Turbulence, chaoticity and !-limit sets

F. Balibrea and C. La Paz

Abstract

In [6] the turbulent maps have been charaterized via the topological structure of some !-limit sets produced by them. The aim of this paper is to give a direct and easier proof of such a characterization and also complete it.

1 Introduction

Let I = [0, 1] and denote by C(I) the set of continuous maps from I into I. A map f ∈ C(I) is called turbulent if there are closed intervals J and K, with at most one point in common, such that f(J) ∩ f(K) ⊇ J ∪ K [1] .

In [2] is proved the more operative characterizacion of such a maps: ”A map f ∈ C(I) is turbulent if and only if, there are points a, c, b ∈I such that: a < c < b ; f(a) = f(b) = a ; f(c) = b and f(x) > a for x ∈ (a, b) ; x < f(x) < b for x ∈ (a, c) or the reverse same inequalities”.

The turbulent maps have a complicated dynamics in what concerns periodic structure. They have periodic points of period 3 and according to Sharkovskii’s Theorem[3] have periodic points of all periods.

2 Notation and terminology

Given x_0 ∈ I the sequence Orb_f (x_0) = (f^n(x_0))^∞_{n=0} where f^0(x_0) = x_0 and f^n(x_0) = f ∘ f^{n−1}(x_0) for any n, is called the orbit by f of the point x_0 and the set composed by the limit-points of Orb_f (x_0) is called the ω-limit set of x_0 by f. It is used to indicate it by ω(x_0, f) and it is a non-empty closed set and invariant by f. On the other hand if ω(x_0, f) = A ∪ B, with A, B closed and disjoint sets then f(A) ∩ B ≠ ∅.

If f^{k−1}(x_0) = x_0 and f^i(x_0) ≠ f^{i+1}(x_0) , i = 0 . . . . . . k − 2 we will say that x_0 is a cyclic point of order k with respect to f and the set: { x_0, f(x_0) . . . . . . f^{k−1}(x_0) }

a k-cycle.

If f(x_0) = x_0 that is, if x_0 is a cyclic point of order 1, we will say that x_0 is a fixed point.

With A^′ we denote the derivative set of A.

Given a sequence (a_n) ⊂ I of distinct points that are not limit-points we recurrently define a transfinite sequence of sets in the following way: A_0 = (a_n) A_α = ∩_{β<α} A_β if α is a transfinite limit number A_α = A^′_{α−1} in any other case It is easy to prove that for any sequence (a_n) there exists a transfinite number α such that A_α = {p_1, p_2, .....p_n} . If z is a limit-point of the set A and (x, z) ∩ A = ∅ (resp. (z, x) ∩ A = ∅) , then we say that z is one sided isolated limit-point from the left (resp. right).

3 Results

Theorem 3.1 The map f ∈ C(I) is turbulent if and only if, there exists a point x_0 ∈ I such that ω(x_0, f) is an infinite countable set with a fixed one sided isolated limit-point.

Proof. If part). Let suppose a ∈ ω(x_0, f) a fixed on sided isolated point from the left. Since f is a continuous map and a is not an attracting fixed point, then there exists z ∈ ω(x_0, f) ∩ [a, 1] such that f(z) > z. If x= max {x ∈ [a, z] , f(x) ≤ x} , b = min {x ≥ z , f(x) =x} then there exists c ∈ (x, b) such that f(c) ≥ b. On the contrary ω(x_0, f) ∩ (x, b) ≠ ∅ and f(x, b) ⊆ (x, b) which is not possible.

Only if part)If f is a turbulent map with a < c < b, then the sequence (x_n) recurrently defined by:

x_1 = b , x_2 = c , x_{n+1} = inf {x ∈ (a, x_n) , f(x) = x_n} is increasing. Moreover f(x_n) = x_{n−1} for all n ≥ 2 , f(x_1) = a.

Let be (V^j_n )^∞_{n,j=1} a basis of neighborhoods of (x_n) whose diameters are respectively less than^1_j and B_1, B_2, · · · an order of them. Given B_i , B_{i+1} there is no difficult to prove the existence of compact intervals J_i ⊂ K_i ⊂ B_i and m_i ∈ N such that: f^{mi} (J_i) ⊂ B_{i+1} and (f^{mi}(J_i)) ∩ (x_n) ≠ ∅

If (J_n), (K_n) are the sequences of compact intervals recurrently defined in such a way that:

K_{n+1} = f^{mn} (J_n) ; J_{n+1} ⊂ K_{n+1} ⊂ B_{n+1}

then the sequence of compact intervals f^− n∑ i=1^m i (J_{i+1}) is decreasing.

