorphic map from the domain D^2 to itself such that f(z) = z + O(| z − P |^4) when z → P , where P ∈ ∂D. Then f(z) ≡ z in D^2 . As a consequence, analogous rigidity results are obtained for special points of the boundary of D^n, n > 2. A full generalization of the above result to the case of n > 2 is now under investigation.

The techniques introduced to prove the above results depend on the structure of the family of complex geodesics of the domain involved and could be used, in principle, independently of the geometry of the boundary, for classes of non-regular domains.

2 Preliminaries

If Ω is a domain in C^n , K_Ω and C_Ω will denote, respectly, the Kobayashi and Caratheodory pseudo-distances associated to Ω (see [23]). If Ω is convex, it turns that K_Ω ≡ C_Ω (see [11]). Let g : Δ −→ Ω be a holomorphic map. Then g is a complex geodesics for C_Ω if, for all ξ, η ∈ Δ, C_Ω(g(ξ), g(η)) = ω(ξ, η) , where ω denotes the Poincarè distance of Δ. Several results have been obtained in the study of existence and uniqueness of complex geodesics joining two given points of a convex domain (see [20],[11]). The complex geodesics of a convex domain Ω have been also characterized as the solutions of an extremum problem (see [11]).

As for their computation, very few results have been obtained, with different techniques. In the case of the L^1 open, unit ball of C^n , D^n = {(z_1, . . . , z_n) ∈ C^n : |z_1| + . . . + |z_n| < 1}, complex geodesics are computed in [4]:

Theorem 3 (Gentili) Let g = (g_1, . . . , g_n) : Δ −→ D^n be a complex geodesics of D^n, continuous on Δ̄. Then there exist:

(i) K, J, S non negative integers such that K + J + S = n,

(ii) α_1, . . . , α_{K+J} ∈ Δ̄ not all coinciding with the same α ∈ ∂Δ,

(iii) t_1, . . . , t_{K+J} ∈ R^+_∗ , (iv) φ_1, . . . , φ_{K+J} ∈ R, such that, up to permutation of the components: g_k(z) = e^{iφk} t_k(z − α_k)(1 − ᾱ_kz) r(1 − γ̄z)^2 for 1 ≤ k ≤ K ,

g_j(z) = e^{iφj} t_j (1 − ᾱ_j z)^2 r(1 − γ̄z)^2 for K ≤ j ≤ K + J , g_s(z) ≡ 0 for K + J < s ≤ n , where r ∈ R^+_∗ and γ ∈ Δ are such that: r(z − γ)(1 − γ̄z) = − [_{K+J} ∑ j=1 t_jᾱ_j ] z^2 + [_{K+J} ∑ j=1 t_j (|α_j|^2 + 1) ] z − [_{K+J} ∑ j=1 t_j α_j ] .

3 Complex geodesics in D^2 passing through a boundary point

In this section we will study existence of complex geodesics in D^2 passing through a boundary point P ∈ ∂D^2. Since the group of holomorphic automorphisms of D^2 is not transitive on D^2, the possible choices of the point P at boundary of D^2 are not all equivalent. We suppose (up to holomorphic automorphisms) that the boundary point is P = (1, 0); notice that the boundary of D^2 is not smooth at P . Let

D^2 = { z ≡ (z_1, z_2) ∈ C^2 : |z_1| + |z_2| < 1 } and let g = (g_1, g_2) : Δ −→ D^2 be a complex geodesic in D^2, without identically zero components, such that

g(1) = (1, 0) ∈ ∂D^2 .

Theorem 3 implies the existence of α_1, α_2 ∈ Δ̄ not both coinciding with the same α ∈ ∂Δ, of t_1, t_2 ∈ R^+ and of φ_1, φ_2 ∈ R such that the components of g are in one of the following forms:

