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HOLOMORPHIC SERIES EXPANSION
OF FUNCTIONS OF CARLEMAN TYPE
ON THE INTERVAL [—1,1]

Hicham Zoubeir

ABSTRACT. We characterize the functions of some Carleman classes on the
unit interval [—1, 1] as sums of holomorphic functions in specific neighborhoods
of [—1,1]. As an application of our main theorem, we perform an alternative
construction of the Dyn’kin’s pseudoanalytic extension for these Carleman
classes on [—1,1].

1. Introduction

In 1926 [8] Carleman raised the problem of the representation of the func-
tions of a quasianalytic class in terms of their successive derivatives at a given
point. He noticed that this problem should be solved by a decomposition method.
This problem was also raised by Julia in 1925 [13} 14}, [15], while he was look-
ing for an algorithmic generalization of the classical Borel process which generates
classes of quasi-analytic functions from sequences of complex numbers converging
to 0. In 1962 [2] Badalyan gave, by his theory of quasi-powers (a generalization
to quasianalytic Carleman classes of Taylor series expansion) the complete solution
to Carleman’s problem. In 1970 [3] Badalyan generalized his theory to some non-
quasianalytic classes. In 1991 [10] pp. 249-253] Ecalle obtained for the functions
of a regular Carleman class on a segment [a, b], a series expansion into holomorphic
functions on specific neighborhoods of [a, b]. In 2004, Belghiti obtained for certain
Carleman classes on arbitrary bounded convex planar domains [4] a similar but
more explicit holomorphic expansion series. Let us observe that the approach in
[4], 10] relies mainly on the theorem of pseudoanalytic extension due to Dyn’kin [9].

Improving the methods of Ecalle and Belghiti, we obtained in [5] a characteri-
zation of the functions of a Gevrey class on [—1, 1] as sums of series of holomorphic
functions in suitable neighborhoods of [—1, 1], and here we generalize this method
to some Carleman classes on [—1,1]. As an application of our main theorem, we
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derive an alternative construction of Dyn’kin’s pseudoanalytic extension for these
Carleman classes.

2. Preliminary notes

Let S be a nonempty subset of C, f: S — C a bounded function, and || f||cc,s :=
sup,cg | f(2)]. For z € C we set p(z,S) := infucg |z —u|. For r >0, B(z,r) is the
usual open ball in C with center z and radius r. We set also

Sy =84+ B(0;r):={z4+u:2z€S, ue B(0,r)}

Thus we have S, = {z € C : p(z,5) < r}. O(S) denotes the set of holomorphic
functions on some neighborhood of S.

Let a == (ai,a9), B = (B1,B2) € N2. We write 8 < «a if: #; < o and
B2 < ag. Given a property B(x), with 2 € R, we say that P(x) holds ultimately if
there exists ag € R such that B(x) holds for all z > ag. We define an equivalence
relation on the set F of real valued functions which are defined on a real half-line
by writing f = ¢ if we have f(z) = g(z) ultimately. We denote by [f] the class
of equivalence of a function f € F for the equivalence relation =,,. The quotient
set G := F /= is endowed with operations of addition and multiplication induced
by those of F making G into a commutative ring. The classes of equivalence for
this relations are called the germs of functions at +o0c. To simplify the writing we
will identify the germ [f] with its representant f. We consider the field R of real
numbers as a subring of G, by identifying a real number a with the germ of the
function x — a.

We denote by G; the subring of G consisting of the germs of functions that
are ultimately of class C'. A subring N of G, is called a Hardy field if N is a
field which is stable by derivation. Functions belonging to a Hardy field X have
the following properties: they are ultimately strictly monotone unless they are
ultimately constant, they are ultimately of constant sign unless they are ultimately
identically vanishing. It follows that for every f € N the limit lim,_, . f(z) exists
in R U {+00,—oc}, and that for every f, g € N we have ultimately one of the
following cases f(x) < g(x), g(x) < f(x), f(z) = g(x).

We say that an element f of X is bounded if lim,_, 1~ f(z) € R, infinitesimal
if lim, 100 f(z) = 0, and infinite if lim, 4o |f(2)] = +o0.