If x_0 ∈ ⋂ n f^− n∑ i=1^m i (J_{i+1}) then ω(x_0, f) = a ∪ (x_n), the point a is fixed and a < x_n <

f(x_n) for n ≥ 2.

Lemma 3.2 If ω(x_0, f) has two fixed points then it is a turbulent map.

Proof. If x, y are two fixed points of ω(x_0, f) none of them one sided isolated, then there exists z ∈ [ x, y ] such that f(z) > z or f(z) < z. A similar argument to previous theorem ends the proof.

Theorem 3.3 If f ∈ C(I), then f^2 is turbulent if and only if there exists a point x_0 ∈ I such that ω(x_0, f) is an infinite countable set holding at least one of the conditions:

i)It posseses a one sided isolated cyclic point of order at most two. ii)It posseses a fixed point.

Proof. Only if part) It is a consequence of theorem 3.1.

If part) i)Since ω(x_0, f) = ω(x_0, f^2) ∪ ω(f(x_0), f^2), then the ciclyc point is one-sided isolated fixed limit-point of any of ω(x_0, f^2) or ω(f(x_0), f^2) and then f^2 is a turbulent map.

ii)If there exist two fixed points of f in ω(x_0, f) or a unique fixed point x and z_1 ∈ [0, x] or z_2 ∈ [x, 1] such that f(z_1) < z_1 or f(z_2) > z_2 , then f and f^2 are turbulent maps.

If there exists x, a unique not one sided isolated fixed point of ω(x_0, f) and f^2 [0, x] ∩ ω(x_0, f) ⊆ [0, x] , f^2 [x, 1] ∩ ω(x_0, f) ⊆ [x, 1] , then there exists z ∈ [x, 1] such that f^2(z) = max ω(x_0, f) and using a similar argument to that theorem 3.1 the proof is over.

Theorem 3.4 The topological entropy [4]of f ∈ C(I) (h(f)) is positive if and only if there exists x_0 ∈ I such that ω(x_0, f) is a countable infinite set.

Proof. If h(f) > 0 then f^n is a turbulent map for some n [5] . Therefore there exists x_0 ∈ I such that ω(x_0, f^n) is a infinte countable set. Consequently ω(x_0, f) is also a infinite countable set.

If ω(x_0, f) is a infinite countable set then (ω(x_0, f))_α is a finite set formed by a union of cycles of f, Thus there exists n ∈ N such that f^n have at least a fixed point. According to theorem 3.3 the map f^{2n} is turbulent and h(f) > 0.

References

[1] A. Lasota and A. Yorke. On the existence of invariant measures for transformations width strictly turbulent trajectories. Bull.Acad. Pol. Sci. Ser. Sci. Math. Astronom. Phisc.. 25(1977), 233 − 238. MR 56♯12228.

[2] L. S. Block and W.A. Coppel. Dynamics in one dimension. Springer Lecture Notes in Mathematics, Vol. 1513, Berlin 1992.

[3] A.N. Sarkovskii. Coexistence of cycles of a continuous mapping of the line into itself.

(Russian) Ukrain. Mat. Z. 16(1964), no. 1, 61 − 71. MR 32♯4213.

[4] R. L. Adler, A.G. Konheim and M.H. McAndrew. Topological entropy. Trans. Amer.

Math. Soc., 114(1965), 309 − 319, MR 30♯5291.

[5] M. Misiurewicz. Horseshoes for continuous mappings of an interval. Bull. Acad. Polon.

Sci. Ser. Sci. Math., 27(1979), 167 − 169. MR81b:58033.

[6] M.J. Evans, P.D. Humke, C.M. Lee and R. J. O’Malley. Characterizations of turbulent one-dimensional mappings via ω-limit sets. Trans. Amer. Math. Soc., Vol 326. N.1 July 1991.

Departamento de Matemáticas.

Departamento de Matemática Aplicada y Estadística. Universidad de Murcia.