g_1(ξ) = e^{iφ1} t_1(ξ − α_1)(1 − ᾱ_1ξ) r(1 − γ̄ξ)^2 , g_2(ξ) = e^{iφ2} t_2(1 − ᾱ_2ξ)^2 r(1 − γ̄ξ)^2 , or g_1(ξ) = e^{iφ1} t_1(ξ − α_1)(1 − ᾱ_1ξ) r(1 − γ̄ξ)^2 , g_2(ξ) = e^{iφ2} t_2(ξ − α_2)(1 − ᾱ_2ξ) r(1 − γ̄ξ)^2 , or g_1(ξ) = e^{iφ1} t_1(1 − ᾱ_1ξ)^2 r(1 − γ̄ξ)^2 , g_2(ξ) = e^{iφ2} t_2(1 − ᾱ_2ξ)^2 r(1 − γ̄ξ)^2 , where r ∈ R^+ and γ ∈ Δ satisfy r(ξ − γ)(1 − γ̄ξ) = (1) = −(t_1ᾱ_1 + t_2ᾱ_2)ξ^2 + [(1 + |α_1|^2)t_1 + (1 + |α_2|^2)t_2]ξ − (t_1α_1 + t_2α_2) for all ξ ∈ Δ. We shall find a family of complex geodesics of D^2 passing through the boundary point P = (1, 0) ∈ ∂D^2, and prove that it covers at least an open subset of D^2.

Let us consider all the geodesics of the form:

g_1(ξ) = e^{iφ1} t_1(1 − ᾱ_1ξ)^2 r(1 − γ̄ξ)^2 , g_2(ξ) = e^{iφ2} t_2(1 − ᾱ_2ξ)^2 r(1 − γ̄ξ)^2 . Condition g(1) = (1, 0) yields e^{iφ1} t_1(1 − ᾱ_1)^2 r(1 − γ̄)^2

= 1 , e^{iφ2} t_2(1 − ᾱ_2)^2 r(1 − γ̄)^2

= 0 . (2)

Hence α_2 = 1 . By replacing α_2 = 1 in equation (1) we obtain

−(rγ̄)ξ^2 + r(1 + |γ|^2)ξ − rγ = −(t_1ᾱ_1 + t_2)ξ^2 + [(1 + |α_1|^2)t_1 + 2t_2]ξ − (t_1α_1 + t_2) .

By the identity principle for polynomials and by system (2) we get

t_1ᾱ_1 + t_2 = rγ̄ , (1 + |α_1|^2)t_1 + 2t_2 = r(1 + |γ|^2) , e^{iφ1} t_1(1 − ᾱ_1)^2 = r(1 − γ̄)^2 , (3)

and the square roots in the last equation are e^{i φ12} √ t_1(1 − ᾱ_1) = √ r(1 − γ̄) , (4) e^{i φ12} √ t_1(1 − ᾱ_1) = √ r(γ̄ − 1) . Let us study now equations (3) and (4). We have

t_1ᾱ_1 + t_2 = rγ̄ , (1 + |α_1|^2)t_1 + 2t_2 = r(1 + |γ|^2) , e^{i φ1}2 √ t_1(1 − ᾱ_1) = √ r(1 − γ̄) . (5)

From the first and the third equations we obtain:

α_1 = t_2 + √ t_1r e^{−i φ1}2 − r √ t_1r e^{−i φ1}2 − t_1

=: α_0 , (6) γ = (t_1 + t_2) √ t_1r e^{−i φ1}2 − rt_1 r( √ t_1r e^{−i φ1}2 − t_1)

=: γ_0 (7) (α_0 and γ_0 satisfy also the second one). The two conditions |α_0| ≤ 1 and |γ_0| < 1 become

|α_0|^2 =

(t_2 − r)^2 + 2(t_2 − r) √ t_1r cos^{φ1}_2 + t_1r t_1(r − 2 √ t_1r cos^{φ1}_2 ) ≤ 1 ,

|γ_0|^2 =

(t_1 + t_2)^2 + rt_1 − 2(t_1 + t_2) √ t_1r cos^{φ1}_2 r(r − 2 √ t_1r cos^{φ1}_2 ) < 1 , (8)