If f,g € X and g is infinite and ultimately positive, then f o g € Gy is by
definition the germ in G; such that ultimately (fog )(z) = f(g(x)).

In our work we will need the following results.

THEOREM 2.1. [I, 19). Let f be an infinite and ultimately positive element of
a Hardy field N. Then there exists a Hardy field H and a germ g € H such that g is
an infinite and ultimately positive element of the Hardy field H and (f o g)(z) = x
ultimately. g is called the inverse of f and is denoted by g{=1).

THEOREM 2.2. [I, 18}, 20]. Let F(Y),G(Y) € R[Y] and y € Gy be such that
G(y) # 0 and vy G(y) = F(y) (in G1). Then the ring of germs N[y| is an integral
domain with fraction field X(y) C G1, and R(y) is a Hardy field.
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As a consequence of this theorem, it follows that a Hardy field N can be
enlarged to a Hardy field Xy containing the germ Id of the identity function and
the germ In of the logarithmic function. The following theorem provides a strong
generalization of this remark.

THEOREM 2.3. [7] Let X be a Hardy field. There exists a Hardy field Xy con-
taining N such that the germs at +o0o of the functions expof, Ino|f| belong to Ny
for every function f € Ry which is not ultimately identically vanishing.

A positive function measurable fuction f defined on some neighborhood of 4+o00
is said to be regularly varying with index 7 € R if lim,_, ;o % =C7,C >0. We
set IJ(f) := 7. If 3(f) = 0, then we will say that the function f is slowly varying.

If f is regularly varying with index 7, then there exists a slowly varying function
L such that for f(x) = 27 L(x), for sufficiently large values of z.

Let f be a function defined on an interval of the form [a, +o00[ such that f is
strictly positive and belongs as a germ at +oo to a Hardy field. Then according to

[12], the function f is regularly varying if and only if lim,_, 4o x}c(,g) € R. Then

we have J(f) = limy— 400 x}{(g).

THEOREM 2.4 (Potter’s bounds, [6]). Let f be a regularly varying function of
index 7. For every e > 0, we have ultimately (1 —e)z™ ¢ < f(z) < (1 +&)z"Te.

Let p: R% — R be a function of class C? on R} which belongs, as a germ at
400, to a Hardy field R containing the germ at +oo of the function  — Inx. Since
the function p belongs as a germ at +oo to the Hardy field X, it follows that the

In(t)

limit o(p) = limy 4 oo o exists in Ry U {+0o0}. o(p) is called the order of the

function p. We assume that 0 < o(u) < 4o00. It follows then that we have
lim pu(t) =400, u(t)= 0 (t)

t—+o0 t—+o0

Furthermore, we have by virtue of L'Hopital’s rule, lim;_ 4 o £t/ (t) = —~. Thence

, o)
% = 0. Consequently the function p is slowly varying.

Consider the function M, defined on ]0, +o0o[ by M,,(t) := t'e’"® ¢ > 0. The
functions €, and H,, are defined on R% by

t t
Qu(x) = %g(f) {M;t()} x>0, H, (r) = tu>1£ {A;ltl;(t )} x>0
We consider also the sequence M, := (M, )nen- defined by M,, := M, (n), n € N*.

Let W be a nontrivial interval of R. The Carleman class Cyz, (W) is the set of
functions f of class C° on W such that sup ¢y | f™ (z)| < Cp"M,,, n € N* where
C,p > 0 are real constants.

We denote by Ay, the set of sequences (@n)nen of complex numbers such that
lan| < Cp™M,, n € N* where C, p > 0 are constants. We denote by w, and h, the
functions defined by w,(z) := —In[Q,(z)] and h,(z) := —In[H,(z)], respectively.

Let 7, denote the function ultimately defined by the system

(2.1) z =120 (),  yulr) = p(t) + 1/ (1),

we have lim; 4 o
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the parameter ¢ being uniquely determined by 2. We denote then ¢ by o (z).

Let ¢, denote the function defined by ¢, (z) := w,(r) — 2w, (z) for sufficiently
large values of .

The following propositions will play a crucial role in the proof of our main result.

ProrosiTioN 2.1. 1. The function w, is ultimately well defined by the system
(2.2) v = etexplu(t) + 0/ (1)), walx) =t + 24 (2)
the parameter t being ultimately uniquely determined by x. We denote then t by

tl (il,')
2. The function w, is ultimately strictly concave.
3. The function @, is ultimately well defined by the system

(2:3) x = etexplu(t) +tu' ()], pulr) =24 (t)

the parameter t being ultimately uniquely determined by x.
4. The function ¢, is an increasing diffeomorphism between neighborhoods of

+o00. The inverse function N, := goffl) is ultimately defined by the system
(2.4) =10 (t), Nu(z)=etexplu(t)+tu'(t)]

the parameter t being ultimately uniquely determined by x
5. The function h,, is ultimately well defined by the system

(2.5) v = explu(t) +tp'(t)],  hy(z) =20/ (1)

the parameter t being utimatey uniquely determined by x. Furthermore h, is ul-
timately positive and infinite so it has an inverse hft_n which belongs to a Hardy
field.

6. Each of the function w,, pu, hy, Ny, vu belongs to a Hardy field.

7. The function vy, is slowly varying and the function w, is regularly varying

of index

o(p)
2.6 J =—"—.
( ) (wu) 1+ U(M)
8. The function vy, is ultimately positive and infinite and we have
(2.7) () —pla) = O (1)
9. We have ultimately
, e_’Yur(I)
(28) W) =
(2.9) V(@) = (kY (@)).
10. The following relations hold for every o € R}
(2.10) plox) —plx) = _0_(1),
e_a‘Pu(x)
(2.11) lim —— =0.

z—+00 4‘0;1(3:)
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ProOOF. 1. Thanks to [4], the function h, is ultimately well defined by the
system
o= explu(t) + i/ (1)), hu(x) = 2401
Consider then the function fi: @ — p(x) + In(z). It belongs to the Hardy field N
and we have o(p) = ol ¢ 10, +oc[. It follows that the function hj is ultimately

o(p)+1
well defined by the system

x = explji(t) + 7 ()], ha(w) = 27 (1)
that is by the system
2= etexplu(t) + 4/ ()], ha(w) =t + 24 (1)

But we know that h; = w,, thence the function w, is ultimately well defined by
the system

2= etexplu(t) + 4/ ()], wal@) = ¢+ 12401
the parameter ¢ being ultimately uniquely determined by x.
On the other hand, since

£ (t)

it follows that limg_, 4 hy(2) = +00. Consequently h,, is ultimately positive and
infinite. Thence according to Theorem 2.1 above, the function h, has an inverse

h,(fl) which belongs to a Hardy field.

2. It follows from the definition of the function w, that it is ultimately of class
C'. Direct computations from the system (2.2 prove then that the function w),
has ultimately the following parametrical representation

1
2.12 T = etex t)+tu' ()], ol (x)=
(212) D) + (0, (o) = e
It follows that the function w; is ultimately strictly decreasing. Then that the
function w, is ultimately strictly concave.

~ ! ~ o et
e U(M)t, explu(t) + ' (t)]  ~ em®e

3. Direct computations from system ([2.2) lead to the system representing
ultimately the function .
4. Tt is clear that the function Fy: t — etM+t' () which belongs as a germ at
400 to the Hardy field R, is ultimately strictly increasing and satisfies hrf Fi(t) =
Tr—r+00
+00. Thence, according to Theorem 2.1, the function F; has an inverse g belonging
to a Hardy field ®; which contains the identity.

The function h,, is ultimately of the class C', and, according to (2.5), we have
ultimately

e e 1C0) R O MY 1)
Iz T d(er D+t () - z))+g(z)p (t(z))
d( as )(g(l‘)) et (g(z))+g(z)p (t(z)) T

Hence we have ultimately xhj,(z) = g(=). It follows, according to Theorem 2 above,
that N, [h,] is an integral domain whose fraction field R, (h,,) is a Hardy field which
contains the function h, as a germ at +oco. By a similar proof we obtain that h;



252 ZOUBEIR

belongs to a Hardy field. Since w,, = hy it follows then that the function w, belongs
as a germ at +oo to a Hardy field.