{ t^2 − 2t_2(r − √ t_1r cos^{φ1}_2 ) + r^2 − t^2_1 + 2(t_1 − r) √ t_1r cos^{φ1}_2 ≤ 0 , t^2 − 2t_2( √ t_1r cos^{φ1}_2 − t_1) − r^2 + t^2_1 − 2(t_1 − r) √ t_1r cos^{φ1}_2 < 0 , we find a solution for t_2:

r + t_1 − 2 √ t_1r cos φ_1 2 < t_2 < r − t_1

with r > t_1 and cos φ_1 2 > √ t_1 r . So a family Γ of complex geodesics passing through the point (1, 0) is given by

g_1(ξ) = e^{iφ1} t_1(1 − ᾱ_0ξ)^2 r(1 − γ̄_0ξ)^2 , (9) g_2(ξ) = e^{iφ2} t_2(1 − ξ)^2 r(1 − γ̄_0ξ)^2 , (10)

with α_0 and γ_0 as in (7), where φ_1, φ_2 ∈ R and r, t_1, t_2 ∈ R^+_∗ satisfy t_1 < r , r + t_1 − 2 √ t_1r cos^{φ1}_2 < t_2 < r − t_1 , cos^{φ1}_2 > √_{t1} r . (11)

Remark: α_0 ≠ γ_0, otherwise g_1(ξ) = e^{iφ1} t_1 r would be constant.

Let Q = (z_0, w_0) ∈ D^2. Let us find conditions on the point Q so as to guarantee the existence of a complex geodesic g ∈ Γ such that

( g(1) = (1, 0) ) and g(0) = (z_0, w_0) .

We have:

g_1(ξ) = e^{iφ1} t_1(1 − ᾱ_0ξ)^2 r(1 − γ̄_0ξ)^2 , (12)

g_2(ξ) = e^{iφ2} t_2(1 − ξ)^2 r(1 − γ̄_0ξ)^2 , (13)

with α_0, γ_0 given by (7). The two conditions g_1(0) = z_0 and g_2(0) = w_0 yield e^{iφ1} t_1 r = z_0 ⇒ arg(z_0) = φ_1 , e^{iφ2} t_2 r = w_0 ⇒ arg(w_0) = φ_2 .

Let p = |z_0| and q = |w_0| ; we get { t_1 = rp t_2 = rq .

The values of t_1, t_2 and φ_1 satisfy conditions (11). Hence

1) rp < r holds because 0 ≤ p < 1 , 2) cos^{φ1}_2 > √ p ⇒ −2 arccos √ p < φ_1 < 2 arccos √ p , 3) p + 1 − 2 √ p cos^{φ1}_2 < s < 1 − p .

So we will have a complex geodesic g ∈ Γ passing through Q if we choose:

φ_1 = arg(z_0) , t_1 = r|z_0| , φ_2 = arg(w_0) , t_2 = r|w_0| ,

with

1 + |z_0| − 2 √ |z_0| cos ( arg(z_0) 2 ) < |w_0| < 1 − |z_0| , (14)

−2 arccos √ |z_0| < arg(z_0) < 2 arccos √ |z_0| . (15)

It turns out that the set

S = {(z_0, w_0) ∈ D^2 : (z_0, w_0) satisfy (14),(15)}

is open on D^2 and that the complex geodesics passing through the point (1, 0) do not intersect the axes twice.

For any complex geodesics passing through the boundary point (1, 0) ∈ ∂D^2 we shall find a “inverse” function in the sense of the following:

Proposition 1 Let g = (g_1, g_2) : Δ −→ D^2 be a complex geodesic such that

g(1) = (1, 0) ∈ ∂D^2 , g(0) = (z_0, w_0) ∈ D^2 .

Then, there exists a holomorphic function F_g : D^2 −→ Δ such that F_g ∘ g = id_Δ.

Proof.

The complex geodesic g maps ∂Δ into ∂D^2 and it can be continuosly extended to Δ̄; as we noticed g_1 ≠ 0 on ∂Δ and g_2(ξ) = 0 ⇔ ξ = 1. Moreover, the unit normal vector ν(z) to ∂D^2 in z = (z_1, z_2) ∈ ∂D^2 is given by ν(z) = ( z_1 |z_1| , z_2 |z_2| ) . Hence ν ( g(e^{iθ}) ) = ( g_1(e^{iθ}) |g_1(e^{iθ}| , g_2(e^{iθ}) |g_2(e^{iθ})| ) , with θ ∈ [0, 2π]. By a result due to Lempert (see[12]), there exsists a positive real function r̃ : ∂Δ −→ R^+ such that the mapping G̃ : ∂Δ −→ C^2 .

defined by ξ −→ ξr̃(ξ)ν (g(ξ))) extends to a holomorphic mapping G = (G_1, G_2) : Δ −→ C^2 .

To see that g has a holomorphic “left-inverse”, we consider the equation < z − g(ξ) , G(ξ) >= 0 (16)

for the unknown ξ ∈ Δ, z being a fixed point in D^2. Here < a, b >= 2∑ k=1 a_kb_k for a = (a_i)_{i=1,2}, b = (b_j)_{j=1,2} ∈ C^2.

For each z ∈ D^2, equation (16) has exactly one solution ξ ∈ Δ. Indeed, the number of the solutions equals wind Ψ, the winding number of the function Ψ(ξ) =< z − g(ξ), G(ξ) > on ∂Δ (see[1]). Now windΨ(ξ) = windξ =1 + wind < z − g(ξ), r̃(ξ)ν(g(ξ)) > =0 (17)

since Re < z − g(ξ), r̃(ξ)ν(g(ξ)) >< 0 , ∀ξ ∈ Δ by convexity. Thus the second summand in (17) is zero. Therefore, we have a function F_g : D^2 −→ Δ which assigns to each z ∈ Δ the corresponding solution ξ ∈ Δ of ( 16); F_g is holomorphic and F_g ∘ g = id_Δ .

We assert that F_g : D^2 −→ Δ is holomorphic in a neighborhood of P = (1, 0) ∈ ∂D^2. Indeed, the components g_1 and g_2 of the complex geodesic g are continous and holomorphic in a neighborhood of Δ; moreover(see[4]), we have

g_1(ξ)G_1(ξ) = t_1(ξ − α_0)(1 − ᾱ_0ξ) , g_2(ξ)G_2(ξ) = −t_2(1 − ξ)^2 .

Then G_1(ξ) = re^{−iφ1} (ξ − α_0)(1 − γ̄_0ξ)^2 (1 − ᾱ_0ξ) , G_2(ξ) = −re^{−iφ2} (1 − γ̄_0ξ)^2 .

Since α_0 ≠ 1, G_1 is holomorphic on Δ ∪ V , where V is a neighborhood of 1 ∈ ∂Δ, while G_2 is holomorphic in a neighborhood of Δ.

Let us consider now the mapping defined in (16): Φ(z_1, z_2, ξ) =:< z − g(ξ), G(ξ) > . The mapping Φ is holomorphic on Ṽ × Δ ∪ V where Ṽ is a neighborhood of D^2. Let

Θ = {Φ(z_1, z_2, ξ) = 0} .

We have (1, 0, 1) ∈ Θ and ∂ ∂ξ Φ(1, 0, 1) = −g^′_1(1)G_1(1) ≠ 0.

Therefore, by the implicit function theorem (see [3]), ξ can be expressed as a holomorphic function of (z_1, z_2) on D^2 and on a neighborhood of the point P = (1, 0) ∈ ∂D^2.

4 A rigidity result for D^2

Let us now prove a rigidity result for the domain D^2 ⊂ C^2.

Theorem 4 Let D^2 be the domain {z ≡ (z_1, z_2) ∈ C^2 : |z_1| + |z_2| < 1}. Let f : D^2 −→ D^2 be a holomorphic map from the domain D^2 to itself such that f(z) = z + O(| z − P |^4) when z → P , where P ∈ ∂D. Then f(z) ≡ z in D^2 .

Proof.

We will consider first the case in which P ≡ (1, 0). Let (z_0, w_0) ∈ D^2 be a given point such that (14) and (15) hold. Let g = (g_1, g_2) : Δ −→ D^2 be a complex geodesic on D^2 such that g(1) = (1, 0) and g(0) = (z_0, w_0) .

Its components are given by

g_1(ξ) = e^{iφ1} t_1(1 − ᾱ_0ξ)^2 r(1 − γ̄_0ξ)^2 , (18)

g_2(ξ) = e^{iφ2} t_2(1 − ξ)^2 r(1 − γ̄_0ξ)^2 , (19)

with α_0 and γ_0 as in (7), and where φ_1, φ_2 ∈ R and r, t_1, t_2 ∈ R^+_∗ satisfy (11).