It is obvious that the function ¢, belongs to the same Hardy field R as w),.
Furthermore direct computations, based on the system representing ¢, on some
neighborhood of +o00, show that ¢, is infinite and ultimately positive. It follows
then that ¢, is ultimately strictly increasing. Thence ¢, is a diffeomorphism
between neighborhoods of 400 whose inverse V,, belongs to a Hary field. It is clear
that the function NV, is ultimately well defined by the system

2= 2(t), Ny(@) = etexplu(t) + /(1)
the parameter ¢ being ultimately uniquely determined by x.
Direct computations from systems (2.1)), (2.2), (2.4) prove that we have ulti-
mately v, (h, (z)) = In(z), that is v, (z) = In(h " (z))
It follows, according to Theorem 3 above, that there exists a Hardy field con-

taining the function «,. It follows also from the relation (2.9) that v, is ultimately
positive and infinite.

Direct computations from systems (2.1)), (2.2]), (2.4) prove also that relation

(2.8) holds ultimately.
5. The function w,, belongs to a Hardy field and we have

lim LUIIL (z) = lim f1(2)
T—=+o0 W, (5(;) z——+00 tl(l‘) +t (x)2,u’(t1 (.7;))
1 o(p)

e T @ (@) 1+ o)
o(p)
IT+o(p)”
6. The function v, belongs as a germ at +oo to a Hardy field and we have
(1)
_ay(e) ') o
lim =1 N 1 n lim D
oboo () oree p(t) Htu(E) oo 4 L0

Thence the function w,, is regularly varying with index J(w,) =

Thence v, is slowly varying.

7. Since 7, is slowly varying it follows, according to Theorem @ above, that
we have ultimately 0 < 7, (z) < /z. It follows that v, () = 0g— 100 (2).

On the other hand, according to (2.1)), we have ultimately

(@) = p(@) = plto(@)) + to(2)' (to(2)) — (@)
tolr) —
= 0o 28 ) 4t ()

where v lies between x and to(z). Since
1
= to(z)*' (to(2))

st o (j1)

to (l’)

it follows that W = Oz—+00(1). Consequently we have
Yu(@) —p(@) = 0 (1)

Tr—+o0
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8. We have

e el 20 (8) + (1)) expli(t) + i () — ot (1)
1 _— 1
T—+00 LpL(aj) t—+oo Qt/,dl(t) + tgull(t)

Thence we have by virtue of L’Hopital’s rule that

t 1
lim —#?4"(t) = lim ty/(t) = lim 0] = —
t—+oco t—+o00 t—+oo Int o)

Consequently the following estimate holds

e[l + 2t/ (t) + 2" (t)] explp(t) + tu'(t) — at®p' (1))
2tp' (1) + 21" (¢)

~ e(l+0a(p))em explu(t) — at’u(1)].

t—+oo

But J(u) = 0 and J(t — at?u’(t)) = 1, hence we have, according to Theorem
above, that p(t) = O oo (at?p/(t)). Tt follows that

lim e(1+ o(p))es explu(t) — at?u/(t)] = 0.

t—+oo

Consequently we have
e_o“/’u(x)
lim ———— =0.
r—+00 (p’u(x)

On the other hand, according to the mean value theorem, we have for all x > 0
T
lulaz) — p(z)] = | = lzp' ()] = o = 1= fup’ (u)]
where u lies between az and z. It follows that

i(a) = pu(@)| < o = 1/ max (a,1/a) jup'(u)

1
a(n)

Since limg_, 4o t1/(t) = < 400, it follows then that

plaz) —p(@)= 0 (1) O

T—r+00

PROPOSITION 2.2. Let I be a nontrivial compact interval of R and a € I. The
so-called Borel mapping T: Car, (I) = Ay, f— (™ (a))nen is surjective.

ProoOF. Following Petzsche [17], p.300], we set

M,
m’ = P peN*.
P pMpfl

We have then for every p € N*
m;p _ 1 M2p/M2p—1 _ 22pp2p (p B 1)p*1

ms 2 My/M, 2(2p—1)%-1  pp
x exp[2pu(2p) — (2p—1)u(2p—1) — pu(p) — (p—1)u(p—1)]

(EEETE exp[2pu(2p) — (2p—1)u(2p—1) — pu(p) — (p—p(p—1)].
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But we have

2pu(2p) — (2p — D)p(2p — 1) = 2appt/ (22p) + p1(22p),
pu(p) = (p = Dplp — 1) = zpp/ (2p) + p1(2zp)
where 2o, € [2p—1,2p| and 2z, € [p—1,p]. It follows that there exists w, € [p—1, 2p]
such that
2pu(2p) — (2p — D)p(2p — 1) — [pu(p) — (p — Dp(p — 1)]
= 2oppt’ (22p) + 1(22p) — (2p1/ (2p) + 1(2p))
= (22p — 2p) (wppt" (wp) + 244/ (wy))
wpp (wp) + ' (wp)

+1
W (wp)

= (z2p — )it (1) |
ap''(2))+' (x)
w(z)
/
lim ZF (z)
a=too ()

On the other hand, the limit lim,_, , o exists and we have

=0.

From L’Hopital’s rule, it follows

(2.13) lim zp”(2) + p'(2)

=0
@—+o0 ()

1

Furthermore we have 22, — 2, > 5w, — 1. Thence we have for large values of p

(2.14) (220 = 2 () > 5[ 22 o ()
We conclude from and - that
L}gjgofppu(?p) = @p = Dup = D] = [pulp) = (p = Dplp = 1)] = 2;“)
It follows that
it >

Thence a slight refinement of a theorem in [17, pp. 300 and 311] yields that the
Borel mapping T is surjective. O

Direct computations show that p and «, can be extended to R in a way to
be functions of class C* on R% such that —e < p(z) —v,(z) < e,z € R where €
is a positive constant. From now on we will do so and we will set for every A > 0,
n € N and for every nonempty subset S of C

S;L,A,n = SAe*u(n)a S’yu,A,n = SAef’m(n) .
Thence the following inclusions hold for all n € N.

S'yM,Ae*E,n C S/L,A,n C S’yu,AeE,n-
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3. Statement of the main result

The main result of this paper is the following.
THEOREM 3.1. 1. Let f € Cu,([—1,1]); then there exists constants C' > 0,

A>0,0<p<1anda sequence (P,)n>1 of rational functions defined on C~\{i, —i}
such that Y P, is uniformly convergent on [—1,1] to f and

1 Palloo,~1,1),.0n < Cp", mEN, f(z) = Z P.(z), z€[-1,1]
n=1

2. Conwversely, let us assume that there exist some constants C > 0, A > 0,
0 < p <1 and a sequence f, € O([—1,1],,4.n) of holomorphic functions such that
| frlloo, =111, 0 < Cp", n € N*. Then the function series ) fn is uniformly con-
vergent on [—1,1] to a function f which belongs to the Carleman class Cyr,([—1,1]).

4. Proof of the main result

4.1. Direct part.

PROPOSITION 4.1. Let g: [—7,m] — C' be a restriction of a 2m-periodic func-
tion of class C> on R. Let us assume that g € Cy, ([=7,7]); then there exist
constants A >0, C >0, 0 < p <1 and a sequence (gn)n>0 of rational functions
defined on C* such that

||gn||007}C—yM‘Am, <Cp", neN, 9(0) = Zgn(eie)v 0 € [-m ]
n=0

where Ky, an={z€C, 1—Ae (™ <|2] <1+ Ae (M},
PROOF. The Fourier series expansion of g can be written for all § € [—m, 7] as
, 1 (7 ,
0) = " wh = — 0)e=""?dh, pe L.
9(0) =Y a,e™ where a,=— [ g(6)e""dd, p

PEZ -
According to [16], the following estimations hold
(4.1) la,| < C’Oe_ClWMUPD’ pE L

with some constants Cy, C; > 0.
Let us set for all z € C* and n € N*

go(z) = Z apz?,  gn(z) = Z apz®.
[PI<Nu(1) Ny (n)<|pl<Nu(n+1)

Then for all n € N*, g,, is a rational function defined on C*. Furthermore the
following estimates hold