Let F_g : D^2 −→ Δ be the “inverse” holomorphic mapping of g defined in proposition (1). Then the function H =: F_g ∘ f ∘ g : Δ −→ Δ, Δ^g−→ D^{2 f}−→ D^{2 Fg}−→ Δ 1 −→ (1, 0) −→ (1, 0) −→ 1 is well-defined. Moreover, H satisfies the hypotheses of Burns-Krantz’s Theorem 1. Indeed, by considering the function ψ(t) = tf(g(ξ)) + (1 − t)g(ξ) we have

F_g(f(g(ξ))) − ξ = F_g(f(gξ))) − F_g(g(ξ)) = F_g(ψ(1)) − F_g(ψ(0)) . Thus, we get |F_g(ψ(1)) − F_g(ψ(0))| ≤ | |dF_g (ψ(t̃)) | | |f(g(ξ)) − g(ξ)| . If M ≥ max_K {‖dF_g‖}, where K is a compact neighborhood of P ∈ ∂D^2 on which F_g is holomorphic, we obtain |F_g(f(g(ξ))) − F_g(g(ξ))| |ξ − P |^4 ≤ M |f(g(ξ)) − g(ξ)| |ξ − P |^4 = L(ξ) . For ξ → P , L(ξ) is bounded and non zero. Hence F_g(f(g(ξ))) − ξ = O(|ξ − P |^4) . Then H(ξ) ≡ ξ , ∀ξ ∈ Δ , i.e. F_g ∘ f ∘ g(ξ) = ξ , ∀ξ ∈ Δ. In particular:

(f ∘ g) : Δ −→ D^2 is a complex geodesic on D^2 passing through (1, 0): in fact we have f ∘ g(1) = (1, 0) and for ξ_0, ξ_1 ∈ Δ we get ω(ξ_0, ξ_1) = ω(F_g ∘ f ∘ g(ξ_0) , F_g ∘ f ∘ g(ξ_1)) ≤ ≤ C_D(f ∘ g(ξ_0) , f ∘ g(ξ_1)) ≤ C_D(g(ξ_0) , g(ξ_1)) = = ω(ξ_0, ξ_1) .

It follows C_D(f ∘ g(ξ_0) , f ∘ g(ξ_1)) = ω(ξ_0, ξ_1) , and the assertion is proved. The second component of f ∘ g, according to theorem (3), is given by (f ∘ g)_2 = ã_2

(1 − ξ)^2 (1 − γ̃ξ)^2 with ã_2 ∈ C and γ̃ ∈ Δ. The “inverse” function F_g of g also “inverts” f ∘ g, because F_g(f ∘ g) = id_Δ. Hence < (f ∘ g)(ξ) − g(ξ) , G(ξ) >= 0 , ∀ξ ∈ Δ. (20) f ∘ g ≡ g for ξ → P up to the third order. Indeed

lim_{ξ→1} |f(g(ξ)) − g(ξ)| |ξ − P |^3 = lim_{ξ→1} |f(g(ξ)) − g(ξ)| |g(ξ) − P |^3 |g(ξ) − P |^3 |ξ − P |^3 = 0 .

Let us compute the values of the derivative of g at ξ = 1:

g^′_2(1) = 0 ,

g^{′′}_2 (1) =

2a_2 (1 − γ̄_0)^2 ,

g^{′′′}_2 (1) =

12a_2γ̄_0 (1 − γ̄_0)^3 , where a_2 is the coefficient appearing in (19). Since f ∘ g ≡ g for ξ → P up to the third order, we obtain 2a_2 (1 − γ̄_0)^2 = 2ã_2 (1 − ¯γ̃)^2 , 12a_2γ̄_0 (1 − γ̄_0)^3 = 12ã_2 ¯γ̃ (1 − ¯γ̃)^3 .

By combining the two equations, we get γ_0 = γ̃ , which directly implies that a_2 = ã_2; hence (f ∘ g)_2 ≡ g_2 .

(21) It follows that |(f ∘ g)_1(ξ)| = |g_1(ξ)| = 1 − |g_2(ξ)| , ∀ξ ∈ ∂Δ . Therefore, for all ξ ∈ ∂Δ, we have (f ∘ g)_1(ξ) = e^{iϑ(ξ)}g_1(ξ) .

(22) Let us consider the components of (20): for all ξ ∈ ∂Δ we have < ( e^{iϑ(ξ)}g_1(ξ), g_2(ξ) ) − (g_1(ξ), g_2(ξ)) , ξr̃(ξ) ( g_1(ξ) |g_1(ξ)| , g_2(ξ) |g_2(ξ)| ) >= 0 . Using (21) and (22), we get ( e^{iϑ(ξ)} − 1 ) ξr̃(ξ)|g_1(ξ)| = 0 . Since r̃ ≠ 0 (except for a set of measure zero), and |g_1(ξ)| ≠ 0 ∀ξ ∈ ∂Δ, we obtain e^{iϑ(ξ)} = 1 a.e. on ∂Δ , hence g_1(ξ) ≡ (f ∘ g)_1(ξ) a.e. on ∂Δ.

Therefore, we conclude that (f ∘ g)(ξ) ≡ g(ξ) , ∀ξ ∈ Δ. In particular, when ξ = 0, we have: f(z_0, w_0) = (z_0, w_0) .

Then f is the identity map on the set A of points satisfying (14) and (15); since A is an open set of D^2, so we conclude f(z) ≡ z ∀z ∈ D^2. Remark that the result obtained still holds if the point P ≡ (1, 0) is replaced with the point Q ≡ (e^{iϑ}, 0) or Q ≡ (0, e^{iϑ}) (∀ϑ ∈ R). In fact in both cases there exists a holomorphic automorphism of D^2 which trasforms the point Q into P . When P belongs to the “ smooth” boundary of D^2 (i.e. when both the coordinates have moduli strictly smaller than 1) the same results hold, because in a neighborhood of P the domain is strictly pseudo-convex and the tecniques developed by Burns and Krantz in [2] can be directly applied to obtain the assertion.

We shall extend theorem (4) to the case of “special” points of the boundary of D^n ⊂ C^n:

Corollary 1 Let D^n = {(z_1, . . . , z_n) ∈ C^n : |z_1| + . . . + |z_n| < 1}. Let f : D^n −→ D^n be a holomorphic map from the domain D^n to itself such that f(z) = z + O(| z − P |^4) for z → P , where P ∈ ∂D^n ∩ (C\{0})^n or P ∈ ∂D^n ∩ ∂(Δ × . . . × Δ). Then f(z) ≡ z on D^n .

Proof.

We will consider first the case in which P ≡ (1, 0, . . . , 0). Let g = (g_1, . . . , g_n) : Δ −→ D^n be a complex geodesic on D^n, whose components are given in Theorem 3. Since g(1) = P , we have α_1 ∈ Δ̄ \ {1} , α_2 = α_3 = . . . = α_n = 1 .

We obtain a system as in (5) :

rγ̄ = t_1ᾱ_1 + t_2 + . . . + t_n , r(1 + |γ|^2) = t_1(1 + |α_1|^2) + 2t_2 + . . . + 2t_n , r(1 − γ̄)^2 = e^{iφ1} t_1(1 − ᾱ_1)^2 .

By denoting t̃_2 =: t_2 + . . . + t_n, we find the same solutions α_0 and γ_0 as in (7) with t_2 replaced by t̃_2; we also obtain similar conditions to (11) for φ_j ∈ R and t_j ∈ R^+_∗ (j = 1, . . . , n). Analogous arguments to those used in the proof of Theorem 4 can be used to prove the assertion.

Remark that the statement still holds if the point P = (1, 0, . . . , 0) is replaced with the point Q = (0, . . . , e^{iθ}_j , 0, . . . , 0) ∈ ∂D^n (with j = 1, . . . n, and θ ∈ R); in fact there exists a holomorphic automorphism of D^n, which trasforms the point Q into P .

When P ∈ ∂D^n belongs to the “smooth” boundary of D^n, (i.e. when all the coordinates of P ∈ D^n have moduli strictly greater than 0), the assertion holds, because in a neighborhood of P the domain is strictly pseudo-convex and the techniques developed by Burns and Krantz in [2] can be directly applied to obtain the assertion.