(4.2) lgn(2)] < Co Z Coe~Crn®)(|z|P 4 |2|7P), zeC*.
N (n)<|pl<Nyu(n+1)
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If z€ K¢, ,, then the estimates become
e

W< Y e [(1—1—

G *’Yu(”)) +(1- Clemn))”}
N () <IpI< NG (n+1)

2e

We have for large values of n

(1 _ ﬁe—mm)’l <14 G,
2e e

It follows that we have for such values of n

e Tu (n)

lgnllook o, < Co(14+Nu(n+1)=Ny(n)) = max  2exp {—Clwu( )+Cip } )
VT n<P<Nni1

On the other hand we have for n sufficiently large

e_’YM (n)

= (N ()
Consequently we have for such values of n
||9n||oo,l<W = < Co(L+Ny(n+1) = Nyu(n))
2exp [ — C1(wpu(p) — w),(Nu(n))p)]

But by virtue of Proposition 2.1, w,, is ultimately strictly concave. It follows that
the function h,: Ry — R, 2 = —Cilw(r) — w;,(Nu(n))z] is ultimately strictly
concave, thence we have for large values of n that for all x € [N, (n), N, (n+ 1)] we
have

max
Nu(n)<p<N,(n+1)

bl (x) = —Ch|w'(x) — w;(./\fu(n))] <0
Thence the function h,, is, for large values of n, strictly decreasing on the interval
N, (n), N, (n+1)]. It follows that the following estimates hold for large values of n

gnllocrc ¢,

< Colll + Ny(n+ 1) — Noy(n)] expl—Ca (N () — N (m)es! (N (m)]
< Co[l +Ny(n+ 1) = Nu(n)] exp[—Cro, (N (n))]

< Coll + Nyln + 1) — Ny(m)leOm

< Cole™ Waln +1) = N (n))e™F 05D 4 1]em %

Since N, is ultimately strictly convex, we can write for large values of n

c o o
g lloo.xc o S Cy [ele\/l;(n 4 1)6*71(n+1) + 1]677171
Yo S ™

o) o= FenWNu(nt1)) o
<o F oy 1
According to we have
o) o= P PuNu(n+1)) o o
Cy {ez —QOL(NH(” ) + 1] e 2" ete Coe™ 2"
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Thence we have o
P
||gn||<>o,ICW o <Che 2™ neN
" ,

5L
where Cy > 0 is a constant. O

PROPOSITION 4.2. Let f € Cu, ([=1,1]); then there exists a function F €
Cu, (R) with support contained in the interval [—2,2] and whose restriction to
[—1,1] is the function f.

PROOF. According to Proposition 2.2, there exist F; € Cyy, ([-3, —1] and F; €
Ch, ([1,3]) such that F{"™ (1) = f(m(=1), F{™ (1) = f™ (1), n € N. On the other

hand, according to [22], there exists ® € Cyy, (R) with support contained in [-2, 2]
such that ®(z) =1, x € [-1,1]. The function F' defined by

F(z) = f(x), x €[-1,1]
F(z) = Fi(2)®(z), x€[-3,—1]
F(z) = F3(2)®(z), =z €]l1,3
F(z) =0, xRN [-3,3]
satisfies the required conditions. O

END OF THE PROOF OF THE DIRECT PART OF THE MAIN THEOREM. Let f S
Cu, ([<1,1]). There exists, according to Proposition 4.2, a function F' € Cyy, (R)
whose support is contained in the interval [—2,2] and whose restriction to [—1, 1]
is the function f.

Let us consider the function g defined on the interval [—m, 7] by

g(0) = F(tan(0/2)), 6 € ]—2arctan(2),2arctan(2)|

g(0) =0, 0 € R\ ]—2arctan(2), 2 arctan(2)[
According to Cartan [11I Theorem III, pp. 24-27], the restriction of g to the
interval J := [~2arctan(2), 2 arctan(2)] belongs to the Carleman class Cyy, (J). But

g is itself the restriction to [—m, 7| of a 2m-periodic, of class C* which is vanishing
on the set [—m, 7]\ J. Thence g € Cyy, ([—7, 7).

According to Proposition 4.1 there exists constants 0 < A <1, C > 0,0< p <
1 and a sequence (gn)n>1 of rational functions defined on C* such that

(o)
Hgn”OOJC'yu‘A,n <Cp", neN, g¢(0)= Zgn(ew), 0 € [-m, .
n=0

Let « € [—2,2]. There exists a unique 6 € [—2arctan(2), 2 arctan(2)] such that

z = tan (%), thence we have F(z) = g(0) = Sohee gn(il‘”) On the other hand let

z € C be such that [Im(z)] <1 (then z € C\ {i,—i}). Let us set ¢ = ;7%; then
we have | Im(z)| > % It follows that the following implication holds for every
A’ €]0,1]
1— Ale—Tu(®) 14+ Ale=u(®)
[Tm(z)] € Ale () o 28 - e P EC

1+ A/e*'}’u(n) 1-— A/e*’Yu(”)
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If we choose A’ € ]0, 1] sufficiently small, then we will obtain for every n € N

1—Ale w14 Alemu(m)

—Yu(n)
1T Ao S T— Aot S 1HAe™

0<1— Ae (M <

Let us set B, := {z € C: [Im(z)| < A’e= (MY Thence the points i and —i

belong to C \ B,, and we have ;—2 € K,,..4,n, 2 € By,. For each n € N, the function
P,, defined on C\{i, —i} by P,(z) = gn(zli) is a rational function satisfying

|Polloc.s, <Cp™ néeN

We have also for all z € [-2,2] that F(x) = > 0", Py(x). But [-1,1]y, a4/n C By
for all n € N; thence we have

fz) = Z P,(z), xe€[-1,1], ”P””OO’[*LUW,AI,?@ <Cp", neN.
n=1
Then, it follows

f(:L’) = an(x)’ VS [_17 1}7 ”Pn”oo,[—l,l] < Cpna n € N. O
n=1

’
n,Ae” \n

4.2. Converse part.

PRrROOF. Let A > 0 and for each n € N, a function f,,: [—1,1], 4,» — C which
is holomorphic on [—1,1],, 4, such that

fn € O([—l, l]u,A,TL)7 n € N*, ||fn||oo)[,1’1]u’A’” <Cp", neN".

It follows that ||f"||°°a[—171]w,Ae—e,n < Cp", n € N*. Thence the function series

> fn|[=1,1) converges uniformly on [—1,1] to a continuous function f.
We have [-1,1] C [-1,1], a C [-1,1]5, a¢-<,- Cauchy’s inequalities
o 3

Yurz e =,n
allow us to write for all p € N

2 P
(43) 1P lloo1 < Opl(Se5) exp [pru(n) = In(p~/2)n] o=/,

On the other hand the supremum, for sufficiently large p € N, of the function
u +— pyu(u) —In (1/\/p)u on [0,+00] is reached in the real u, > 0 that satisfies
¥, (up) = % In (1/4/p). Since for sufficiently large p € N, we have 7/, (u,) = 1/to(uy),
it follows that to(u,) = p/In (1/,/p). Consequently we can write

(4.4) sup [pyu(n) —In (1//p)n] < p(vu(up) — up v, (up))

< pplto(up)) < pu(p/In (1/4/p))

Thence we have for p € N sufficiently large we have for all n € N

2 P 0
HfT(zp)”OO,[—l,l] < Cp!(265> N7 ePr(p/ In(1//p))
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It follows that the function series ) f,(lp ) are for sufficiently large values of p nor-
mally convergent. Thence the function f is of class C*° on [—1, 1] and we have

Ay () Pl o/ (1/v7) — )]

< Bp+1ppepu(p)

||f(p)Hoo,[—1,1] <

for some constant B > 0. Thence we have f € Cp, ([—1,1]). O

5. Application: Alternative construction of Dyn’kin’s
pseudoanalytic extension for the Carleman class Cys, ([—1,1])

COROLLARY 5.1. Let be f € Cpy, ([=1,1]). There exists a function F' € C>(C)
with compact support such that
Cs

Flig =/, 10F()| < CiH, L’J‘(z,[lvl])

], ze€ C~N[-1,1]

where C1,Cs > 0 are constants.