References

[1] L.V.Ahlfors, Complex Analysis, Mc-Graw Hill, New York, 1966.

[2] D.M.Burns & S.G.Krantz, Rigidity of Holomorphic Mappings and a New Schwarz Lemma at the Boundary, J.Amer.Math.Soc. 7 (1994) pp 661-676.

[3] J.Dieudonné, Fondaments de l’Analyse Moderne, Gauthier-Villars, Paris. 1963.

[4] G.Gentili, Regular Complex Geodesics in the Domain D^n = {(z_1, . . . , z_n) ∈ C^n :

|z_1| + . . . + |z_n| < 1}, in “ Complex Analysis 3”, C.A.Berestein. Lecture Notes in Math. 1277, Springer Verlag. 1987, pp 235-252.

[5] G.Gentili, Complex Geodesics : Non-Uniqueness and Related Questions, Seminari di Geometria dell’Universitá di Bologna. Tecnoprint, Bologna, 1988.

[6] R.E.Greene & S.G.Krantz, Stability Properties of the Bergam Kernel and Curvature Properties of Bounded Domains, Recent Progress in Several Complex Variables, Princeton University Press, Princeton, 1982.

[7] G.Gentili, F.Podestà, E.Vesentini, Lezioni di Geometria Differenziale, Bollati Boringhieri, Torino, 1995.

[8] Y.Katznelson, An Introduction to Harmonic Analysis, Dover Publications, New York, 1976.

[9] Kolmogorov-Fomin, Introductory Real Analysis, Prentice-All, Englewood Cliffs, 1970.

[10] N.Kritikos, Über analytische Abbildungen einer klasse von vier dimensionalen Gebieten, Math. Ann, 99 (1928), pp321,341.

[11] L.Lempert, La Metrique Kobayashi et les Representation des Domains sur la Boule, Bull.Soc.Math. France 109 (1981), pp 427-474.

[12] L.Lempert, Holomorphic Retract and Intrinsic Metrics in Convex Domains, Analysis Mathematica 8 (1982), pp 257-261.

[13] M.Abate, Iteration Theory of Holomorphic Maps on Taut Manifolds, Mediterranean-Press, 1989.

[14] P.Plug, Invariant Distances and Metrics in Complex Analysis, Walter de Gruyter, Berlin, New York, 1993.

[15] Protten, H. Murray, Weinberger, Maximum Principles in Differential Equations , Prentice-All, Englewood Cliffs, 1967.

[16] W.Rudin, Analisi Reale e Complessa, Boringhieri, Torino, 1982.

[17] W.Rudin, Function Theory in the Unit Ball of C^n, Grundlehren der math. Wiss.

241, Springer Verlag, Berlin, 1980.

[18] P.Thullen, Zu den Abbildungen durch analytische Functionem mehrerer Komplexer Veränderlichen. Die Invarianz des Mittelpunktes von Kreiskörpern, Math. Ann. 104 (1931), pp244,259; 373,376.

[19] E.Vesentini, Variation on a Theme of Caratheodory, Ann. Sc. Nor. Sup. Pisa, (4) 6 (1979), pp 39-68.

[20] E.Vesentini, Complex Geodesics and Holomorphic Maps, Symposia Mathematica 26 (1982), pp 211-230.

[21] E.Vesentini, Complex Geodesics, Compositio Mathematica 44 (1981), pp 375-394.

[22] E.Vesentini, Capitoli Scelti della Teoria delle Funzioni Olomorfe, Unione Matematica Italiana, Oderisi, Gubbio, 1984.

[23] T.Franzoni & E.Vesentini, Holomorphic Maps and Invariant Distances, North Holland Mathematics Studies, Vol. 40, North Holland, Amsterdam, 1980.

[24] X.Huang, A Boundary Rigidity Problem of Holomorphic Mappings on Some Weakly Pseudoconvex Domains, Canad. J. Math. 47 (2), 1995. pp 405-420.

Universitá di Firenze Dipartimento di Matematica “U.Dini” viale Morgagni, 67/A 50131 FIRENZE ITALY