PROOF. According to the main result there exist constants A € ]0,1[, C' > 0,
p € 10,1, and a sequence of rational functions (f,)nen defined on some strip
B:={z¢eC:|Im(z)| < A} such that

+oo
| fnlloo 1,1 S CP" mENT > friiy = f.
n=1

It follows that Hf"”"o’[_l’l]w e, SCOp" meN
uAe ,n

On the other hand, there exists, for each n € N*, a function 6,,: C — [0, 1]
of class C* on C (C is here identified with R?) and a family of positive constants
(La)aen? [22] such that

(. 1
0,(z) =0, zeC~\[-1,1]

|D0,,(2)| < Lol e N?, 2 € R

A
2

M5 ,n

()=1, ze[-Ll,4,
|

grta

where |a :=p + ¢ and D := 5555 for a = (p, q).

We denote by Fj, the function defined by

Fn(z) = en(z)fn(z)az € [*17 1]'m,A,n
Fo(2) =0,z CN[-1,1]y, an

The function F,, is of class C* on C and satisfies the condition

Fn|[71,1]#

n

n = fn|[71,1]“)%, .

ool

Since ||F||. . < Cp", n €N, it follows that the function series ) F}, is uniformly
convergent on C to a continuous function F' with compact support contained in
[—1,1] 4. Furthermore it is clear that F' is an extension to C of f.
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Let « € N>, n € Nand z € C. If 2 € CN[-1,1], 4, then we have
D*F,(2) =0. But when z € [-1,1]
equalities and inequality (4.4])

ID*Fu(2)] < Y (5D 0, ()IID fu(2))]

Ba

< Z(g)LBelﬁ\u(n)wa—Bfn(Z”

Ba

< Z(a)Lﬁelﬁ\se\ﬁm(n)|f7(1\a|f\ﬁl)(z)|

B<a
<Z (3)LgelPleelfinm 4/ A)lel=1]

BLa

(] = [BD!Vp" exp [(lo] = B])yu(n) = In (1y/p)n]
< Z(g)LBelﬁ\se\B\vu(n)c(4/A)Ioclf\B\

B

(o] = 18D exp [ sup ((Ja] — 8]u(m) ~In (1/y/2)rm)]
< VB Y CE) Ly (lal - |8!A/A4) 1

BLa

exp [(ol = 80 ( 172

It follows that the function series Y DYF,(z) is for all @ € N? normally convergent
on C. Thence the function F' = j;: F,, is of class C*° on C.

Let z € C~ [~1,1]. Then we have F (2) = 3.7 0F,(z). On the other hand,
we have

4, we can write, in view of Cauchy’s in-
5

OF,(2) =0 if p(z,[-1,1]) € 0, 4 Ag—e _'Vﬂ(”)[ ]Ae_se_'y"(n),—i—oo[.
If p(z,[-1,1]) € [%e’“(”),Ae*“(”) [, then, again by virtue of (4.4), we have
|0F,(2)| = |fn( )[106,(2))|
00, 00,
27 (gm0 + 5]

(L(l 0)+L(O 1))6 67’#(”) 2111( )n\/ﬁ

N

N\QM\Q N\

(L(1,0) + Lio,1y)eSe @/ MAVED /pm

Let us set

C
Ay = §(L(1,O) + L(OJ))eEe“@/ V) N i=—In/p >0
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Thence the following estimate holds
OF(2)] < 3 A
A emnmp(z,[-1,1])<Aemr(m)

< Al Z 67)\”

A n
et Sser ™

< A Z e—kn

A n
T enes AU

It follows that if z is sufficiently close to [—1, 1], then the last estimate will become

OF() <A Y e
A A
R R .
ST . exp[ /\hu(Seap(Z,[_Lu))}

But we know that the function h, is regularly varying. Thence there exists a
constant As > 0 such that we have ultimately

Ahﬂ(g—ix) > hy(Aga)

Consequently we have for z sufficiently close to [—1,1]

= Ay Ay

I« o ()]

| ( )| 1—6_% ' p(Zu [_171])

Thence there exists a constant As > 0 such that
_ Ay
OF(2)| < AsH 7) zeC
| ( )| M<p(z7[_171])
The proof of the corollary is complete. O
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